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Garvey & Kelson
Relations(GKR)



“New Nuclidic Mass Relationship” [PRL 16 (1966) 197]

Motivation: “A mass formula will be in general too approximate to
make predictions to a sufficient degree of accuracy.”
Proposal: “It is possible to develop certain simple relations between

nuclidic masses”

Main assumption: “No
assumptions are made about the
quantitative aspects of the
description except that the
position of the single-particle
levels, and the residual
interactions between nucleons in
them, vary slowly with atomic
number”
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FIG. 1. Diagram of the single-particle levels enter-
ing into Eq. (1) for the case N=Z=2r. From the figure
it is evident that it expresses a set of identities, as the
same configurations appear for each single-particle
level on both sides of the equation. As the configura-
tions are encountered in different nuclei, it is neces-
sary to assume a slow variation of the Hartree-Fock
field with atomic number.



“New Nuclidic Mass Relationship” [PRL 16 (1966) 197]

Z+2 +

Z+1 T

M(N +2,2=2)-MN,Z)
=M(N+1,Z-2)-M(N,Z-1)

FMWN+2,Z-1)-MN +1,2). (1)

Generalization:(b)

M(N+AT,Z-AT)-MWN,Z)

AT
= 5 M0V 44, 2-a7-1.44)
i=1

—MN=1+i, Z-AT +1)], (2

Some tests:
10Cs *=05"°=4Cs'* + aN-rls + 16, =40, (0.01 MeV),
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+ 289" K" (0.0 0.15 MeV),
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211 211 213_ 213
+107P0g" = 1gp Ay + e Ay o= 1y Rl

+ 129 R g 5= 150 Frer2'® (0552 0.35 MeV),



State—of—the—art: Two
examples



“Garvey-Kelson relations and the new nuclear mass tables”
[PRC 77 (2008) 041304(R)]: Exhaustive test

interest. In particular, when 12 estimates are possible, the set
of GK mass relations can be combined into a single relation

“We discuss the Garvey and Kelson mass relations in an .
that contains 21 masses, namely

extended formalism and show how they can be used to M(N —=2,Z+2)+M(N—-2,Z-2)
+MWN+2,Z+2)+MWN+2,Z~-2)
test and improve the consistency of the most commonly COM(N +2,Z — 1) = 2M(N +2,Z + 1)

—2M(N—2.Z—1)—2M(N —2.Z+1)
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ANEE 030 —OM(N —1,Z +2)— 2M(N + 1,2 +2)

used mass formulas to achieve more accurate predictions’

Teay +2MCN +2, Z)+ 2M(N —2,Z)
0] +2M(N,Z —2)+2M(N,Z +2)
+4M(N + 1, 2) +4M(N — 1, 2)
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TABLEIL The rms deviations for masses (in keV) calculated with

FIG. 1. (Color) Deviations (color coded, in MeV) between the Wi GG EIAaRATOR differetin.

GK mass predictions and the measured masses. Red refers to nuclei
with deviations of 0.30 MeV or greater and green to nuclei for which
they are —0.30 MeV or less. A=16 182 152 123 87

AZ=60 115 98 86 76
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“Nuclear Masses Set Bounds on Quantum Chaos” [PRL94
(2005) 102501]

It has been suggested that chaotic motion inside the nucleus may significantly limit the accuracy with
which nuclear masses can be calculated. Using a power spectrum analysis we show that the inclusion of
additional physical contributions in mass calculations, through many-body interactions or local informa-
tion, removes the chaotic signal in the discrepancies between calculated and measured masses.
Furthermore, a systematic application of global mass formulas and of a set of relationships among
neighboring nuclei to more than 2000 nuclear masses allows one to set an unambiguous upper bound for
the average errors in calculated masses, which turn out to be almost an order of magnitude smaller than
estimated chaotic components.



“Nuclear Masses Set Bounds on Quantum Chaos” [PRL94
(2005) 102501]
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GKRs: A different point of

view



GKRs: A different point of view I

Assumption: smoothness of the underlying physical observable O.

» Within this assumption, if the observable O depends on n
independent variables O(xy, x2, ..., X,) one can always expand
the unknown function in a Taylor series.

Choosing the particular case of n = 2 for comparison with GKRs
and expanding around x — xo and y — yp,

ZZ AX[ HA_)/ 8[0( )

(¢ — l l—K

== R0 — k) Oxt=rQy*

where Ax = x — xp and Ay = y — yp. Applying the GKR a)

O(x+2,y —2)— O(x,y)+ O(x,y = 1) = O(x + 1,y — 2)+
BO0(x,y) 930(x,y)
oxdy?  0x2dy
A smooth function in x and y — smallest contribution as higher

are the derivatives

Ox+1,y)—O(x+2,y—1)= +0[0*0]



GKRs: A different point of view II

Within this procedure one can easily find 3 relations more
proportional to the third derivatives which are linearly independent:

& @
O(x+2,y) — O(x,y —2)+ O(x+ 1,y —2) — O(x+ 2,y — 1)+
52} S}
830(x,y)  8%0(x,y) 4
O(x,y =1) = O(x+ 1,y) = = + - +o[0*0
(y = 1) = O+ 1,y) = 2 4 =222 40[0%0)
<] 5]
8%0(x, y) 4 @ 35 3
O(x+2,y) =30(x+1,y) +30(x,y) — O(x — 1,y) = ol + O[0" 0]
X
8%0(x, y) 4 30
O(x,y +2) —30(x,y +1) +30(x,y) — O(x,y — 1) = 55 + O[8" 0]
Y

o

Thus, it is a helpful tool for the study of smooth observables
described within a good established theory or not.



GKRs: A different point of view III

The accurate description of the experiment shown for the relation

involving 21 neighbor nuclei C proposed by Barea et al. in

reference Phys. Rev. C77 (2008) 041304(R) has, within our point
of view, an easy explanation:

2°0(x, y) 2860(x,y)

AM21 Masses — 2 8X46y2 8X26y4

+ 0[0* 0]

And within the generalization (b) proposed by GK,

M(N +AT,Z —AT) — M(N, 2)
AT
S IM(N+6,Z-AT —1+0) = M(N —1+(,Z — AT + ()] =
/=1

%(AT+ 1)AT(AT — 1)(03M(N’ Z) _ 03M(N’Z))

ONOZ? ON20Z

one gets —for smooth observables as the nuclear masses—
worst results with increasing values of AT (i.e. more masses).



GKRs: A different point of view IV

Thus, GKR are more general and more powerful than originally
assumed. Have been shown:

» the mathematical reasons why the GKR works for any smooth
observables.

» that are model independent (insensitive to the underlying
dynamics provided the slowly-varying assumption of the
observable).

» different relations can improve the accuracy of the original
GKR by progressively removing third and higher order
derivatives.



Example: Semi-empirical Mass Formula of Nuclei I

If M(A, Z) is represented by
the smooth liquid drop

formula:

M(A, 2)

B(A, Z)

mpZ + my(A — 2)

B(A, Z)

aA— a5A2/3 — ac———

(A—22)2

a

=A/2)

GKRfor the LDM (Z

— AM,  (MeV)
— DM, (Mev) ]|

| 1

A
And applying the GKRs (a) and (C)

_,36Aa, + 3A(5/3)a, + 72a,Z + 4A(2/3)a. Z

AM 6 Masses

A M21 Masses

32

50 100 150
A (Number of baryons)

972a, + 35A2/34,

81A°>

9A3



Examples beyond nuclear
masses



Nuclear Physics: R, prediction for 1%°Pb within ARs

To illustrate the generality and the flexibility of the approach we
extend, in this example, the application of the GKR to nuclear
charge radius.

195pp, l.‘}iil:rb WTPl)
zZ T @7 = &
lil-lTl l.‘)ﬁTl liil]-‘I‘]
Z-1+ ©@ S
J.il!i}lg 1!341Hu ii!ﬁ}lg
Z-2-— @ SEL =
| 1 1
N N+1 N+2

Nucleus  Rep(fm) Nucleus  Rep(fm)
17Pb  5.4420 1®Hg  5.4347
193Hg 5.4239 125Pb —
1%Hg  5.4311 12971 5.4233
1571 5.4304 1%8Hg  5.4311
1§le 5.4233 1%Pb  5.4420
1%Pb  5.4420 1207 5.4304

IARP|  0.0001 IARY|  5.4385

In this particular case, exist 4 of 12 possible estimates for 1%°Pb

involving different neighbors leading to an average value of
Ren(19°Pb) = 5.437(5) fm.



Particle Physics: re-derivation of the Coleman-Glashow

: n
Mass Relation (octet J™ = % )
.n S p. Si” &
q
- 0 + - 0 +
.Z Z../\ .Z N .Z YA .Z
=" =0 q=+1 =-— —0
=, = E £
g=-1q9g=0

Acg = (p—n)—(Zt-2)+(E"-=")
Pms(S,Q)  #m(S, Q) \
95002 T astaq T Ol me(s. Q)

where mg(S, Q) is the underlying ground-state baryon octet mass
function. The equation Acg = 0 is the celebrated Coleman-Glashow
(CG) mass relation, derived originally using unbroken flavor SU(3) and
later by methods as the 1/N, expansion.




Particle Physics: extension of the Coleman-Glashow Mass
Rdaﬂon(decupht.ﬁrzzg+)
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Particle Physics: extended 3D-GKRs. Gell-Mann Okubo

. +
Mass Relation (octet J™ = ") .
n
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st4n+=" —A—25" =01 (332—8554—%33,,4—3?2—%B%Z)mg
TT4A—n—Z=" ~93 (02, — 302 ) — 0% + $0%)ms
p+=" —A—30~ —89 (822 —207  + afz — 49%)mg

Gell-Mann Okubo

3N+ 30 — 220 —2p x 154
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Conclusions of our study

The validity of the GK relations hinges exclusively on the
smoothness of the underlying function and on nothing else. So,

» (1) any slowly-varying physical observable satisfies the GK
relations.

» (2) the GK relations are model independent.

» (3) the accuracy of the GK relations may be systematically
improved.

Moreover,
» we hope that the present study may already inspire to

consider applications in other fields and perhaps even to areas
outside of physics.



Thank you!



Additional information



Particle Data Base (2008)

link: http://pdg.Ibl.gov/2008/mcdata/mass_width_2008.csv

MASS(MeV) I J P Name Quarks
0382720 1/2 1/2 + p(P1l)  uud
9395654 1/2 1/2 + n(P11)  udd
1189.3700 1 1/2 + X(P11) uus
11926420 1 1/2 + ¥(P11)  uds
1197.4490 1 1/2 + x(P11)  dds
1314.8600 1/2 1/2 + =(P11) uss
1321.7100 1/2 1/2 + Z(P11) dss
11156830 0 1/2 + A(PO1)  uds



Particle Data Base (2008)

link: http://pdg.lbl.gov/2008/mcdata/mass_width_2008.csv

MASS(MeV) I J P Name Charge Quarks
1.23200E+03 3/2 3/2 + A(1232)(P33) ++ uuu
1.23200E+03 3/2 3/2 + A(1232)(P33) + uud
1.23200E+03 3/2 3/2 + A(1232)(P33) 0 udd
1.23200E+03 3/2 3/2 + A(1232)(P33) - ddd

1.3828E+03 1 3/2 + X(1385)(P13) + uus
1.38370E+03 1 3/2 + X(1385)(P13) 0 uds
1.3872E+03 1 3/2 + X(1385)(P13) - dds
1.53180E+03 1/2 3/2 + =(1530)(P13) 0 uss
1.5350E+03 1/2 3/2 + Z=(1530)(P13) - dss
1.67245E+03 0 3/2 + Q - sss



Particle Physics:Charmed Baryons

Essential to the derivation of the GK relations is the structure of
the octet, decuplet,... but not the particular case of the ground
state baryons. Thus, replacing strange quarks by charm quarks in
the decuplet J = %+ one can find:

L

Agop = ATT 35+ 4320 it ~ 0

—cc
= Qi 3Tt - ATT & 6328MeV
Note that a recent theoretical study based on the Bethe-Salpeter
equation yields a value of 6396 MeV for this combination, (see

Eur. Phys. J. A28, 41 (2006)) or a 1% discrepancy



