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Introduction

Nuclear systems have been studied for a long time. However, a unified understanding
of structure, reactions and decay properties has not been achieved yet. This is due
mainly to the fact that the nucleus is a strongly correlated many-body system, and
also to the incomplete knowledge of the interaction which takes place among its con-
stituents. Approximations of such interactions have been suggested and are nowadays
used. Nevertheless, they involve numerous terms which still make the treatment of
the system an intricate procedure. To make the matter even more complicated, the
nucleon-nucleon interaction is also non fundamental, as it derives from QCD. Moreover,
there exists a very large number of stable nuclei (= 250), each displaying many observ-
ables associated with their static properties, their excitation spectra, their response to
external fields and their decays.

One of the aims of nuclear physics is then to build a model able to properly describe the
nucleus; thus, different methods and approaches have been suggested so far. Of great
importance are the mean-field models, which describe each nucleon inside the system
as if it were an independent particle subject to an effective potential generated by the
other particles. Under this perspective the problem is then translated into finding a
suitable potential.

Even though the empirical potentials, which are often employed in mean-field meth-
ods, are composed of numerous parameters which derive from fits of phenomenological
data, this is not the only way to evaluate such potentials. In this work we make use of
Density Functional Theory (DFT) in the Kohn-Sham (KS) scheme, as this framework
guarantees, in principle, the existence of an exact effective potential for any fermion
system.

The core of DFT consists in expressing physical observables as functionals of the one-
body density. The mathematical foundations of this approach have been introduced
by Hohenberg and Kohn by two theorems that take their names: the former states
that there is a one-to-one correspondence between the single-particle potential and the
density of the system; from here, every expectation value can be seen as a functional
of the density. Instead, the second theorem implies that we can calculate the ground
state energy of a system through a variational procedure in terms of the density.
Thanks to the first theorem, DFT can be either employed to find the system density
from the knowledge of the potential (direct problem of DFT), or to compute the poten-
tial from a given density (inverse problem of DFT). Inverse DFT problems have been
somehow less explored that the direct ones, but are becoming increasingly important
in recent times. In this case, the density of the system is assumed to be known, be it
observed experimentally or computed from ab initio methods. The effective potential
of the system, and possibly the energy density functional (EDF), is deduced.

The objective of this work is to devise and test an approach along this line, valid for
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nuclear systems. The procedure we follow is based on reconstructing the EDF from the
knowledge of the system potential, by pursuing a line-integration over a path of scaled
densities, which can be physically seen as perturbations of the ground state. The ad-
vantage of the approach we present is that the potential taken into consideration does
not have to be written in a closed form, but can be found numerically through the
inverse problem of the DFT. In particular, we compute such potential using a con-
strained minimisation procedure called Constrained Variational (CV): in this context
the potential arises as the Lagrange multiplier associated to a constraint.

In this work we have focused on the first application of such procedure in the case of
nuclei with simplified interactions. In particular, the structure of this work is the fol-
lowing: in Chap. 1 we recall some basic notions of nuclear physics, Chap. 2 is instead
focused on the DFT, analysing the two Hohenberg-Kohn theorems and presenting dif-
ferent implementations to solve the inverse DF'T problem. In Chap. 3 we describe
the CV method implementation for spherical nuclei, and show nuclear potentials com-
puted with this model. Eventually, in Chap. 4 we show our approach by discussing
the theoretical background and presenting some preliminary results for real nuclei.



Chapter 1

Nuclear Physics fundamentals

In the following sections we briefly recall the main concepts of nuclear physics, focusing
in particular on the nuclear structure, the bulk nuclear properties, and the principal
nuclear models.

1.1 Nuclear structure and bulk properties

The innermost part of the atom is called nucleus: it is a system formed of protons and
neutrons, which are generically referred to as nucleons.

Nuclei differ from one another due to their particle compositions: it is then useful to
introduce the nuclear mass number A, which indicates the total number of nucleons,
seen as the sum of Z protons and N neutrons. Although these two kinds of particles
are very similar as for their masses and dimensions, they differ in electrical charges:
protons have positive charge, while neutrons are neutral.

The practical approach to study nuclear properties is not straightforward: while an
atom usually has a radius of ~ 10° fm, a generic nucleus diameter is of the order of
few fm. These extremely small scales make it difficult to probe the nuclear structure
as it is otherwise done in atomic physics: if, on the one hand, atomic properties are
usually studied through spectroscopic experiments, on the other hand in the nuclear
case scattering experiments are the ones which have brought the most important results
[1] [2]. It was indeed Rutherford’s scattering experiment in 1911 [3] that led to the
birth of nuclear physics.

In order to study a nuclear system, theoretically we could apply Schrodinger equa-

tion to the A particles which constitute the nucleus, find energies and eigenstates, and
from there compute all physical quantities.
Although it looks quite straightforward, this approach is infeasible. The high number
of degrees of freedom makes the nucleus a many-body problem that cannot be solved
exactly; moreover, interactions among nucleons have numerous terms and are still not
fully known. This complexity and the interplay of different energy scales explains why
a variety of models has been developed to investigate distinct aspects of the nuclear
structure.
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In the next paragraphs we introduce some relevant observables for the study of the
nucleus.

Binding energy: For any nuclear system we can define the binding energy as:
B.E.=M(A,Z)—Zm, — Nm,, (1.1)

where M(A,Z) is the mass of the whole nucleus with A nucleons and Z protons, whereas
m,, and m,, are the masses of a proton and a neutron, respectively.

Of particular interest is the study of bound states: in such systems the binding energy
must be negative, otherwise the system would simply unbind itself in order to minimise
its energy. Indeed, looking at Eq. (1.1), we see that the difference between the nucleus
mass and the total mass of its components is what gives stability to the system, since
the missing mass is converted into energy.

Among all the bound states we will focus on the ground state, the specific configuration
which minimises the system energy.

In Fig. 1.1 is shown an important result concerning the average binding energy per
nucleon B/A = —B.E.(A,Z)/A.
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Figure 1.1: Binding energy per nucleon. For nuclear masses above 40-50 the average
binding energy shows an almost constant value around 8 MeV; this is related to the
saturation of the nuclear force. !

'Source: https://it.wikipedia.org/wiki/File:Binding_energy curve - common _isotopes.svg
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We can see that the quantity B/A rapidly increases for small values of A, whereas
for heavier nuclei is always about 8 MeV. This behaviour explains why light nuclei gain
energy in nuclear fusion while heavy nuclei can gain it in fission. Moreover, we will
see below how this information helps us to understand the range of nucleon-nucleon
interaction.

Using the binding energy definition, we can also introduce the separation energy,
that is the energy needed to remove one nucleon from the nucleus.

S,=B.E(A-1,Z-1)—B.E(A,Z) S,=BE.(A-1,7)—B.E(A Z) (12)

S, and S, refer to protons and to neutrons, respectively.

Density: Since Rutherford’s experiment, it was clear that the nucleus was confined
in a space much smaller that the size of the atom.

Later on, more accurate electron scattering experiments were able to quantify the
nuclear charge distribution as few fm; the first key results were obtained by Robert
Hofstadter in 1956 [1], which showed that proton densities are almost constant for
the first few fm, then exponentially decreasing as the distance from the nucleus centre
increases.

From then, various experiments have been conducted to study the density of several
nuclei, confirming the results obtained by Hofstadter.

Here in Fig. 1.2 some nuclear radial densities calculated with Hartree Fock method
(Sec. 1.2.4) are presented.

As shown in Fig. 1.2 densities are almost constant inside the nucleus, then rapidly
decrease approaching and beyond the nuclear surface. Moreover, we see that heavier
nuclei have larger size, as the range in which densities are constant increases with A.
This is due to a nuclear force property called saturation [5], which is strictly related to
the proportionality between the volume V' and the atomic mass A.

As densities are almost uniform inside the nucleus, we can write:

V.  4/37R?

A A

= const.

where R is the radius of the nucleus, here approximated as a sphere. Hence it follows
R oc A3 [2]. The result is compatible with the experimental findings, which state
R ~ rgAY3: ry is a parameter equal to 1.2 - 1.3 fm, depending on the nucleus [0].

Charge nuclear densities are determined experimentally through scattering experi-
ments, which measure the transferred momentum of the particle involved in the scat-
tering. Such information leads to the knowledge of proton densities.

Otherwise, another way to proceed consists in a theoretical study through quantum
models such as the DFT (Sec. 2.1), ab initio methods, or self-consistent techniques
like Hartee-Fock (Sec. 1.2.4).
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Figure 1.2: Nuclear SkX densities computed with Hartree-Fock method [7]. Density
first shows a plateau, which ranges from 1 to 5 fm depending on nuclear masses, then
decreases exponentially for radii corresponding to the nuclear surface.

The simplest function which represents a nuclear density in spherical simmetry is
a Fermi function of the form:
B N
1+ exp (T_R)

a

p(r) (1.3)

R represents the nuclear radius, and a (~ 0.5-0.6 fm) describes the behaviour nearby
its surface. N is the density saturation, usually equal to 0.16-0.17 fm.

In this work we make use of more kinds of nuclear densities, which are presented in
Sec. 3.2.

Potential: Now that we have introduced all the necessary quantities, we can focus
on the core of nuclear physics.

One of the main challenges in this field consists in finding a potential that correctly
takes into account all the features of the nuclear interactions we witness experimentally.
The first interaction we consider is the electromagnetic one, originated from charged
particles inside the nucleus, the protons. We can write such two-body potential in

natural units as:
Z

e 1
S (e 1.4
v 2 Z ’I’i — I’j| ( )

1,j=1,
1]

where e is the electron charge.
It is important to note that this kind of forces only involves protons, since neutrons do
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not bring any charge, implying a breaking in the approximate symmetry between the
two particles. Indeed, we see in Chap. 4 that neglecting the Coulomb force allows us
to treat the nucleus as if it were made of just A neutrons.

This simplification holds since the Coulomb effect is rather small: generally, it causes
a shift on the system energy which can be treated approximately using the first order
perturbation theory.

In addition to the Coulomb interaction, there must be another force which involves

both protons and neutrons which would explain how the nucleus exists in a stable con-
figuration. We refer to such interaction as the strong interaction, since its magnitude
is far greater than the electromagnetic one.
The origin of the strong interaction, which is called nucleon-nucleon (NN) interaction
in nuclear physics, must be sought in the properties of the quarks that forms nucleons,
a topic which is studied in Quantum Chromodynamics (QCD). Still, for the purposes
of this work, we can assume the NN interaction as fundamental.

Without any pretence of being exhaustive, we can outline the main properties of
the NN interaction from simple considerations and experimental results; for a more
complete and deep explanation see [7].

Nucleon-nucleon interaction has to dominate over the Coulomb interaction, otherwise
bound states and stable nuclei would not exist. This potential must involve both pro-
tons and neutrons, thus being charge independent.

From the almost constant behaviour of nuclear binding energies per nucleon (Fig.
1.1), at least for nuclei with A > 30, we can infer the short-ranged nature of the NN
interaction: if each nucleon is interacting only with its nearest neighbours, the energy
scales as E' oc A, instead of the typical F o« A (A — 1)/2 for long-range interactions.
Experimental results provide an interaction range of ~ 1.5 fm.

A central role in NN interaction is also played by its spin dependence, in keeping with
Pauli principle. Moreover, there are other terms which include spin-orbit coupling, as
it is needed to describe magic numbers (see Sec. 1.2.1), and tensor components, as
manifested in the deuteron quadrupole moment [5].

The presence of such several terms which involve two or three bodies, and their non-
trivial dependency on position, spin, and momentum, hinders the exact knowledge of
the nuclear interaction.

Nevertheless, especially for light nuclei, it is still possible to compute realistic poten-
tials from ab initio calculations or phenomenological fit procedures (Sec. 1.2.4).

However, in order to study properties of nuclei, it is still useful to employ models
which do not account for the complexity of the real nuclear interaction, and that can
provide interesting information as for nuclear structure. The most common nuclear
models are presented in Sec. 1.2.
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1.2 Nuclear models

As we have said, the NN interaction is not completely known. This prevents us from
having a general nuclear model able to explain the behaviour of all nuclei, as happens
in particle physics and the Standard Model. Still, we can employ different nuclear
models, each of which focuses on different aspects of the same problem, in order to
obtain information regarding nuclear quantities.

In the following sections we consider the Liquid drop model, which accurately de-
scribes nuclear binding energies but fails in explaining spectroscopy experiments, the
harmonic oscillator, that is a rough approximation of nuclear model, but it is still use-
ful for later simulations (Chap. 4), and the shell model, which reflects the fact that in
many experiments one clearly sees particles in shell-model orbitals (for instance, when
making spectroscopy around magic nuclei).

Eventually, in the last section more advanced model are presented.

1.2.1 Liquid drop model

We first start looking at a macroscopical model called Liquid drop model [6]. In this
context binding energies are described by the semi-empirical Bethe-Weizséacker formula
(BW):

VA (N - Z)?
A T

where a; are constants with energy dimensions and approximate values between 0.6
and 20 MeV.

The first two terms are related to volume and surface respectively: as for volume de-
pendence, we see that B.E. oc A, as we have already observed before. The presence of
a surface term can be understood if we see the nucleus as a liquid drop: this peculiarity
gives name to the model.

The third term is due to the Coulomb interaction and corresponds to the energy of an
uniformly charged sphere. This is indeed named Coulomb term.

The fourth and fifth ones do not have any classical interpretation. The former, called
asymmetry term, follows from Pauli’s principle and the presence of neutrons and pro-
tons: it could be understood even in a Fermi gas model as the energy spent to change
protons into neutrons respecting the Pauli principle, although it also takes contribu-
tion from the difference between pp and pn interactions. The latter, the pairing term,
depends on nucleon spins, as it captures the effects of spin-coupling: it represents the
fact that even-even nuclei gain binding energies as nucleons tend to form "pairs".
Through the liquid drop model different phenomena can be understood: fission pro-
cess, for instance, is seen as a drop which splits into two lighter nuclei by a low-energy
neutron.

BE(A, Z) = —a1A+a2A% + as :i:a5A_% (15)

To conclude, nuclear binding energies and certain reactions can be explained by
seeing the nucleus as a liquid drop; however, there are other properties which cannot
be interpreted by such model [6].
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The leading result suggesting that there must be more to BW formula is the presence
of magic numbers, specific numbers of nucleons that result in highly stable nuclei. As
BW suggests that physical quantities vary continuously or monotonically as function
of the mass and atomic numbers, it cannot account for the existence of shell structures
and discontinuities in nuclear properties [6]. In order to describe more precisely the
nucleus, we are now focusing on microscopic models.

1.2.2 Harmonic oscillator

The simplest microscopic nuclear system we can think of is a set of nucleons inside an
harmonic oscillator (HO) well.

Since we will focus only on closed-shell nuclei, thus spherically symmetric systems, we
look at the isotropic harmonic oscillator as it preserves such symmetry. It is a model
which describes particles trapped inside a quadratic potential of the form:

or) = Gmur? (1.6
where m is the particle mass, r is the distance from the HO center, and w is the oscil-
lation frequency of the system. For the nuclear case we have hw = 41/AY3  which is
expressed in MeV units.

Each spherically symmetric system in the neighbourhood of a stable minimum can
be interpreted as an isotropic harmonic oscillator. Here a three-dimensional harmonic

oscillator is considered.

The greatest advantage of considering such system dwells in the analytical knowl-
edge of its eigenfunctions and eigenvalues. In fact the problem can be factorised into
a radial and an angular term, and Schrodinger equations can be solved exactly.

Using uncoupled basis and proceeding with spherical coordinates, HO eigenfunctions
read:

%(r) = ¥a(r,0,9) = R(r) Y(6, 9) (1.7)

Rkl Nkﬂ’ e " L( )(QVT ) (18)
23 k+20+3 L i

N = \/\/ (2k + 20+ 1)1l (1.9)

% n=2k+1 (1.10)

R are radial functions and Y spherical harmonics; Lk(”%) inside the radial function
are generalized Laguerre polynomials.

Energies are instead expressed as

3

%) (1.11)

B = ho(N + 3

where N is the principal quantum number, defined as N = 2(n — 1) + [.
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The harmonic oscillator alone is not adequate to explain magic numbers obtained
by the experiments [6], only predicting 8 and 20. The first improvement we can make
on the HO model is adding the spin-orbit coupling, which introduces an Hamiltonian
of the form Hgp = vso L - S. From a comparison with experimental results, it is found
that vgp < 0: spin-orbit interaction has opposite sign than the corresponding one in
atomic physics, and it is also much more intense.

Even though the composition of HO and spin-orbit model is a better approximation of
the HO only, it still does not capture all the interactions inside the nucleus.

1.2.3 Shell model

Although the harmonic oscillator approximation can be suitable for simple estimates
around the ground state of particular nuclei, we still need a model which predicts more
generic nuclear properties: the HO potential of Eq. (1.6) indeed cannot properly de-
scribe the nucleus nearby its surface, as the nuclear potential should vanish for r — oo,
whereas the harmonic oscillator one diverges. Moreover, we have seen in the previous
section that the HO model, even considering the spin-orbit coupling, does not repro-
duce the correct magic numbers.

Therefore a new model is needed: the Shell model.

Within the Shell model nucleons are assumed as independent particles inside an
effective potential generated by the other nucleons. Although it is not an exact ap-
proach, it is possible to do such simplification as the interaction between nucleons
spans ~1.5 fm, whereas the mean distance between nucleons is ~ 2 fm: "collisions"
between nucleons are rare, thus, although the interaction is strong, a mean field pic-
ture, with nucleons moving in an average potential, does make sense. Interactions are
then slightly attractive and only rarely strongly repulsive [5].

Moreover, since magic-number nuclei have spherical symmetry, it is useful to build the
nuclear shell model in analogy with the atomic model, introducing shells which are
related to energy levels.

The shell model energy levels are presented in Fig. 1.3%

The problem now consists in finding a suitable effective potential which is able to
describe nucleon interactions.
A reasonable choice could be a Fermi-like function which accounts for the short-range
character of nuclear interaction. A possible representation of such potential for a
spherical nucleus is the following:

v(r) =

I N
1 + exp (T—R)

a

(1.12)

where vy is the potential well depth, R is the nucleus radius, and a represents the
surface width.

This family of potentials resembles the potential generated by a density of the form
(1.3), and are called Woods-Saxon potentials (WS). Typical values are: vy ~ 50 MeV,

2Source: http://www0.mi.infn.it /jroca/doc/thesis/thesis-alberto-scalesi.pdf
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R ~ rgAY3 and a ~ 0.5-0.7 fm. In general, v, for realistic WS potentials shows a
non-trivial dependence on N and Z.

The WS potential alone predicts some magic numbers which do not exist and, on
the other hand, misses some which are obtained experimentally [6]. To reproduce the
correct numbers (2, 8, 20, 28, 50, 82, 126, and 184), we must also include the spin-
orbit interaction which was introduced in the previous section: thanks to this term the
correct magic numbers, shown in Fig. 1.3, are obtained.

1.2.4 Beyond the shell model

Even if the shell model succeeds in the explanation of magic numbers, it is still based
on a mean field theory and therefore not exact; it also does not suggest any way to
find or to approximate the nuclear potential.

To further improve the study of nuclear properties, different models have been devel-
oped, such as the Hartee Fock approach (HF), the ab initio techniques, as well as the
Density Functional Theory (DFT).

The former is a self-consistent method which approximates the wave function of a
N-particle system with a single Slater determinant of N orbitals; eventually a varia-
tional procedure that minimises the energy leads to N-coupled differential equations
for the N orbitals [8]. From here, both nuclear densities and potentials can be evaluated.

In contrast, ab initio methods adopt a more fundamental approach, seeking to de-
scribe the atomic nucleus by solving the non-relativistic Schrédinger equation for all
constituent nucleons, using an Hamiltonian which describes nuclear interactions in the
vacuum. However, both the interacting Hamiltonian, due to the partial knowledge of
the nuclear potential, and the many-body techniques used to define such interactions
are not unique; this gives birth to various ab initio models.

Sophisticated methods to find the Hamiltonian are based on chiral effective field the-
ory (EFT), which takes into account all interactions compatible with the symmetries
of the QCD [9]. Among the computational methods to solve Schrodinger equations,
we can cite Diffusion Monte Carlo (DMC) and Self Consistent Green Function Theory
(SCGEFT) [10] [11].

Although in principle these techniques are exact and can describe all nuclei, the com-
putational costs of such models increase exponentially with the number of nucleons.
Thus, ab initio methods are only applicable to light nuclei, whereas for heavier nuclei
approximations are needed.

Eventually, another way to deal with nuclear problems is the DFT, which has
brought accurate results regarding nuclear as well as electronic systems in the last
decades. As the present work is based on such functional approach, this model is
deepened in Chap. 2.
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Figure 1.3: Representation of the energy levels of the shell model. It is possible to
see wide gaps between some of the energy levels, which correspond to magic numbers

and stable nuclei.



Chapter 2

The direct and inverse problem of the
DFT

In this chapter we introduce the mathematical model used throughout this work to
study nuclear structure: this approach is known as the Density Functional Theory
(DFT).

We first discuss the main characteristics of the DFT and the direct problem for elec-
tronic systems (Sec. 2.1), then focusing more thoroughly on the inverse problem (Sec.
2.2) and the Kohn-Sham approach (Sec. 2.2.2). The DFT applications on nuclear
systems are treated in Chap. 3 and 4.

The approach to the theory presented below resembles the one of classic manuals as
[12] and [13]. For a more rigorous and extended study on the subject we refer to such
works.

2.1 Density Functional Theory

The DFT is a theoretical and computational model which is widely popular in physics
and chemistry as it was proposed to study electronic systems and molecules [13] [14].
As a theory, it is actually applicable to any system of fermions so that nuclear DFT also
exists and can be employed to find nuclear properties of complex many-body problems
[15] [16].

The main idea of the theory is to express all physical quantities as functionals of the
density of the system p(r): this approach leads to a huge conceptual as well as com-
putational simplification, as the information of a N-particle system is contained into a
three-variable function, rather than an eigenfunction v (ry,01;...;ry,0n) of 3N space
variables plus any spin degrees of freedom. This model allows to study complex systems
which cannot be solved otherwise, as computational costs of exact numerical methods,
in which the number of degrees of freedom scales exponentially with particles number
N, are extremely high.

The assumption of characterising a quantum ground state solely in terms of the
system density is not straightforward. Martin and Schwinger |1 7] showed it is possible

13
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to describe a ground state with one- and two-particle Green functions which can be
derived from a set of coupled differential equations, including time as well as space
variables, that involve a number n < N of particles. Thus it was not clear how the
one-particle density alone could be enough to express the ground state energy; the first
models by Thomas and Fermi were indeed seen as oversimplifications in order to avoid
the many-particle computational problems.

The turning point for the DFT, which involved both its mathematical foundations and
the interest within the scientific community, consisted in the publication in 1964 of the
two Hohenberg-Kohn theorems (HK) [18]: the first grants the possibility to express
the system energy as a functional of the system density only, avoiding any possible
ambiguity in the choice of such functional. The latter suggests instead a procedure
useful to calculate the ground energy through a minimisation principle.

With the theorems at hand, every expectation value of physical observables can be see
as a functional of the density. This aspect is actually a part of the original proof of the
theorem.

2.1.1 Hohenberg and Kohn theorems

The approach to HK theorems presented below regards electronic systems with non
degenerate ground states. We refer to [12] and [13] for generalisations of such theorems,
and to [15] and [16] for the specific treatment of the DFT in nuclear systems.

First HK theorem
The first Hohenberg-Kohn theorem assures there is a one to one correspondence be-
tween the external potential of the system and the ground state density; the ground
state of the system can then be expressed as a functional of the density. Thus, the
expectation value of any observable can be seen as a density functional.

We start considering a system of N interacting fermions subjected to a two-body
known potential W, e.g. Coulomb interaction, and an external potential V. We can
write the non-relativistic Hamiltonian as:

1
2

A

H:T+V+W———ZV2+Z B(r;)

Mz

w(ri,r;) =

t,j=1,
G

- Z [ #rioviine )+ [Erbieies
LD DN R E T TSI
2;/ / ’ ’

where (7, j) are particle indexes, whereas (a, ) are spin indexes. In the last step the
second quantised notation was used [19].
Given an eigenfunction |®), we can write the eigenvalue equation for the Hamiltonian
(2.1):

H|®) = (T +V +W)|®) = E, | ) (2.2)
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The external potential V was chosen from a particular set V so that Eq. (2.2) provides
a unique value of the energy F,, that is, a non-degenerate ground state.

Since energies can be defined up to an additive constant, we construct a new set of
potentials by applying the equivalence relation “equal up to ad additive constant” to V.
With abuse of notation we refer to such set again with V, which now does not contain
external potentials that differ by a constant.

Considering a set of ground states ¥ and a ket | V) € ¥, the system density p(r) reads:

p(r) = (U|p(r)|0) = (VD &F (r)da(r)|V)

:NZ/dmg.../da:N|\IJ(r, a, To, .. ) |2

where, again, second quantised notation was introduced. We can now define the set of
ground state densities A/, which contains all the densities p(r) of the form (2.3).

(2.3)

Looking at Eq. (2.1) we can define the map X : V — W, which associates a poten-
tial to a ground state wave function. Analogously, referring to Eq. (2.3), we introduce
the function ) : ¥ — N, which relates a ground state wave function to a density.
Both maps are surjective by definition.

To prove the injectivity we have to consider their domains of definition, that are } and
W respectively. If we show that there is a one to one correspondence between V' and
¥, ¥ and N, then the relation linking V and N must be bijective either. We achieve
that in two separate steps [12].

The following proof holds for non degenerate ground states, but can be generalised to
other systems (Sec. 2.1.2).

YV — W Injectivity
We start considering two external potentials \7, V' € V such that V #+ 1% ; from the
definition of V, they differ by more than a constant. Applying (2.1) to ground state
eigenfunctions for different Hamiltonians we have:

H|W) = (T+V +W)|0) = B, |¥) (2.4)
H|V) = (T+V'+W) ) = E,, V) (2.5)

Taking |U’) = |¥) and subtracting the two above we obtain (V — V') |¥) = (E,, —
E,)|V); thus, as V' and V' are multiplicative operators, we have (V — V') = (E,s —
E},) = const., contradicting the statement above. Last equation holds at least for [¥)
regular enough, which comprehends all physical situations.

Hence any external potential is in a one-to-one correspondence to a ground state wave
function.

¥ — N Injectivity
Considering now two Hamiltonians H, H' and their eigenstates |¥),|¥’), we want to
prove that their ground state densities p(r), p'(r) are different. Proceeding with a
reductio ad absurdum, we assume p(r) = p/(r).
From the ground state definition we have:

Ey = (VIH|V) < (V|H'|V) (2.6)
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since we assumed not-degenerate ground states. We can rewrite the right hand side by
using (2.1) and linearity property:

Eys < (U|H'|V) = (U|H' +V - V'|U) = E/ + /d3r(p'(r) (v(r) —v'(r)))  (2.7)

Repeating the same steps for E, , we obtain the following analogous inequality:

Ey, < (U H|W) = (V[H + V' = V|¥) = By + /d37“(p’(r) (v'(r) —v(r)))  (28)

Addition of (2.7) and (2.8) leads to an absurd:
By + E,, < By, + Eyq (2.9)
Thus, any ground state corresponds to one and only one density.

We can now state the first Hohenberg-Kohn theorem as follows: given a system
whose Hamiltonian is of the kind (2.1), with a not-degenerate ground state, there
is a bijective relation between the system density p(r) and the external potential V.
Hence, any ground state expectation value can be expressed in terms of the ground
state density only: O[p] = (U[p]|O|¥[p]), where ¥[p] is a functional of the density.
The expectation value of the Hamiltonian is then a functional of the density p(r).

Second HK theorem
The second HK theorem derives directly from the former. The theorem establishes the
variational character of the energy functional, which can be defined as:

Eylp) = (U[p)|T + W + Vo T [p]) (2.10)

The ground state energy is then Ey = FE, [po] < E.,[p] for any p # po, where pq is the
ground state density. Thus the ground state energy can be obtained through a process
of minimisation of the energy functional (2.10):

Ey = miy B, |7 (2.11)

where N contains all the grounds state densities which are in bijective correspondence
with an external potential in ). We can explicitly show the external potential depen-
dence of the energy introducing Fyx = (V[p]|T + W |¥[p]) and rewriting (2.10) as
below:

Buld) = Finclo) + [ ruwpto (2.12)

Frg is a universal functional, that is a quantity not depending on V5 but only on
kinetic and the two-body terms; Fyx has indeed the same expression when applied to
atoms, molecules, and solids, in which W is the Coulomb interaction.

Although the great simplifications this approach is bringing, especially avoiding the
treatment of 3N degrees of freedom in favour of only 3, the two HK theorems do not
suggest any way to construct both the map N' — V and the functional Fgx. This is
in fact one of the main challenges the DF'T has to face.
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2.1.2 N-— and v—representability

Both theorems can be extended to degenerate ground states, spin-polarised, relativistic
and finite temperature systems. However, Eq. (2.11) holds as long as p(r) € N; we
call these densities v—representable.

It is now natural to ask whether all the densities of physical interest are v—representable.
The answer, unfortunately, is negative: indeed, there exist even well behaved functions
p(r), normalised to the number of particles N, that do not correspond to a ground
state density for any potential v(r). Examples of such densities are presented in Sec.
2.3 of [12] and 3.3 of [13].

This result makes the variational approach we previously introduced more difficult to
pursue, since it may happen that during the minimisation procedure we find some non
v—representable densities.

To overcome the v—representability problem we must extend the domain of the
functional Fyi[p], as a characterization of v—representable functions has not been
found yet. Levy [20] and Lieb [|21] suggested to consider a wider set of densities,
which are called N —representable: such densities derive from some antisymmetric wave
function W(zy, ..., zx) of a N—particle system, which does not need to be the eigenstate
of an Hamiltonian of the form (2.1). We indicate the set of N—representable functions
with A , in order to differentiate it from N of the previous section.

In analogy with F g, we can define a new universal functional Fp as:
Fiilpl= inf  (U|T +W|0) (2.13)
U—speN
Moreover, the infimum is actually a minimum [21].
To prove that the functional Fp[p] is a reasonable extension of Fpg[p], we first look
at what happens for a density p(r) € N: substituting in (2.13) we obtain the exact
definition of Fyk[p]. Thus:

Fuklp) = Frilp]| (2.14)
N
As for non v—representable densities, we must prove that the energy functional
Bulo) = Fuald) + [ #ruoptr (2.15)

assumes its unique minimum at the ground state density po(r), which corresponds to
an external potential vy(r). We do that by considering the infimum over the N-particle
U functions as a sequence of infima over p(r) € N and ¥ — p:

Ey = inf (W[T + W + Vo|¥) = inf ( inf <qf|T+W+%\\If>)

peEN \U—speN

— inf (inf (W|T + W) + / dgrp(r)vo(r)) (2.16)

pG./\~/ U—p

= it (Fulol+ [ o)

pEN

Using (2.15) we conclude the proof:

Ey = inf E,[p] (2.17)
peEN



CHAPTER 2. THE DIRECT AND INVERSE PROBLEM OF THE DFT 18

where the infimum is also a minimum.

Shortly said, the Levy and Lieb approach extends the formalism first introduced
by Hohenberg and Kohn, solving problems related to density representability without
affecting its variational nature.

2.1.3 Kohn-Sham equations

Despite the huge simplifications achieved so far, the system taken into consideration
is made of N—interacting fermions, which makes the problem non trivial; moreover,
the variational approach suggested by the second HK theorem is rather difficult to
implement. Thus, further work is still needed so as to find a practical technique to
evaluate nuclear properties.

In 1965 Kohn and Sham showed [22] it is possible to formulate HK as a problem of in-
dependent particles in a suitable effective one-body potential. In particular, their work
allows to consider an auxiliary problem of N non-interacting particles whose single-
particle potential v,(r) provides a ground state density which is the same one of the
interacting system. This approach is achieved by introducing N single-particle orbitals.

More in detail, we can write the energy functional of a non-interacting particle
system as :
Ey[p] = T[p] + Vi[p] (2.18)

From the second HK theorem the ground state density po(r) leads to the condition
We introduce the single-particle orbitals ¢ (r), for which the following relation holds:

Norb

pr) = |ou () (2.19)

Employing the first HK theorem we can see the orbitals ¢ (r) as density functionals

or(r) = o ([p], 1)

Expressing 7" and V' introduced in the previous section in terms of ¢ (r) we have:

Tyl = Z [ #ram (—%v?) oulr) (2.20)

Vil = [ Erum =Y [ @ o (2.21)

where N, is the total number of orbitals of the nucleus.

The work by Kohn and Sham [22] guarantees the existence of a single-particle potential
vs(r) such that the ground state density of the interacting system and auxiliary problem
are the same, that is p,(r) = po(r).
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Following Sec. 4.1 of [12], we introduce Hartree and exchange-correlation function-
als:
Buly) = [ Erou(e)ote) (2.22)
1
vg(r) = 5 /d3r'w(r,r’)p(r') (2.23)
Exclp] = Fuklp] — Tlp] — Enlp] (2.24)
Rewriting the functional E,, (Eq. (2.10)) with the information above we obtain:
Euli) =Tlol + [ dronte) / [ s peyule o) + Excll - (225)
From the definition of functional derivative we have:
0E,,
= 2.26
UO([p]7 I') 5p<r) ( )
0Ey
vg(lpl,r) = 2.27
(r) = £ 2 (2.27)
(2.28)
By analogy, we define vx¢ as:
dExc
== 2.2
vxe(lpl,r) 5] (2.29)

Applying variational principle (Eq. (2.11)) to both E,, and T we find:
VKS :UH+ch+UQ (230)

Vs is the Kohn-Sham (KS) potential, which represents the single particle potential of
the non-interacting system.

From the variational principle and employing the orbitals introduced above, we

finally obtain Schrodinger equations for a particle with a self-consistent potential:
2
— h—V2¢k( )+ vks([p], r)dk(r) = exgr(r) Yk =1,...,Nom (2.31)

Once orbitals are known, densities can be calculated from (2.19).
Kohn Sham equations must be solved self-consistently as v g depends on the density.
The procedure to follow can resemble the one used to solve Hartree Fock equations,
but the KS approach is more general and potentially accurate, since correlation effects
can be included. Moreover, the HF procedure is complicated by the non-local exchange
term, whereas in DFT the exchange-correlation potential can be suitably approximated
with a local contribution.

To conclude, HK theorems have shown how 3N degrees of freedom of a N —interacting

fermion system can be reduced to only 3, using the ground state density. Furthermore,
the Kohn-Sham approach allowed to translate the original problem in a much easier
one, consisting in a non-interacting particle system, in which we know the explicit form
of the kinetic energy term.
This last step brings great advantages: computationally speaking, solving KS equations
is simpler than proceeding with the HK minimisation, as the problem now consists in
solving Schrodinger equations. In addition, the available approximations for the func-
tional Fxc in (2.24), are better than the Fix ones.
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2.2 Inverse DFT problem

Within the DFT, a direct or forward problem consists in evaluating ground state den-
sities from the knowledge of the energy density functional (EDF). The exact one un-
fortunately is not known, although several valid approximations do exist. In spite of
this lack of information, such approximations lead to accurate results.

On the other hand, in the previous section we showed it is possible to express physical
observables as functionals of the density, thus we can use the one-to-one correspon-
dence assured by HK theorems to find the energy functionals: such approach is called
the inverse problem of the DFT. In other words, as long as the inverse problem is well
defined (see Sec. 2.2.1 below), we can calculate the Kohn-Sham potential vk g starting
from the knowledge of the system density.

While the direct DF'T problem has a great history of success, being hugely studied since
decades, the inverse problem has attracted attention more recently. Several works have
been devoted to this topic in recent years, from studies on numerical methods employed
to solve inverse problems |23], to practical applications both on electronic systems [24]
[25], and on nuclear physics [26] [27] [28] [29].

The inverse DF'T technique is indeed suggesting a new way to approach nuclear prob-
lems that can give precious insights on the subject. It is now mainly used to bench-
mark the many approximate exchange-correlation functionals currently available, but
its possible applications are much wider. In fact, in this work we make use of the
inverse problem as a way to find new energy density functionals.

Moreover, this approach allows to find the potential avoiding the usage of techniques
based on fitting experimental data, which are common procedures in nuclear physics,
albeit they are often rather complex and can occasionally lead to ambiguities [30].

2.2.1 Well-posed problems

In accordance with Hadamard definition, a well-posed problem must fulfill the following
properties [31]:

e the existence of a solution of the problem;

e the uniqueness of the solution;

e the continuous dependence of the solution on the input data.
Last condition assures that small enough changes in the initial conditions entail small
changes in the solution. Indeed this is a typical property of weak solutions of a differ-

ential equation [32]. If one (or more) of the three is not satisfied, the problem is said
ill-posed.

In contrast to direct problems, which are generally well-posed, inverse problems
are usually ill-posed [33]; this requires extra care, as unphysical results and numerical
errors may appear.
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Moreover, numerical methods for inverse problem can lead to the so-called “inverse
crimes”, in which the results obtained by the method are said to be overfitting the
input data. That is, rounding and approximations depict the inverse problem less ill-
posed than it actually is, ending in a model which contains more information than that
given in input.

To show an example of an inverse crime, we report a simulation from [23], which
describes the ground state density of the harmonic oscillator numerically computed
with box-type boundary conditions and a fourth-order finite difference approximation
for the laplacian. If the same finite difference approximation is used while evaluating
the potential from orbitals, the resulting potential is almost exact everywhere, as seen
in Fig. 2.1.

Potentials, O(4)

8 T T T B _'\ - T
, 70}
6F .
4+ 6.0 | i
20 ]
0F .
ol — exact |
* * approx.
___l_ | 1 1 1 1 I 1 1 I

Figure 2.1: Example of an inverse crime in a harmonic oscillator simulation. The
ground state density of the harmonic oscillator is computed numerically using a fourth-
order approximation to the laplacian and zero boundary conditions, and the potential
is evaluated using the same laplacian finite difference approximations. This provides
an inverse crime.

In this case the inverse crime is due to cancellation of errors between the data sim-
ulation and reconstruction methods. This usually happens in DFT inversions, when
the same numerical methods are used to solve both the direct and the inverse problems.

To avoid inverse crimes while making the model robust, regularisation techniques
are usually taken into consideration [31] [35]. These procedures allow to substitute
the original problem with a slightly different one which is well-posed and has unique
solution.

HK theorems make the DFT direct and inverse problem well-defined, as there is
a one-to-one correspondence between p(r) and v([p],r). Nonetheless, for the inverse
problem, non-exact input data (affected by errors or approximations), may result in a
violation of Hadamard’s conditions. To overcome such difficulty and find numerically
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valid solutions to the problem, it is therefore necessary to use regularisation techniques
or to construct the inverse model with caution.

2.2.2 Kohn Sham inverse problem

As we have seen in Sec. 2.1.3, the Kohn Sham approach yields the following Schrédinger
equations for the single-particle orbitals ¢y (r):

2
- ;—mVQQbk(r) -+ UKS([p]; r)¢k(r) = €k¢k(r) Vk = 1, ceey Norb (232)
where

Vgs = Vg + Vxc + Vg (233)
orb

Z |fx(r) (2.34)

These equations hold both for the forward and the inverse problem, however they differ
in the unknown quantities: in the direct problem we know the Kohn-Sham potential
vis(r), whereas orbitals ¢ (r), eigenvalues €, and density p(r) must be found through
a self-consistent method. In the inverse problem p(r) is known, and vgg(r), ¢x(r), and
¢, are the unknowns.

Such differences lead to the development of completely different algorithms to face the
two problems.

Below two different techniques for solving Eq. (2.32) with the inverse approach are
presented: the vLB and CV methods.

vLB method
The first model we look at was suggested by van Leeuwen and Baerends [30]. It is a self-
consistent procedure based on solving Schrodinger Eq. (2.32) with different potentials,
until the target density is correctly reproduced.
More in detail, starting from Eq. (2.32), multiplying by ¢} (r) and summing over k
index we have:

9 Norb Norb Norb
Z@ V25, (r) + vies (| Z pe(0) = el (r)? (2.35)
k=1

Employing Eq. (2.19) the potential vxg reads:

vis([p], 1) = LIy Z (0k(x) VZ0r(r) + €xler(r)[) (2.36)

p(r) 2m £
The problem can now be solved self-consistently: choosing an initial potential v(r),
we compute the system density p*(r) associated to such potential through Schrédinger
equation (2.32); if p*(r) is close enough to the target density p(r) then vgg =~ v,
otherwise the potential must be modified and the procedure starts over.
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Different criteria both for the convergence of the density and for the modification of
the potential have been suggested. Choosing a percentage threshold e, Jensen and
Wasserman [23] suggest to stop iterations when the condition given by Eq. (2.37) is
satisfied:

pt(r)

p(r)
where p¥(r) is the density obtained during the k-th step the iterations.

On the other hand, one the most straightforward way to change the potential after
each step is:

1—

max
r

<e (2.37)

P (r) = ka r
=2 23%)

The k-th potential is decreased where the computed density is smaller than the target
one, whereas if p®(r) > p(r) then the potential is increased. Alternatives to this for-
mula are presented in [23].

The vLLB method greatest advantage consists in the simplicity of its implementation,
as it only requires to solve Schrodinger equations repeatedly. Nevertheless, it shows a
strong dependence on the choice of the initial potential: the algorithm does not explore
a wide range of parameters, thus the information obtained by this approach is rather
limited.

CV method
Another way to solve the inverse problem consists in the constrained-variational (CV)
method, first introduced by Wasserman and Jensen [23]. The problem is set as a con-

strained optimisation procedure: we first consider a set of orbitals under the constraint
that a certain target density must be reproduced, also requiring the orthonormality
among such orbitals. The ground state wave functions are obtained by the constrained
minimisation of the kinetic energy which satisfies the conditions above. In this context
the Kohn-Sham potential arises as the Lagrange multiplier associated to the density
constraint, i.e. the requirement that the single-particle orbitals obtained from the min-
imisation must reproduce the ground state density given in input.

The functional to be minimised is the expectation value of the kinetic energy of a
system with non-interacting particle, as we are employing KS formalism. Referring to
Eq. (2.20), integrating by parts and using the divergence theorem, we can rewrite such

functional:
hQ Norb

T.[{64}] = de / &r [Vn(r)? (2.39)

where dy, is the degeneracy of the orbltal, that is, the number of particles that occupy
the k-th shell.

The term [ drV - (¢} (r)Vi(r)), which appears while integrating by parts, vanishes
as ¢ — 0 for r — oo, since orbitals must be normalised.

The energy minimum can be found, according to Eq. (2.16), through a minimisa-
tion first over the eigenfunctions, W which generate a density p(r), and then over the
N —representable densities (Sec. 2.1.2).

Thus we obtain the following constraint from the first minimisation:

orb

= D delauoF = (2.40)
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p(r) is called target density, that is the ground state density given in input.

A constrained optimisation can be equivalently cast as a free minimization of a
certain cost functional, making use of Lagrange multipliers techniques. We can indeed
introduce the Lagrange multiplier v(r) of the constraint (2.40), and define:

Gal{én}:v(r)] = / & o(r) (p(r) — p(r)) = 0 (2.41)

Likewise we introduce the constraint on the orthonormality between orbitals as:

Gultonl) = [Eroiwom —=o;  Vi-loNwi<i (@4

G is symmetric, thus G;; = Gj; and the sum extends over the lower triangle of the
matrix. Lagrange multipliers of GG;; are the quantities —d;e;;.
It is now possible to define the cost functional J:

s}, o), {el] = TH{os}] + Galls}; i Z dies; Gigl{,}]
_ 2hm ‘“1 d; /d37“ |V¢j(r)|2 —|—/d3rv(r)(p(r) — )+ (2.43)
- iZdeU /d?’rgb r)o;(r)

In the second step definitions (2.39) (2.41) (2.42) were used.

The constrained minimisation of the functional 7" is then replaced by the free min-
imisation of J, as long as the constraint equations are satisfied.
Applying the functional derivatives 6/d¢j(r) to the functional J and evaluating at the
minimum, which gives 6J = 0, we have:

sieh) [ R, - _

Hence:
h? i
= 5,-V () + v(lp]T)dk(r) = Zl €rii(T) (2.45)
Eq. 2.45 is a non-canonical Schrédinger equation, as in the right hand side a sum
over different orbitals and eigenvalues is present. However, the left hand side term is

a self-adjoint operator, that is the single-particle Hamiltonian, we can then apply a
canonical transformation to 2.45 and obtain:

T Pu(r) + v(r)x(r) = extulr) (2.46)

which is exactly the Schrodinger equation we obtained in (2.32).
The meaning of Lagrange multiplier v(r) is now clear: it is the single-particle external
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potential vgg introduced in Sec. 2.1.3, which is specific for the problem taken into
consideration.

The implications of this model are of great importance: using only the ground
state density, which can be measured experimentally or computed with other methods,
e.g. Hartree-Fock direct problem (Sec. 1.2.4), we are able to evaluate the single-
particle orbitals ¢ (r), the specific effective potential v(r) for the system taken into
consideration, and the ground state kinetic energy T
From the knowledge of this quantities we can take the next step and find the total
energy functional of the system (Chap. 4).



Chapter 3

Nuclear potentials from the
Constrained Variational method

In this chapter we first proceed to implement the CV method introduced in Chap. 2,
specialising it for spherical systems. In the second part we make use of such model
and run simulations to find nuclear potentials for stable magic nuclei. We consider the

160, 40Ca, and 2"®Pb nuclei.

3.1 CV implementation

The Constrained Variational equations characterising the method, that are Eq. (2.41)
and Eq. (2.42) for the constraints, and Eq. (2.44) which states the variational nature of
the approach, involve a variety of terms, each one depending on three spatial variables.
This makes solving the problem rather complex.

To overcome such computational difficulties, we restrict our studies to spherical sym-
metric systems: this way we only have to treat the radial coordinate, translating the
original problem into a 1-dimensional one. From a physical point of view, we are fo-
cusing on closed-shell nuclei [34] [35].

The first step is then to write the problem defined in Sec. 2.2.2 in spherical coor-
dinates; later on, new variables and functions are introduced to make the algorithm
more accurate and stable.

3.1.1 CV for spherical symmetric systems

Recalling Eq. (2.19), we can write the system density in the coupled basis o =
(nlsjm;) as:

pr) = [Yalr, o) (3.1)

The sum extends over all the possible values of (a, o).
Due to symmetry reasons, it is possible to show that the density of a spherical sym-

26
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metric system only depends on the radial coordinate. Thus, Eq. (3.1) becomes:

Norb

|ug(r)
Zd W (3.2)

where dj stands for the occupancy of the k-th shell; as we are focusing on closed-shell
nuclei, it always assumes its maximum value. We choose to work in the coupled basis,
in which the degeneracy reads dy = 2j; + 1: thus, orbitals are characterised by (n, I, j)
quantum numbers.

Proceeding to write CV equations in spherical coordinates, we first look at the
kinetic term. The laplacian operator in the new (r,0, ) coordinates reads:

1 02 A?
V2= — 3.3
rore + 72 (3:3)
in which A is the Legendre operator, that in 3D can be written as:

1 0 0 0?
() 90 <s1n(0)%> + a2 (3.4)

It is possible to show that A o< L, in particular we have:

A? =

L? = —h*A? (3.5)

Thus, we can insert the orbital angular momentum in the laplacian operator and,
therefore, in the kinetic term.
Using the information above we have:

1 0?

A2
V2(r, 0) =~ (1 6(r,0)) + 5 0(r,0) =

1 82u(7’) A2 u(r)
r Or? (9’ ©s U) + r2 (97 2 U)

where we used that ¢(r,0) = u(r)/r Y(0,¢,0). u(r) is the reduced radial function
and Y (0, ¢, 0) is the generalised spherical harmonic function, which contains both the
spherical harmonic and the spinor term. Employing the relation between A? and L?
we eventually obtain:

(3.6)

V2o(r, o) = (6811(27“) _ l(l:; 1) u(r)) M (3.7)

Using the jacobian transformation dr = r?drdQ) we can write:

Z/d?’r(b (v, 0)V2(r, ) /\Y . |dQ/ (r %( 8r(2r)—l(l;1)u(r)) P2dr

- / () (50 - D) ) a
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In the last step the normalisation of generalised spherical harmonic functions has been
used.
Hence, the kinetic energy now reads:

Ts[{u}] = r %dk/ (82811(27’) — W:; 1)u('r’)) dr

Zd [ (s + ) ar

As the Hamiltonian of the system is time independent, reduced radial functions u(r)
can be chosen to be real, thus the module symbol can be omitted.

(3.9)

Repeating the same procedure for the constraint on density (2.41), we obtain:

Gal{ur},v(r)] :/ ((i dui (r ) — 47r7“2/3(r)> =0 (3.10)

In contrast, the condition relating the orthonormality between orbitals is not straight-
forward, as it involves different generalised spherical harmonics:

> (/ Y (0,00 )Y(H,so,a)dﬂ) (/ui(r)uj(r)dr> =" (3.11)

[

The first integral which contains angular variables is equal to d;,;,0;,;, due to generalised
spherical harmonics properties. If [; # [; or j; # j;, then Eq. (3.11) is trivially satisfied.

Otherwise, even the orthonormality between radial functions must hold:
Gz][{uz}] = /UAT)Uj(T)dT‘ = 5ij lf ll = lj;ji = jja VZ = ]_, cevy Norb; ] S Z (312)

Equations (3.9), (3.10), and (3.11) contain all the information regarding the CV method
for spherical symmetric systems; in principle, it is possible to solve this problem in
terms of the u(r) radial functions. However, this approach provides large errors in the
region in which wave functions are close to zero: that is why more regular functions
are needed.

3.1.2 Radial functions scaling

As the authors of [23]| point out, the finite difference method used to represent the
laplacian operator may lead to numerical errors when wave functions are exponentially
decreasing. Therefore, they suggest to introduce some scaled orbitals {fix(r)} which
have a smoother behaviour than {uy(r)}, defined as:

r
fr(r) = L() (3.13)
p(r)
Since from Eq. (2.19) we know that p(r) ~ |¢(r)|?, {fi} orbitals have a far less steep
behaviour than the original ones. Moreover, this approach also avoids numerical errors
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arising from the treatment of numbers with different orders of magnitude, as { fx(r)}
functions usually range from 0 to 1.

For the spherical symmetric case we use the scaling formula suggested by [35], which
slightly differs from the original Eq. (3.13). It reads:

u(r)
Arp(r)r

We can now express the equations obtained above in terms of the scaled radial func-

tions {fr(r)}.

Je(r) = (3.14)

Starting from Eq. (3.14), the following expression holds:

orb

Z difo(r (3.15)

Thus, it is convenient to write the density constraint p(r) = p(r) as:

orb

ga({ S}, defk =1 (3.16)

It is also possible to express the constraints in the integral form by using Eq. (3.10),
(3.11), and (3.14). For the density constraint we have:

Gal{fi},v(r)] = / <<de> )47w( Wdr=0  (3.17)

Instead, the orthonormality condition becomes:

G”[{fk}] = /47Tﬁ(7’)7’2fi(7")fj(7“)d7" =1 if ll = lj;ji = j], Vi = 1, -'-7Norb> ] S 7

(3.18)
The calculations regarding the kinetic term are slightly more demanding, as the u(r)
derivatives must be evaluated in terms of f(r). However, proceeding by substitution
we eventually obtain:

Ty ffdk [ ar (=347 (G 26) + LI lr) + G

(3.19)
in which we introduced the following functions:
ol ) = =1+ 1)plr) + 770) + ) = A (3.20)
Ci(r) = r’p(r) + 2rp(r) = 02(7") (3.21)
Co(r) = 125(r) (3.22)

where we used the dot “notation to represent the derivative with respect to the radial
coordinate. Full derivation is presented in App. B.
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3.1.3 Numerical implementation

The CV method expressed with the {fx(r)} functions can now be implemented. In
order to find the Kohn Sham potential associated to the density given in input, a
constrained minimisation of the kinetic functional (3.19), or, in other words, a free
minimisation of the objective functional J[{uy(r)}] (2.43), must be pursued.

This way we evaluate the scaled orbitals { fi(r)} which corresponds to the ground state
of the system. From here, it is possible to compute both the potential v(r) and the
eigenvalues ¢;; employing Euler-Lagrange equations which derive from the condition
0J = 0; we see that this approach is equivalent to solve a system of non-canonical
Schrédinger equations, in which we know the orbitals from the previous minimisation
procedure.

For the procedure presented above Jensen and Wasserman [23] suggest to use
IPOPT (Interior Point OPTimizer), a library specialised in solving large-scale non-
linear optimisation problems. IPOPT! requires the knowledge of the kinetic functional,
as well as the constraint equations; moreover, it also needs the kinetic gradient, the
constraint jacobian, and the hessian of the whole objective functional (see App. B).
IPOPT also stores only the non zero elements of jacobian and hessian matrices, making
the algorithm faster. Especially in our case, in which there are only very few non zero
terms inside such matrices, this implementation reduces the number of steps needed to
reach convergence.

Another essential information IPOPT requires is the orbital starting point. As IPOPT
only explores a limited part of the phase space, it converges to the first local minimum
it finds, having no way to discern different local minima from one another. Thus, the
choice of the initial condition deeply influences which solution the algorithm finds.
E.g., if the starting orbital is close to the minimum, the convergence occurs rapidly;
on the other hand, if the initial guess is too far from the solution, the convergence may
never be achieved.

Therefore, a careful study on how the choice of the starting point affects the results
obtained is of great importance. However, as harmonic oscillator orbitals have been
shown to provide a reasonably good guess for nuclear problems [34], in this work we
always employ such wave functions as the initial orbitals.

In order to implement the program we first have to discretise the CV equations:
considering a radial mesh of Ny evenly spaced in a closed interval [Ry, Ry|, the
possible radial values are:

T = Rl + hk O S k S Npomts (323)

in which % is the grid step, defined as h = (Ra — R1)/Npoints-

Coding the CV equations means that we also need to discretise integrals and deriva-
tives. For this purpose we make use of Python libraries, such as SciPy? and FinDiff?,
in order to minimise the numerical errors committed during integration and differenti-

Thttps:/ /projects.coin-or.org/Ipopt
Zhttps://www.scipy.org/
3https://pypi.org/project /findiff/
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ation, respectively.

Eventually, once {fx(r)} are known, it is possible to compute the potential. Al-

though in principle IPOPT already returns the value of the Lagrange multipliers, that
are, v(r) and €;; (Sec. 2.2.2), the scaling procedure we have applied (Eq. (3.14)) makes
it difficult to reconstruct the real quantities with physical meaning from the scaled
ones.
Hence, it is more convenient to start from Eq. (2.43), define a Lagrangian which de-
scribes the system, and then compute both the potential and the eigenvalues from the
Euler - Lagrange (EL) equations, since we now know the orbitals {fx(r)}, and, from
Eq. (3.14), the {ug(r)} as well. In formula we have:

2 Nor Norb Norb @
h de( 2 l(l:; 1) 2) deuk ZZEUUZ ru;(r) (3.24)

i=1 j=1
The EL equations then read:

Norb

_ 2;1_22dk ( W) — wum)) + 2o (r)un(r) = 3 djes(1+ Gi)us(r) (3.25)

T -
Jj=1

Eq. (3.25) holds for any k& = 1, ..., Ny, making it a system of linear equations with
v(r) and €; as unknowns. To solve such problem, we use a linear algebra package,
Sparse matrix?, which is part of the bigger SciPy library introduced above.

At last, we underline another reason for which the resolution of EL equations is

needed: when the IPOPT optimisation finds the orbitals { fx(r)} such that the density
of the system is, in principle, equal to the target one, such orbitals are not unique,
being defined up to a unitary transformation. Indeed, unitary transformations on
wave functions {fi(r)} do not affect the physical quantities of the system, that are,
the potential v(r) and the eigenvalues €;;.
Hence, the only way to remove this ambiguity originated by such gauge invariance is
to choose a specific gauge in which to work. This is exactly what happens when we
translate the Lagrange constrained minimisation problem into one of linear algebra,
defining matrices to represent the information contained in Eq. (3.25).

3.2 Nuclear potentials from the Constrained Varia-
tional method

Now that we have described what the Constrained Variational method consists in and
how to implement it, we can move on and analyse the results obtained from simula-
tions.

We remind that the whole inverse DFT problem (Sec. 2.2) aims to calculate the po-
tential from the knowledge of the density of the system. Thus, we are going to look at

4https://docs.scipy.org/doc/scipy /reference /sparse.html
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some magic closed-shell nuclei, which are 160, °Ca and 2°8Pb.

Even if various tests have been pursued, as the ultimate purpose of this work is to
construct the energy functional (Chap. 4), we only report the results obtained with
suitable choices of the radial interval and of the wave function starting points. For a
more in-depth study we refer to [26] [34] [35].

For 160 and %°Ca nuclei we run simulations using neutron densities. However, same
results could be obtained by using proton ones. The calculation with the SkX interac-
tion considered below includes the spin-orbit term, whereas the Coulomb term can be
omitted as we look at chargeless particles.

3.2.1 160

We first look at 0 nucleus, composed of 8 protons and 8 neutrons, making it a stable
double magic nucleus.

The density we focus on is computed using a Skyrme interaction (SkX) [7], and its
behaviour for neutrons is shown in Fig. 3.1.

0.075 1

0.060 -

0.045 1

r) (fm=3)

T 0.030

0.015

0.000 1

Figure 3.1: 0 SkX neutron density computed by Hartree Fock method.

As seen in Chap. 1, the density shows an initial plateau, while it exponentially
decreases as the radius becomes greater.

Applying the CV method, we pursue the inversion considering the interval [0.1, 11.0]
fm and a radial step h = 0.1 fm. Proceeding with the simulations, we obtain the results
shown in Fig. 3.2.

IKS and HF potentials show good agreement with one another: the difference be-
tween the two quantities is always smaller than 2 MeV. For r ~ 8 fm we see the IKS
potential is weakly decreasing: this is caused by the finite length of the interval used
in the inversion and has no physical explanation.
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Figure 3.2: (a) '°0 neutron potential from the inversion of the SkX density (IKS),
compared to the Hartree-Fock potential (HF). (b) %O neutron difference between IKS
and HF potentials.

It can be seen that, unlike previous implementations [34] [35], it is not necessary to

remove the potential values in the first points of the mesh, as they do not deviate from
the expected behaviour. This is an advantage of the new Python code and could be
due to different libraries used for interpolations and higher precision in the derivative
calculations.
However, the code still depends on the choice of the interval upper bound, as it does
not converge for values of Ry which are too small or too big. Therefore caution must
be paid while choosing such parameter: a possible way to set a suitable value of Ry
consists in choosing a cutoff value with which to compare the density p(r); in this
perspective Ry is chosen as the radius for which the density becomes smaller than the
cutoff. For radii » > R, the density is indeed negligible. Reasonable choices of such
threshold, which we employ in Chap. 4, are either 107® or 107° fm~3. Eventually this
also avoids numerical errors that arise when functions are too close to zero.

3.2.2 %Ca

40Ca is also a double magic nucleus, formed by 20 protons and 20 neutrons. Even
in this case we consider the SkX interaction and compute the density associated to
neutrons.

This time for the density inversion we use a radial grid with endpoints R; = 0.1 fm
and Ry = 12.0 fm, and step A = 0.1 fm. The result of the simulation is presented in
Fig. 3.3.

Likewise what we previously obtained with 1O nucleus, the IKS and HF potentials
show similar behaviours, with a difference smaller than 1 MeV everywhere. This time
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Figure 3.3: (a) °Ca neutron potential from the inversion of the SkX density (IKS),
compared to the Hartree-Fock potential (HF). (b) *°Ca neutron difference between IKS
and HF potentials.

the results are even better than the '®O ones, as the “°Ca is heavier and displays a
weaker dependence on the interval endpoints.

3.2.3 8Pb

The 2°Pb nucleus has 82 protons and 126 neutrons, both 82 and 126 are magic num-
bers. Although this nuclide is not treated in further simulations in Chap. 4, we look
at the behaviour of its potential because the density is computed with the Sum Of
Gaussian parametrisation, showing different characteristics from the cases previously
discussed. Moreover, we can benchmark the results with the ones of other works, such
as [20].

SOG, standing for Sum Of Gaussian, as its name states, consists in a sum of different
Gaussian functions with different centres and widths. This approach allows to predict
accurate densities as long as a great number of parameters are employed, for instance,
Zenihiro in [37] uses 12.

Proceeding with simulations for protons in the interval [0.1,12.0] fm with step
h = 0.1 fm, we obtain the potential shown in Fig. 3.4. The proton SOG density used
in this context was taken from [35].

We can note that, at the beginning of the interval, v(r) calculated from the inverse
problem presents great oscillations whose amplitude cannot be ignored; this behaviour
does not have any physical meaning and it is due to the gaussian parametrisation of the
SOG density. From 4 to 8 fm we see qualitatively agreement between the IKS and WS
potentials, whereas for » > 8 fm the IKS potential loses any physical interpretation, as
it diverges. We can again understand this fact by looking at how the SOG density is
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Figure 3.4: 2%Pb proton potential from the inversion of the SOG density (IKS),
compared to the Woods Saxon potential (WS).

constructed: any gaussian wave function corresponds to a harmonic potential, which
is unbounded as it scales with ~ r?. We indeed saw in Sec. 1.2.2 that the harmonic
approximation is suitable only in the nuclear innermost region. This problem regarding
Gaussian tails is largely known in nuclear physics and has already been treated in [20].

In contrast to what we have seen before, further simulations prove that the poten-
tial only weakly depends on the upper bound of the interval: this could be understood
remembering that our first orbital guess consisted in harmonic oscillator wavefunctions
(Sec. 3.1.3), which are, indeed, Gaussians. This explains why, different choices of Ry
notwithstanding, the convergence occurs rapidly.

3.3 Comparison between canonical and non canonical
Kohn-Sham orbitals

We previously said (Sec. 3.1.3) that the orbitals { fx(r)} are determined up to a unitary
transformation, which does not affect the physics of the problem. Nevertheless, if one
wants to study the behaviour of the orbitals themselves, it is important to understand
which unitary transformation must be applied to such wave functions, that is, which
choice of the gauge leads to physically meaningful orbitals.

Thus, during the solution of Eq. (3.25), we can apply unitary transformations to the
matrix representing the linear problem.

To understand which transformation of physical interest could be considered, we
note that the Hamiltonian commutes with the system density [H, p] = 0, hence it can
be simultaneously diagonalised with the matrix of the ¢;; eigenvalues. This fact sug-
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gests to apply the specific unitary transformation that diagonalises the matrix which
represents the linear problem.

To prove this ansatz, we look at 0 and “°Ca orbitals, studying what happens when
we diagonalise the (¢;;) matrix.

160

The %0 has 8 neutrons, which are distributed in 3 orbitals: 1s;/5, 1p3/2, and 1p; .
We first compare the orbitals obtained by the minimisation procedure conducted by
IPOPT using two different values or Ry for the inversions, which are 9.8 and 11 fm.
The potentials associated to such wave functions are identical, nevertheless, as we have
seen before, in general it is not true that also the orbitals must be the same. We also
consider orbitals computed with HF method, using these results as a benchmark.
Proceeding with the simulation we obtain what is presented in Fig. 3.5.

0.71

— 1S12HF 0.7 — 1p3/2HF
0.6. ——- 1s1/2 KSR, =11 fm ——- 1p 32 IKS Ry = 11 fm
: — 15 1/2 IKS R, =9.8 fm 0.6 —.- 1p 3/2 IKS R, =9.8 fm
_ 0.51 . 0.51
T 0.4 T 04
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0.1 0.14
0.0 0.0
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
r (fm) r (fm)
(a) 1sy/o 190 radial functions (b) 1p3/5 90 radial functions
0.7 — 1p 1/2 HF
——- 1p 1/2 IKS Rz =11 fm
0.6 —-- 1p1/2 KSRy =9.8 fm
. 0.5
T 04l
é 0.4
; 0.3
2 0.21
0.1
0.0+
0.0 2.5 5.0 7.5 10.0
r (fm)

(c) 1p1y2 160 radial functions

Figure 3.5: 0 {uy(r)} functions before the diagonalisation of the (e;;) matrix,
computed both through IKS and HF method. IKS orbitals are evaluated with two
different values of Ry: 9.8 and 11 fm.
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We see that the two IKS orbitals coming from different calculations show exactly
the very same behaviour. Also HF radial functions are in great agreement with the
IKS ones, being slightly different only nearby r ~ 6 fm in the case of the 1p;/, orbital.

We now look at what happens to those orbitals if we diagonalise the (¢;;) matrix.
The results are shown in Fig. 3.6.
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0.6, ——- 15 1/2 IKS R, =11 fm ——- 1p3/2 KSR =11 fm
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T 0.4 T 04,
é é 0.4
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> 0.2 > 0.2
0.14 0.1
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0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
r (fm) r (fm)
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Figure 3.6: '°0 {uy(r)} functions after the diagonalisation of the (¢;;) matrix, com-
puted both through IKS and HF method. IKS orbitals are evaluated with two different
values of Ry: 9.8 and 11 fm.

Contrary to what we were expecting, the orbitals do not change at all. We see
below that this result is actually a particular case, in which the matrix (¢;;) is already
diagonalised.
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More interesting are the simulations regarding “°Ca nucleus; these are presented
below.

4()Ca
40Ca includes 20 neutrons, that are distributed in 6 orbitals. We can proceed as we
did before, comparing two IKS orbital sets, inverted using Ry = 11 and 12.1 fm, with
the HF ones. What is obtained is illustrated in Fig. 3.7.

Unlike the %O case, we see that the s orbitals of the two IKS problems have dif-
ferent behaviours, even though they produce the same potential. All the other IKS
orbitals are in agreement both with one another and with the HF ones, thus we expect
they are not influenced by the application of the unitary transformation that makes
(€;;) diagonal.

Moreover, not only have s orbitals distinct behaviours from one another, but they also
have a different number of radial nodes, which is unphysical.

Diagonalising the eigenvalue matrix we obtain the results in Fig. 3.8.

— 1s1/2 HF — 2512 HF
0.6 ——- 1s1/2 IKSR; =11 fm ——- 251/2 KSR, =11 fm
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Figure 3.8: Ca s orbitals after the diagonalisation of the (€;;) matrix, computed
both through IKS and HF method. IKS orbitals are evaluated with two different values
of Ry: 11 and 12.1 fm.

All the non-s orbitals do not change after the diagonalisation, hence their graphs
were omitted.
As for s orbitals, we see that the unitary transformation that diagonalises the problem
provides IKS orbitals with the same behaviour, even though they were computed with
different Ry. Moreover, they also show great agreement with the HF wave functions.

We can sum up what we obtained stating that only s orbitals need to be diago-
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Figure 3.7: “°Ca {u(r)} reduced radial functions before the diagonalisation of the
(€;;) matrix, computed both through IKS and HF method. IKS orbitals are evaluated
with two different values of Ry: 11 and 12.1 fm.
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nalised, as they are the only wave functions which mix with each other. This is due to
the different principal quantum number n of the two orbitals. Thus, the (¢;;) matrix
can then be interpreted as a block matrix, in which the only non-diagonal terms regard
s orbitals.

In the 190 case we did not see any transformation among orbitals, as there were orbitals
with only n = 1. Instead, considering *°Ca, we saw that 1s; s2 and 25/, radial wave
functions can be disentangled by the diagonalisation procedure, which also gives the
right number of radial nodes and good compatibility with the HF orbitals.

Further simulations (e.g. harmonic oscillator with 20 particles) have demonstrated that
this always happen when we deal with a system which includes orbitals with same (1, )
but different n. From now on, this approach is employed throughout the whole work.
If not explicitly specified, we always refer to the diagonalised orbitals while studying
wave functions in Chap. 4.



Chapter 4

Reconstruction of nuclear Energy
Density Functional

The purpose of this chapter is to reconstruct the nuclear energy density functional
(EDF) from the knowledge of the potential of the system, which is evaluated through
the Kohn Sham inverse (IKS) problem (Sec. 2.2.2). We first introduce the theoretical
approach we use to face the problem (Sec. 4.1 and 4.2), applying then such model to
analytical potentials for which we can compute the exact expression of the EDF and
compare the results (Sec. 4.3).

The next step is to focus on the harmonic oscillator (Sec. 4.4), which is a particularly
suitable test as its wave functions are known analytically. We eventually specialise
our study on proper nuclear interactions (Sec. 4.5), namely SkX and (%o, t3) models,
analysing both their orbitals as well as potentials and pursuing the reconstruction of
the EDF using the IKS procedure shown in Chap. 3.

4.1 A function integration formula: from potential to
energy functional

We have seen that one of the main quantities which characterises a nucleus is its bind-
ing energy (Sec. 1.1). Thanks to the first HK theorem we know it is possible to express
the system energy as a density functional (EDF); however, the expression of such EDF
is usually unknown.

In this passage we study a method to evaluate the energy functional starting from
the knowledge of the potential vkg(r) (Eq. (2.33)), calculated from the DFT inverse
problem (Sec. 2.2). The approach we follow throughout this section is presented by
Gaiduk in [39] and [10].

The main idea of this model consists in reconstructing the energy functional U|[p]
through some sort of functional “integration” of a model potential v(r). We first dis-
cuss the method for a general potential, treating the Kohn-Sham potential later.

41
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By definition, we can write the potential as a functional derivative of the energy:

_ oU[p]
op(r)
If we consider a local potential, that is, a potential which only depends on p, and not on

Vp or higher derivatives of p, then the energy functional can be found simply through
an integral of the potential:

v(r)

(4.1)

Uielp) = [ dt i (5)o(c) (42)

This simple formula is not valid if the potential is semilocal, i.e. if Vp and higher
derivatives of the density appear inside v(r) expression, as the functional derivative
takes the form Eq. (A.5).

To overcome such limitation, van Leeuwen and Baerends [11] suggested to introduce
an additional parameter ¢ into the density p(r) to create a path of densities p;(r)
parametrised by ¢: this way we can see the energy functional as a function of the
parameter ¢, U[p;] = U(t). The derivative of this newly-made function reads:

oUW _ [ 8Ulpl opx) - op
—37:/MMM)& :/mmm@ 4 (4.3)

Integrating the above equation from ¢t = A to t = B we obtain:

Ulps) - Ulps) = | a0 / a | dro(p)in 22

A ot

This is the most general form of the line integral over ¢, which holds for any path
connecting p4 and pg.

Choosing a parametrisation of p;(r) so that U[pa] = 0 and pg(r) = p(r), Eq. (4.4)
becomes:
Ipu(r)

Ulpl = / i / e o({p(r)e) 28 (4.5)

Thus, once the potential of the system is known, it is possible to find the EDF expres-
sion through Eq. (4.5).

As the path py(r) is arbitrary, we can choose any reasonable parametrisation of the
density in order to perform the line integral, that is, any path whose derivative dp,/0t
is well defined for all values of ¢t. In practice, it is useful to integrate along paths with
physical meaning, such as magnitude- or coordinate-scaled density paths.

We now focus on the three different scalings introduced in [10].

4.1.1 Density scalings

The three scalings considered below are called g—scaling, A—scaling and (—scaling.
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g-scaling
The first transformation we take into consideration is the linear density scaling [12]
[43] [44], which reads:

Pq(r) = qp(r) (4.6)

The derivative of the scaled density with respect to the parameter gives:

dpg(r)  Olgp(r)]
P p(r) (4.7)

Thus, we can write the integral in Eq. (4.5) explicitly for the g-scaling:

i = [ da [ ar ooy 20

-/ g [ ar oflapte) ) o) (18)
—ar | g [[arr? offantr)n) o)

In the last step spherical coordinates have been used: this last term holds as long as
the system is spherically symmetric and the density depends exclusively on the radius
r.

Normalisation of the scaled density p, leads to:

[ v oute) = [ dvapte) = av (4.9)

Where we used the normalisation of the ground state density p(r) to the number of
particles have been used.

Eq. (4.9) states that this scaling does not keep the system particle number constant,
changing as q/V.

A-scaling
Another choice of the path transformation is the uniform density scaling, which we call
A-scaling:
pa(r) = A p(\r) (4.10)

Calculating the scaling derivative we have:

8%)\)(\1‘) _ I[A ap)(\)\r)] = A?[3p(Ar) + (Ar) - Vp p(Ar)] (4.11)

Eventually Eq. (4.5) takes the form:

vl = [ ax [ dr olfpate)o o

=[x [de o) x) 2 o) + () - Vo )

) Y (4.12)
:/0 d)\/dx (W p(x)], x/) 22+ ) Vax ()

= 4r /01 d)\/dx 2 v([Np(a)], z/) & \
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This particular scaling plays a major role as it has strict relations with the Levy-Perdew
virial relation [11] [15], which reads:

o) = [ dro(x)3o(e) + - Vo(o) (1.13)
Eq. (4.12) and (4.13) are indeed the same as long as the following condition holds:

o(lpaliT) = A ([l Ar) (4.14)
Eq. (4.14) is always valid for any exchange potential, as they are homogeneous of

degree one [16].

Moreover A-scaling conserves the particle number of the system:

/ dr py(r) = / dr X p(Ar) = / dx p(x) = N (4.15)

Physical interpretation of such transformation is straightforward: we see from Eq.
(4.10) that as A increases, the system is getting narrower. This has important conse-
quences both on the density and on the potential behaviour, which are studied later in
Sec. 4.4 and 4.5.

(-scaling
The last scaling we focus on is the (-scaling:
pe(r) = Pp(¢Pr) (4.16)
whose derivative reads:
o [¢2 1/3 1/3
rele) S ot 4 S o))
Eq. (4.5) then becomes:
! Ip¢(r)
Ulp| = a¢ | d
= [ ac [ v ollpetev) 2
' 2 (1 +1/3 1/3 ¢"or 1/3
= [ e [ ule el ¢ |20 + S8 Ve et
0 (4.18)

- /01 dg/dx v([C2p(x)], x/C3) [Qp(x) + g - Vx p(X)]

:4ﬂ/01 dg/d:c 22 o([p(w)], 2/¢M) [2P(x)+§ oz ]

(-scaling was introduced by Perdew [17] in order to study a system in which the number
of particle changes as (N, in fact:

[t = [ dr¢o¢ = [ axcotx) = o (4.19)
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4.1.2 Stray and non stray potentials

It is now natural to ask whether the choice of the scaling, that is, the density path p;,
may influence the EDF obtained by Eq. (4.5).

The answer to the question is found in functional analysis: if the model potential
v([p(r)];r) is a functional derivative, then it admits a parent functional Ulp] such that
Eq. (4.1) holds, producing the same result for any choice of p;. Otherwise the potential
is called stray and the integral (4.5) is path-dependent.

The treatment of stray potential is a delicate topic and closely recalls the problem
of incomplete differentials from the ordinary calculus. Although we do not address
such difficulties, referring to [39] for a deeper study, we report a condition which is
both necessary and sufficient for a potential to be non stray:

du(lplir) _ ov(lplir’)
p(r’) op(r)

(4.20)

In the present work we focus on the model potential vk g(r) which is calculated
through the Kohn Sham approach. In this case, path-dependence of the line integral
is not the only problem of stray model potentials: in fact, if the potential is not a
functional derivative, then the Kohn-Sham equations do not represent a solution to
any energy minimisation problem (Sec. 2.2.2), and the density computed from the
orbitals ¢ (r) does not correspond to the real minimum of the energy.

Nevertheless, other works [26] [34] [18] have showed the great agreement between the
potential calculated from the IKS method and other models, e.g. Hartee-Fock and van
Leeuwen e Baerends procedure, proving the accuracy of the minimum found through
the IKS procedure.

Therefore we can assume that vgg(r) is a functional derivative and admits a parent
functional. Every scaling presented above must then lead to the same EDF.

4.2 Purpose of the work

Having introduced the theoretical model we use to reconstruct the energy density
functional, we now outline the practical approach, explaining how we evaluate physical
quantities using the IKS and to which nuclear systems we apply the method.

The original work [10] focused on the application of this density scaling technique to
analytical potentials expressed as density functionals (e.g. local density approximation
(LDA) potentials [39]); thus, even the EDF expression could be found explicitly using
Eq. (4.5), at least as long as the solution of such integral could be written analytically.
In contrast, in this work the ultimate purpose is to apply the theory presented above to
evaluate the EDF of nuclear systems whose potential is not known, since they make up
the majority of nuclear cases, as we widely discussed in Chap. 1. To do so, if we still
want to use Eq. (4.5), not only the potential of the original system must be evaluated,
but we also need to compute the potential v([p;];r) of the scaled systems, that are
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systems whose density is subjected to a scaling induced by the generic parameter t.
This way we are able to perform the line integration of the potential over the density
path p;(r) and find the energy functional.

In this perspective the IKS approach comes in aid: indeed, to find the potential
of scaled and non scaled systems, we could apply the CV method. As for the non
scaled problem, the approach is identical to what has been done in Sec. 3.2: we
start calculating the orbitals by minimising the kinetic functional subjected to the
constrains on density and orthonormality, then by solving EL equations to find the
potential vig(r). However, the very same procedure can be applied to the scaled
system, paying attention that now a scaling is applied to the system density which now
is p¢(r). Using such density in the IKS technique, one first obtains the scaled orbitals,
then finds the scaled potential of the system. We focus on the physical meaning of
such transformations in Sec. 4.4.

Once the potentials have been evaluated, we can finally compute the energy functional
from Eq. (4.5) or, more generally, from Eq. (4.4).

4.3 Preliminary tests

We verify the correctness of the line-integral formula (Eq. (4.5)) in a simple case of a
local energy functional, both from the analytical and the numerical point of view. The
results obtained are seen as benchmarks for the calculations of the following sections.
We start considering an energy density functional of the form:

o= [T et e [T e ot g
=, 4 —7r0 e 2G :

where spherical symmetry of the system has been used in the last step. a and « are
arbitrary values, R, is the volume radius in which the particles are confined. We use
R0 as the integration upper bound in order to study how the energy depends on the
system size.

Calling £ the energy density, defined as:

_a
Ca+1

[p(x)]** (4.22)

potentials can then be evaluated from a functional derivative (Eq. (4.1)):

zwwwzgzgzmwa (4.23)

Using this approach we can compute the system energy both from Eq. (4.21) and
from Eq. (4.5), which was derived from considerations of functional analysis in Sec.
4.1. This way we compute the EDF with two different methods so as to compare the
results.

However, before showing what simulations yield, it is interesting to explicitly prove
that Eq. (4.5), with a potential of the form (4.23), leads to Eq. (4.21) from which we
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started. We do that in the case of A— scaling (Sec. 4.1.1).
Applying the scaling py(r) = AN3p(Ar) to Eq. (4.23) we have:

vpa] = aX**p*(Ar) = aX**p*(x). (4.24)

Then, from Eq. (4.5):

vl = [ [arip e
= a /0 d\ )\3a3+2/d3x pe(x) [3p(x) +x - Vep(x)]. (4.25)

Employing the divergence theorem and integration by parts, we take into account that:
/d?’x V- (xp*T(x))=0= /d?’x [3p°T (%) + (@ + 1) p*(x)x - V],
/de (a+1)p*(x)x-Vp=— /d?’x 30" (x). (4.26)

Thus, Eq. (4.25) becomes

1

1
d3 1_ 3a+1
/ ( a+1)P (x)
a

= /d3x P TH(x). (4.27)

a+1

)\3a

a_
3a

Ulp] =

Eq. (4.27) is exactly the EDF (4.21) we started from.

Focusing now to some specific cases, we study the EDF in Eq. (4.21) with o = 2
varying the radius R,,... The choice of a = 2 allows to interpret the system energy
as stemming from a two-body interaction |16]. Physically speaking, we are analysing
what happens to the energy of a system which is increasing in size, keeping its number
of particles constant.

Once the form of the potential energy functional has been chosen, we analyse some
specific cases with suitably chosen densities. We start from a constant density:

bN, if0<7r < Ry
p(r) = .
0, otherwise.

where N is the normalisation constant and b an arbitrary constant, we can compute
the system energy in the two ways said before, obtaining the results shown in Fig. 4.1.

All the scalings presented in Fig. 4.1 show great agreement to the theoretical one
and, therefore, to each other. Indeed, as discussed in Sec. 4.1.2, the potential taken
into consideration is a functional derivative (from definition of Eq. (4.22)), thus, the
q—, A—, and (— scaling must lead to the same result.

Moreover, the monotonic decreasing behaviour of the energy can be understood as,
when the system becomes bigger, particles inside it are on average more distant to each
other; thus the interaction is weaker and the energy lessens, vanishing as R,,q. — 00.
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Figure 4.1: Energy density functional computed from Eq. (4.21) (Theoretical) and
Eq. (4.5) (t-scaling), using a constant density p(r). The parameters are: a = 3000
MeV fm® and b = 3 fm 3.

Addressing now to a more physical density, we consider a Fermi function (Sec. 1.1)
written as: BN

r = r)=—————

PlE) = 9l0) = T

C

(4.28)

N is the normalisation constant, b and ¢ arbitrary constants, R, the cut-off radius.
In Fig. 4.2 we show the results obtained by simulations with such density.

Again, results obtained by different scalings are compatible both with the theoreti-
cal behaviour and with each other for the same reasons we said above. We see that the
system energy converges to a constant value when R,,.. > R.+ ¢ : in fact, particles
are confined inside a specific region which is determined by the exponential function
in Eq. (4.28). Even though we expand the system, as the distance between particles
does not change, the system energy remains constant.
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Figure 4.2: Energy density functional computed from Eq. (4.21) (Theoretical) and

Eq. (4.5) (t-scaling), using a Fermi function density p(r). Chosen parameters are:
a = 5000 MeV fm®, b =50 fm=2 , ¢ = 0.5 fm, and R, = 10 fm.

Even though in this section we used all the three scalings to make it clear that they
lead to the very same quantities (at least for potential which are functional derivatives,
see Sec. 4.1.2), from now on we only consider the A—scaling, as it is the only one which

maintains the number of particles of the system constant and has a clear physical
interpretation.
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4.4 M—scaled orbitals and physical interpretation

In this section we pursue a more in-depth study on the physical meaning of the A—
scaling presented in Sec. 4.1.1.

We could ask what happens to the set of orbitals ¢g(r) when a scaling of the
form (4.10) is applied to the density of the system. In particular, the objective is to
understand how radial functions scale.

We start by writing down the density as

orb

Zd |5 (1) (4.29)

where d; the degeneracy of each orbital. Applying Eq. (4.10) we obtain:

orb orb

pa(r) = A\p ASZd |6;(Ar)[? Zd |6a, (r (4.30)
¢,\(r): A2p(Ar) (4.31)

While Eq. (4.30) always holds, as it represents the A—scaling applied to orbitals, the
scaling of Eq. (4.31) is found under the assumption that every wave function scales in
the same way as the others. In principle, each ¢;(r) could scale on its own and thus
Eq. (4.31) may not hold. However, from a physical point of view, the condition that
radial functions are subjected to the very same scaling is a reasonable ansatz.
Eventually, changing into spherical coordinates and introducing reduced radial func-
tions u(r) and spherical harmonics Y (0, ¢), we obtain the scaling of the former wave
functions:

6r1) = on(r0.9) = 2 v (g ) (4.32)
or(r) = 3720 000) = N2 0 g o) 2 My ) asm)
ux(r) = X2 u(\r) (4.34)

Therefore, aims of the following simulations are to prove the validity of the assumption
made on the ¢ scaling in Eq. (4.31), as well as to study the potential generated by the
scaled orbitals, that is, the potential of the scaled system with density p,(r).

Throughout the whole section we focus on the harmonic oscillator model, whose
wave functions and potential are known analytically, allowing a comparison with the
theoretical behaviours.

We start considering a 20-particle harmonic oscillator, applying the scaling (4.10)
with a parameter A = 0.6 to the system. 0.6 is a suitable value for A\ as it is far enough
from A = 1 to allow the distinction between wave functions of the scaled and non scaled
system, while not being too close to A = 0, for which numerical errors arise (see Sec.
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4.5).

The orbitals of the scaled system can be computed either by following the IKS approach
or by using the theoretical knowledge of the HO wave functions. The former consists
in employing the scaled density in the IKS procedure (Sec. 2.2.2) when the system
density is pa(r). Indeed, from the IPOPT optimisation we obtain the ground state
orbitals related to the scaled system.

Otherwise, it is possible to evaluate the scaled orbitals directly from HO wave functions
presented in Sec. 1.2.2: we do that by applying Eq. (4.34) to Eq. (1.8), remembering
that, since u(r) = r R(r), the scaling is of the form uy(r) = A3?r R(Ar). In formula
we have:

R\(r) = M*2R(\r) (4.35)
Ra,, (1) = N2 Ny () e O L2 (95 (Ap)2) (4.36)

Eq. (4.36) expresses the theoretical scaled wave functions.
We can now run the simulations: results are presented in Fig. 4.3. We also remind
that (e;;) diagonalisation of Sec. 3.3 is taken into account.

Comparing the scaled orbitals of Fig. 4.3 we see that the two methods employed
provide the same results. Moreover, as we discussed in Sec. 4.1.1, we understand that
A—scaling with a parameter A < 1 consists in an expansion of the original system, as
the wave functions of the scaled problem are wider than the non scaled ones. Even-
tually, we have also found that the scaling (4.34) is a reasonable assumption, as it
properly describes the orbital scaling behaviour.

We now concentrate on the study of the harmonic oscillator potential when the

same A—scaling is applied to the system. These potentials are generated by the orbitals
shown in Fig. 4.3.
We both compute the potential of the non scaled system and the scaled one: as for
the non scaled potential, we compare the theoretical potential of Eq. (1.6) with the
one obtained by the IKS method which uses the original non scaled system density;
instead, for the scaled potential, we follow a different approach. From Eq. (4.36) we
note that we can interpret the A\— scaling as if it were applied to the system frequency
v, modifying it as vy = A?v. Indeed, writing down again Eq. (4.36) and using the
definition of Ny (Eq. (1.9)), we have:

R)\kl( ) _ )\3/2 Nkl<)\r)l 71/()«‘)2L(l+%)<2y()\7,)2)

213 \6 Qk+20+3 [| 1/l )\2
(2k + 20 + 1)!!

2w 2WFAB I g )
2 g
\/ TSI R C U

The physical interpretation is straightforward: for A < 1, varying on A, the potential
decreases as v(r) = $m(A?w)?r?, making the system less confined. This is indeed what
is happening, since the system density is wider.

It is now possible to compare this result with the one obtained by the scaled potential

1
le—u)\Q TZLSJFQ) (21/)\2 T2)

(4.37)
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Figure 4.3: 20-particle HO {uy(r)} reduced radial functions computed from the IKS
approach of the non scaled (A = 1) and scaled system (A = 0.6). theor represents the
scaling Eq. (4.34) applied directly to the analytical expression of HO wave functions

(Eq. (4.36)).
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generated by the IKS approach, which employs the scaled system density p,(r). Po-
tentials are presented in Fig. 4.4.

350
— KSA=1 50 1
3001 - == Theoretical
250 _ 401
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Y > 201
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(a) Potentials of the original system (b) Potentials for A = 0.6

Figure 4.4: (a) 20-particle HO potentials of the non scaled system, computed from the
IKS approach and the analytical form of the potential. (b) 20-particle HO comparison
between potentials of the non scaled and scaled system with A = 0.6. These last are
evaluated both using the IKS approach (IKS A = 0.6) and applying the v—scaling of
the form vy = A?v to the analytical expression of the potential. A comparison is made
with the non scaled potential (IKS A = 1).

The results obtained are consistent with the theoretical behaviours, therefore prov-
ing the considerations made above. In addition, as suggested before, we see that for
A < 1 the scaled potentials are wider than the ones of the original system.

In conclusion, we have seen how A—scaling of Eq. (4.10) influences both the orbitals
and the potential of a system. Although we made this analysis for the HO case, the
physical interpretation of such transformations should not depend on the model taken
into consideration. Indeed, we obtain qualitatively similar results when applying the
scalings on nuclear models in Sec. 4.5.

4.5 EDF from simple nuclear potentials

In this section we finally apply the method introduced in Sec. 4.1 to proper nuclear
systems so as to evaluate the energy functional. The models taken into account are
SkX first (Sec. 4.5.1) and then (to,t3) (Sec. 4.5.2).

However, before pursuing such objective, we recall that Eq. (4.4) only provides the
potential energy of the system; thus, to calculate the total energy, the kinetic term
must be taken into account as well.

To understand how A—scaling affects the kinetic functional, we start from its definition
in Eq. (2.39) and apply the orbital scaling we found in Eq. (4.31). Proceeding with
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the calculations we have:
h2 Norb

1 foet] = 5 3 [ om0l -

Norb

de / &Er |V X2 (Ar)|” =

—e de/d% Vabr(x)* =

= N°T, S[{Cbk:}]

Where in the third step we introduced the new variable x = \3r.
We are now ready to compute the total energy of the system employing the IKS method
as presented in Sec. 4.2.

h2
(4.38)

4.5.1 SkX %0 model

The first system we focus on is the °O nucleus with SkX interaction |7]. Before com-
puting the energy, it is interesting to look at the scaled density and potentials of such
model. Calculating those quantities for different values of A we obtain the results shown
in Fig. 4.5.

S0.04 —— A=04

-20 — A=13

\

v([pal,r) (MeV)

-100
0.0 2.5 5.0 7.5 10.0
r (fm)

Figure 4.5: Simulations regarding *O nucleus. In the top panel are presented the
system densities p,(r) based on SkX interaction and subjected to the A—scaling for
different values of A\. In the bottom panel the scaled potentials associated to such
densities are shown.
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All potentials presented above have been shifted so as to vanish at infinity, that is,
v([p(r)],r) = 0, for r — oo. From the behaviour of the density we see that, as A de-
creases, the system size becomes bigger. This is also coherent with the transformation
to which the potential is subjected: when the density is wide, that is, for small values
of A, the potential is shallow as the system is indeed less confined. For scaling with
higher A\ we see the opposite trend: narrower densities lead to greater potentials, and
the system is strongly confined.

Turning now on the energy calculations, we write the full energy of the system as a

sum of the kinetic and the potential part £ = T+ U. We proceed by steps, considering
each term on its own.
As for the potential energy, we said it can be evaluated from Eq. (4.5) once the po-
tentials of the scaled systems, whose density is py(r), have been computed through
the IKS method (Sec. 4.2). Following this approach, we note an issue right away, as
Eq. (4.5) has been found under the assumption that there is a density p*(r) such that
Ulp*] = 0. Such condition could be given by the choice of the parameter A = 0, how-
ever, the IKS method fails when applied to problems with density py(r) with A — 0,
as the system becomes too wide and the algorithm convergence is usually unfeasible.
Thus the integral of Eq. (4.5) cannot be performed. It is then convenient to use Eq.
(4.4) and compute a potential energy difference avoiding the neighbourhood of A = 0:
the quantity we now calculate is therefore AE = AT + AU, where A stands for a
difference between energies computed with different values of A. The absolute value of
the energy can be then found by choosing a reference value.

To pursue simulations, we can rewrite Eq. (4.4) in a more convenient way:

AU =Ulpy| = Ulp] = /A dt F(t) (4.39)
where

Ulpl = Ulpxr=1] (4.40)

F(t) = %/dm dra® v(t[p(z)], 2 /1) (3p(x) + (‘92—(5)) (4.41)

where Eq. (4.12) has been used. This way we see the energy functional as an integral
function of A\: varying the parameter and computing potentials from the IKS proce-
dure, we can calculate the potential energy difference between the scaled system energy
and the true potential energy U|p].

Running the simulations, results are shown in Fig. 4.6a.

Looking now at the kinetic energies, the approach is more straightforward since we
know the analytical expression of the kinetic functional (Eq. (2.39)) and the scaling
to which it is subjected (Eq. (4.38)). Employing this last equation, the kinetic energy
difference reads:

AT =T*-T=N-1)T (4.42)

To calculate the scaled kinetic energy we can proceed in two ways: the first consists in
evaluating the kinetic energy for A = 1, which is the real kinetic energy of the system,
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from the minimisation of the objective function Eq. (2.43) during the IKS method,
and from here apply the simple scaling T = A\?T to find T*. Otherwise we can directly
consider the kinetic energy value obtained by the IKS technique applied to the scaled
systems. We refer to the former approach as the theoretical one, since we are employing
a theoretical result regarding the scaling expression of the kinetic functional, whereas
we address to the second as the IKS method. The results of simulations are reported
in Fig. 4.6b.

Therefore, the total energy difference can be evaluated by summing the two terms
obtained above (Fig. 4.6¢). We would expect to find a minimum of this functional in
correspondence of A = 1, as this value provides the real ground state of the nucleus:
all the other scaled systems must have greater total energy, otherwise they would be
the ground state system which exists in reality.
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(a) 0 SkX potential energy difference. (b) 60 SkX kinetic energy difference.
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(c) 60 SkX total energy difference.

Figure 4.6: 90 nucleus simulations based on SkX interaction. (a) Potential energy
difference AU. (b) Kinetic energy difference AT, calculated both from the theoretical
scaling T* = A?T and from the IKS approach. (c) Total energy difference AE =
AT + AU.
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From Fig. 4.6 we can first note that the two methods with which we computed the
kinetic energy are in great agreement with one another. However, we see that there
is no minimum of the total energy at A\ = 1: the behaviour of AE is almost constant
and close to zero. The oscillations of Fig. 4.6¢ have an amplitude far smaller than the
magnitude of potential and kinetic difference values, and are due to numerical errors
and approximations made during the IKS procedure. What we found actually asserts
the conservation of the system total energy.

For the 4°Ca nucleus the very same results can be obtained.

What was obtained in Fig. 4.6 proves that the total energy is constant as lambda
is varied. However, this is unexpected and not intuitive: as the discussion presented
previously cannot account for the resulting behaviour, further analysis is required (Sec.
4.6). To better understand the results coming from simulations we now consider a
simpler nuclear model.

4.5.2 (to,t3) 10 model

The (to,t3) model is a simplified Skyrme model in which potential and EDF only de-
pend on p and not on its derivatives. We also neglect the Coulomb interaction so as to
have symmetry between neutrons and protons, being able to treat the whole nucleus
as if it were made of 16 neutrons. Moreover, the great advantage of this model dwells
in the analytical knowledge of its EDF [19]. Since we have the exact expression of
the EDF, we can use Eq. (4.1) to evaluate the potentials theoretically: this can prove
useful while studying the system energy and potential using the IKS approach.

In this section we run the same simulations we performed for the 0O with SkX
interaction (Sec. 4.5.1). However, as in this case we also know the analytical form
of potential and energy functional, we can compare the energy difference obtained by
inserting in Eq. (4.4) both the potentials computed from the IKS approach and the
theoretical ones. After having studied the energies, we can also make a comparison
between the theoretical and the Kohn-Sham scaled potentials.

Referring to [19], the parameters used in the simulations are:

to=—2552.84 t1 =0 t,=0 t3=16694.7
To=0 21=0 a22=0 23=0
Wo=0 Wi=0 t13=0
a =0.20309

(4.43)

The potential energy functional of the system can be written as follows:

U= /d?’r U= /d37’ (U +Uy) (4.44)
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where
1
Uy = Zt0(2P2 - (P; +07)) (4.45)
1
U = ﬂti% p(2p° — (P; +07)) (4.46)
p=Pp+ pn (4.47)

Thus, as we said, we can calculate the potential through Eq. (4.1):

o((p(0)], 1) = ;%U _ 277 (4.48)

The density p, can be both p, or p,, as Eq. (4.48) holds in any case.
Choosing p, = p, and using Eq. (4.47), we obtain:

1

tg (67 (63 o—
Ukyrmel] = to (p - 5%) +op 2@+ ) p™ =200, —ap™ (pp + pp)] - (4.49)

Now employing p,, = p, = p/2, since no coulomb interaction is present, we have:

Sto ts3 [ 1 «
e — 22 19(2 at+l _ a+l = a+1i|
VUSkyrme ] 2Pt 22 +a)p p 5P
3t0 t3 «
_ Yo, B (g 0 e .
17ty ( t3)r (4:50)
We can write this, schematically, as

v[p] = ap + bp”. (4.51)

We note that Eq. (4.51) is a potential of the form (4.23), for which we explicitly proved
the EDF formula (4.5) in Sec. 4.3.

It is now possible to compute the 1°O potential energy both from Eq. (4.44), which
is the theoretical behaviour, and from the IKS minimisation procedure. To evaluate
the theoretical scaled energy functional we apply A scaling py(r) = A3p(Ar) directly to
pp and p, in Eq. (4.44). Such densities are computed through the HF method in the
case of the (g, t3) interaction.

As for the IKS approach, we compute the KS potentials with the usual CV method
applied to the scaled densities p)(r), then inserting them in Eq. (4.4). As for the
kinetic energy, we can use the same technique followed in the previous section.
Proceeding with the simulations, we report results in Fig. 4.7.

Although the two kinetic energy plots show similar behaviour, it is clear that the
potential energy is completely different: the only similarities lie in the neighbourhood
of A = 1. As for the theoretical case we see (Fig. 4.7d) that the total energy has the
expected minimum at A = 1: as we said this is due to the physical statement that the
system with density py—1(r) = p(r) is the real ground state of the nucleus, therefore
energies of the scaled systems must be greater.
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Figure 4.7: '°0 nucleus simulations based on the (o, ¢3) model without Coulomb
interaction. (a) Potential energy difference AU computed with the IKS approach and
the theoretical knowledge of the EDF. (b) Kinetic energy difference AT, calculated
both from the theoretical scaling 7 = A2T' and from the IKS approach. (c) Total
energy difference from the IKS approach. (d) Total energy difference from theoretical
calculations by using Eq. (4.44).

On the other hand, Fig. 4.7c shows the same aspects of what we found in the SkX
160 case. This is again related to the energy conservation, but at the moment we are
not ready to fully explain it (see Sec. 4.6).

As the issue concerns the energy potential behaviour, it is surely related to the
KS potentials computed from the IKS procedure. Employing Eq. (4.50) we can then
compare the theoretical scaled potentials with the ones obtained by applying the CV
method to a system whose density is p,(r), that is the IKS approach. To find the
theoretical scaled potentials we simply apply A—scaling to the density in Eq. (4.50).
Results are shown in Fig. 4.8.
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All potentials have been shifted so that v(r) — 0 for r — co. We see right away
that there is a significant difference between the potentials computed with the two
methods. This, as we have seen before, has serious consequences on potential energies.

In the following section we try to understand both why the potentials computed
from the IKS method are different, and how this is related to the conservation of the
energy.

4.6 Critical discussion

From the results obtained in Sec. 4.5 a question follows: can Eq. (4.4) actually be ap-
plied to gain information on the energy functional, when the potential is not known in
a closed form, but is defined numerically by an inversion method? In previous sections
we had assumed it was possible, but this now requires more attention.

We briefly recall the inverse Kohn-Sham method of DFT which we introduced in
Chap. 2: by defining the non-interacting kinetic energy functional, i.e. the kinetic
energy of a generic system of A independent particles, we can pursue the following
constrained variation:

T,[p] = inf (U|T|¥) (4.52)
U—sp

where W is a Slater determinant that yields the density p(r). In a second stage, looking

for the extrema of T} allows to determine the actual ground state density of the system.

By virtue of the Lagrange multipliers technique, the problem can be equivalently
cast as a single free variation of an objective functional that incorporates extra terms
to account for the constraints [13] [50]. If we require that p(r) be equal to a given
target density p(r), and also fix the normalisation of p(r) to the correct number of
particles A, the objective functional reads:

T [p(x);v(r), 1] = T [p] + / dro(r) (p(r) — plr)) — p ( / drp(r) — A) (4.53)

where v(r) and p are fixed by requiring the subsidiary condition p(r) = p(r) and
[ d&rp(r) = A. We have seen that v(r) is a single particle potential, whereas yu is
defined as the chemical potential of the system. Now, varying J with respect to p gives

the Fuler equation:
3T [p]

p(r)

We also remind that to each density p(r) corresponds a different effective potential.

+olr o) = p (4.54)

Something can be learnt by combining the Euler equation (4.54) with Eq. (4.4), as
studied in [50]. Assuming that p;(r) is a number-preserving path, so that all densities
are normalised to the same number of particles, we can then multiply Eq. (4.54) by
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dp,/dt and integrate over both ¢t and r. The right hand side vanishes, as p is a constant
and the integrals of p4 and pp coincide. It is then immediate to find:

AT, = — /A it / rof, [pt])dpéir). (4.55)

In a sense, we have found a conserved quantity along the density path. We stress that
v(r, [pe]) is to be thought here as coming from an inversion method for each t.
Unfortunately, from our perspective this result is unpleasant, since it states that what
Eq. (4.4) applied to potentials extracted from IKS method yields a quite trivial result:
the kinetic energy can be much more easily found by the same constrained minimisa-
tion scheme. Thus, it looks like we cannot gain information on the potential energy
functional this way.

A few lines of discussion are mandatory on a subtle point. The meaning of the
potential vgg(r) obtained by IKS given a target density p(r) has to be examined.
Indeed, calling v [p| the functional derivative of the potential energy, while one could
expect vgg(r) to be equal to v [p], that is not the case: vig(r) is the effective Kohn-
Sham potential for the system, but it is not in general the same as v [p], except if
p is the true ground state density. In the other cases, vgg can still be interpreted
by reminding ourselves of the original DFT, in which the KS potential is made by a
universal term plus an external potential v.,;. For us, this means that:

Vis(r) = v [p] + Vet (T) (4.56)

where ve.¢(r) may vary according to the density p. Thus, in a general situation, we
would have two unknowns for each p, i.e. both v [p] and v (r). How to disentangle
them is a further issue.

In other words, the difference between vig(r) and v [p] can be justified by the fol-
lowing argument. The ground state density of a system, be it experimental, HF, ab
initio or deriving from any other model, is essentially unique. From a mathematical
point of view, taking a density path is a sort of trick that is well-defined once v[p] is
explicitly given as a functional of p. From a physical point of view, however, such den-
sities p; do have a meaning, but only if we understand them as ground state densities
of a perturbed system. Stated otherwise, Eq. (4.4) can work only if we find a path of
densities such that each p; is actually a ground state for the system, either its “natural”
ground state or its ground state under a constraint (which is equivalent to saying that
the system has been perturbed): under these hypothesises vgg(r) is indeed v [p].

This explains why in Fig. 4.6c and 4.7c we saw the total energy as a conserved
quantity for different values of A: the IKS procedure interprets the p,(r) density as
a ground state density of some system, thus during the minimisation procedure the
potential is evaluated so as to nullify the alteration of the kinetic part induced by the
scaled orbitals, providing at last the same total energy.

However, there may be a way out, at least partially. If one employs a technique
which returns the ground state density p,(r) and the associated potential v (p)(r),r),
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then Eq. (4.4) can be used to find the proper potential energy of the system. A first
implementation along this line using Constrained Hartee-Fock calculations (CHF) is
presented in Sec. 4.7.

4.7 Constrained Hartree-Fock calculations

The idea behind CHF calculations consists in applying an external perturbation of
“monopolar” type ur? to the system, forcing a deformation of the radius and of the
density. Considering the familiar A—scaling, a correspondence between p and A can be
established, at least in an appropriate regime close to the unperturbed state, so that we
can think of p as a () (App. C). As a consequence, for a given A, the corresponding
external potential is known and is given by:

Vext X = M(/\)TZ (457)

Eventually, we are in a position to calculate v [g)] by subtracting the external contri-
bution at each A to the total vkxg term, as Eq. (4.56).

To employ this technique we consider an Hartree-Fock Hamiltonian H and turn it
into:
H' = H + pr?, (4.58)

where p is varied in small steps around 0; this parameter is to be interpreted as a
Lagrange multiplier. This procedure provides the energy of the system when the mean-
square radius is constrained.

In other words, the solutions of the HF equations associated with H’, for every u,
provide a wave function |®,) that minimises H’ (in the space of Slater determinants).
We can write:

ming (®|H'|®) = (0,.[H'|®,) = E), + ﬂ<¢u|r2|¢)u>- (4.59)

In the following discussion we first consider the path of densities induced by the
parameter p, be it the u—scaling. It can be shown that y— and A—scaling are strictly
correlated, at least for certain choices of such parameters (App. C).

We now perform CHF calculations using the same simplified model of Sec. 4.5.2,
that is the (g, t3) Skyrme model for O nucleus. From here, we can compute the
potential energy difference AU = AU, — AU,—. On the other hand, it is possible
to use Eq. (4.4), be it the Reconstruction method, by setting the parameters A = 0
and B = p and using p,(r) densities and v ([p,(r)],r) potentials calculated from CHF.
Thus the potential energy difference can be evaluated and compared with the previous
results. This is presented in Fig. 4.9.

Fig. 4.9 shows that the two plotted behaviours are in good agreement. We have
thus seen that the reconstruction method works if the correct scaled densities are con-
sidered in the line integration. To find the total energy, the kinetic term must be taken
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Figure 4.9: Comparison between the potential energy difference AU computed from
CHF calculations and from Eq. (4.4) for 0 nucleus with (¢, #3) interaction.

into account as well.

We can also move from E(u) to E((r?)). Formally, this is a Legendre transformation

[51]:
_ 0B,

H= a0y
In practice, the transformation has been performed through a numerical fit of (r?) as
a function of p. We find that we can write:

(4.60)

(") = ap+ b= ap + (r*) = (4.61)

This way we can see the energy difference behaviour in terms of (r?) which has a clear
physical meaning.

A step forward which can suggest a practical use of this procedure consists in
considering a (g, t3) model with several values of the parameter a (Eq. (4.46)). Once
« is chosen, t and t3 parameters can be set by asking that the quantity £/A(p) has a
minimum in p = 0.16 fm =3 equal to —16 MeV, which corresponds to the saturation of
infinite symmetric matter. The (¢o,¢3) interaction parameters now read:

a=016 t,=—3068.63 t;=19578.0
a=02 to=—2552.84 ;= 16694.7
a=032 ty=—1851.75 t; = 13124.4
a=10 to=-10242 t;= 146025

We can now run CHF simulations and study the resulting energy differences, which
are shown in Fig. 4.10.

In Fig. 4.10 we see how the energy behaviour depends on the parameter a. We
look at Fig. 4.10c, which has a clear physical interpretation: as « increases, the system
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Figure 4.10: 'O nucleus CHF simulations based on the (to,%3) model without
Coulomb interaction. (a) Potential energy difference AU. (b) Total energy difference
AF as a function of p. (c) Total energy difference AE as a function of (r?).

energy shows a narrower well. Indeed, since the potential goes as v ~ p®, for larger
values of a the potential is stiffer and more energy must be spent to move a particle
inside the system. Thus, systems with greater a are more confined.

In principle, as there is a correspondence between a and the curvature of AE (see
Fig. 4.10c), we could try to determine « from a potential energy curve obtained through
Eq. (4.4) by using realistic densities.

To conclude, the CHF calculations allowed to compute the exact ground state
density of a perturbed system as well as the potential associated to it; to find the
total energy the kinetic term must be then added. This way we can employ the line
integration method of Eq. (4.4) and evaluate the potential energy of the system,
avoiding the ambiguities which appeared by using the IKS approach (see Sec. 4.6).
The results we obtained are encouraging, albeit further studies are needed.



Conclusions

This work aimed at finding the Energy Density Functional (EDF) of a nuclear system,
starting from the knowledge of the system density. This purpose cannot be achieved
without a thorough investigation of effective nuclear potentials: in the approach we
followed EDF and nuclear potentials are indeed strictly related.

In Chap. 2 we introduced the DFT formalism, focusing in particular on the inverse
problem of DFT, in which the system density is taken as input and physical properties
are determined, and on the Kohn Sham approach. In the latter, an interacting system
is mapped into a fictitious non-interacting one in an external potential. Different mod-
els have been studied to implement the inverse DFT: in this work we made use of the
Constrained Variational method, based on a constrained minimisation of the kinetic
energy of the system seen as a functional of the orbitals.

In Chap. 3 we detailed the implementation of the CV method applied to spherical
nuclei, from both a theoretical and numerical perspective. For theoretical and exper-
imental densities nuclear potentials were shown in the case of 90, *°Ca and 2%Pb
nuclei, and were compared to benchmark behaviours. The reasonably good accuracy
of the inversion has thus been verified.

Then we studied the orbitals calculated from the CV method. We showed that the
method leads to non-canonical Schréodinger equations. We motivated that a diagonal-
isation of the eigenvalue matrix (e;;) is required in order to determine the canonical
orbitals, eigenstates of the effective potential. These were successfully compared to HF
calculations, proving the correctness of such technique.

In Chap. 4 we finally dealt with the problem of reconstructing the energy density
functional. A line integration formula has been considered to perform the potential
to energy transition for a specific system. This approach involves considering a one-
parameter family of scaled densities and their associated potentials, and perform the
integration over such path of scaled densities. Physically speaking, this is equivalent to
deforming the ground state of a nuclear system by applying an external perturbation,
thus modifying its density. The purpose now is to calculate the scaled potential and
use it to compute the EDF.

Given this setting, we have first verified the formula by testing it on analytical poten-
tials. The initial idea was to determine the potential energy by applying the aforemen-
tioned formula to the scaled potentials computed from the CV method, then adding
the kinetic term whose scaling is known analytically. Such an achievement would be
of significant importance as it would allow to compute the energy functional from a
potential known numerically. However, we found that this approach has a serious
shortcoming. The reason is behind what the Kohn-Sham method interprets as ground
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state density: the density path over which the line integration is performed must be
seen as a set of ground state densities, either of the original system or of the scaled
ones. However, the densities given in input to the inverse DF'T problem are not actual
ground state densities of any system, thus the Kohn-Sham potential differs from the
quantity we were actually looking for, i.e. the nuclear effective potential (the functional
derivative of the potential energy), by an extra term that plays the role of an external
potential. Even though we were unable to determine the EDF, the model allowed us
to study properties of scaled systems, such as their potential and their orbitals, which
have indeed a well-precise physical interpretation.

A further step in this topic consisted in considering constrained calculations (CHF).
In the CHF we computed the energy of the system varying the mean square radius of
the Hamiltonian by applying an external one-body perturbation. Such perturbation is
defined by a parameter whose variation can be shown to define a path that corresponds
precisely to the path of scaled densities seen before. In this way it is possible to find
the external potential term we were missing before, and compute the EDF with the
approach previously introduced. The results obtained are encouraging: looking at the
difference between total system energies, calculated with different values of the scal-
ing parameter, we found a minimum corresponding to the density of the original, non
scaled system. Moreover, the total energy is found to agree with our expectation.

Next steps consist in generalising the approach we followed in order to simulate

nuclei with different densities between protons and neutrons, also taking into account
spin-orbit, Coulomb, and non local interactions, i.e. interactions depending on Vp
and higher derivatives of the density. Eventually, the ultimate purpose is to apply the
method to ab initio densities which represent real nuclear systems.
Moreover, few lines must be said to underline the importance of the inverse DFT
approach and encourage its study. Although this technique still has not been widely
used to face nuclear problems, it is leading to interesting improvements in the fields it
is employed, e.g. in the development of Optimised Effective Potentials (OEP) [52] or
in effort to improving existing EDFs perturbatively [27].



Appendix A

Elements of Functional Analysis

Functional derivative

Given a manifold M containing smooth functions p and a functional F' so that F': M —
R, we call functional derivative of F'[p] the quantity dF/dp defined by:

y (A1)
= {@F[P*-w]]ao,

where ¢ is an arbitrary test function.
Linearity property is straightforward. As for the chain rule, considering a functional
G: M — R we have:

OF(Gl]] _ [ ;. 9F(C] 0Gp)(x)
p(y) _/ ! 0G(*) gy 0P(Y) (A2)

Moreover, if G is a differentiable function the following equation holds:

OF[G(p)]  dF[G(p)] dG(p)

o) oGl dply) A
Assuming now that we can write the functional F[p] as
Flol = [ r.p(r). V(r). Vp(r)) dr (A4

employing divergence theorem and boundary conditions on the arbitrary function ¢ of
Eq. (A.1), it is possible to express the functional derivative of F' as:
oF  of of of

—_— - — 2'
Sp(r) — Op v E)Vp+v oV32p

(A.5)

Eq. (A.5) proves more useful and convenient that the original definition (A.1). It can
also be generalised if the integral function f depends on higher derivatives of p.
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At last, we introduce the differential of a functional. In analogy with the classical
total differential of a function f, which reads:

df = zn: of - dz (A.6)

the functional differential, or variation, of the functional F is defined as:

5F(p; 6] = / f;—im o(z) d (A7)



Appendix B

Detailed calculations of the CV
method

In this appendix we conclude the implementation of the Constrained Variational ap-
proach discussed in Sec. 3.1, reporting the complete calculations of the quantities used
in the construction of the algorithm.

B.1 Kinetic functional

B.1.1 Functional with scaled variables

In Eq. (3.14) we introduced the scaled functions { fi} as:
ur(r) = fe(r)V/Amp(r)r = fu(r) VAT A(r) v (B.1)

where we defined the quantity A(r) = ry/p(r).
The kinetic term in Eq. (3.8) includes first and second derivatives of u(r) with respect
to r, we want to express them in terms of functions fi(r). Denoting with the dot " the
derivative along the radial coordinate, we have:

i(r) = Vax (A(r) f(r) + Al fr)) (B.2)
i(r) = v/ox (A(r)f(r) + 2400 f(r) + A() () (B.3)

where the derivatives of A(r) read:

2\/5(1”)T (B.4)
. 5 or o (P)
A= 5 5 T .
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Substituting the above expression in Eq. (3.8) we obtain the kinetic energy functional
in terms of fi(r):

TSN =~ G S [ |50 (a0 M) ) ¢

’I“

; (B.6)
g (40 ROV + 20600
Introducing then Cy(r, k), C1(r), Co(r) functions, defined as:
Co(r) = r?p(r) (B.7)
Ci(r) = Caor) = r°p(r) + 2rp(r) (B.8)
ot k) = A - M 20 = 0500 + 1) + 5+ ) - A
(B.9)

we can write the kinetic energy functional solely in terms of fi(r) functions:

i) = e [ ar (g 47) €t A0) + CUIAO) + CoItr) )
(B.10)

B.1.2 Kinetic gradient and Hessian

In Sec. 3.1.3 we saw that IPOPT needs both the gradient of the kinetic functional and
the jacobian of the constraints, as well as the Hessian of the whole objective functional
J[{ur(r)}] of Eq. (2.43).

To implement the algorithm, we divide the interval used for the inversion in Npyints
(Eq. (3.23)) and discretise the scaled orbital functions. In the following approach,
notation fF stands for the k — th orbital function evaluated in the i — th point of the
radial grid.

We employ the Finite Difference Method (FDM) to calculate function derivatives: be
h the interval step, from known tables at the second order we have!:

fi= % (B.11)
= fir1 — 2h];l + fim1 (B.12)
We can define a new functional I as:
179 = [ ar (Cur (™ + G 1 + Calr) 1) (B.13)
The kinetic functional then reads:
T 4”52 NZ A I[f] (B.14)

Thttps://en.wikipedia.org/wiki/Finite _difference coefficient
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This way we can focus on [ and calculate its derivatives with the FDM. For the following
calculations we focus on a single orbital f, thus omitting its upper index *.
Another step consists in discretising the integral of Eq. (B.13) as a sum:

Npoints

1fl=h Y (Gif? + Cififi+ Caifi) (B.15)

We are now ready to compute derivatives. As for the first derivative, considering a
generic orbital f and applying partial derivative with respect to f; we have:

olf]
Afx

1

2h(of_1fk—1 — O frpn)+

= h(Qngk-l—Cffk +C§fk +

1
+3 (C5 ™ frt = 2C5 fro + O3 fr) ) =

d
J(CJ) k) +W(C'2f) .

h(2Ck S+ Cix + Chfo = CHfe — CEfi + Cbfi+ 205 o+ CE ) =

=20 (Clfi+ CL i+ CL )

(B.16)

h (205fk + C i+ C5 i —

Where explicit dependencies of Cy(r, k), C1(r), Ca(r) functions have been omitted, and
Eq. (B.7), (B.8), and (B.9) have been used.
We can now evaluate the second derivative following the same approach:

O*1(f] k 5l ) $ ki1 — 204 + 03y
— 2 _—
" h(@ﬁk+01 e )
5 5 5 (B.17)
:%&Qx_ﬁag+&ﬂ(q+%@)+%1<4ﬁ+5@)
At last, writing the derivatives of the original kinetic functional we have:
i 2 i
(9T[{f }H _ _Axh 8][f] (B.18)
o 2m 9]
2 i 2 9271 1]
OTULY _ _anh” 0717 (B.19)
01 0f; 2m of;0f

B.2 Constraints

Considering now the constraint conditions, we evaluate both the first and the second
derivatives.
Using the notation introduced above, the density contraint written in terms of the

scaled {f*} orbitals reads:
Norbs

g(r) = di(f*)(r) (B.20)
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Evaluated at the [ — th of the grid point function g is:

Norps

g =Y d(fl) (B.21)

Applicating the FDM to calculate the derivatives we have:

9g
5 f:’; = 2, fF 6, (B.22)
2
TI_ o 5,id (B.23)
Of50 fin

As for the orthonormality constraints between scaled functions, we have seen in Sec.
3.1 that they are only needed if generalised spherical harmonics are not orthogonal,
that is, if we have [; = [, j; = j; Vi,7 = 1,..., Nops. We can then start by listing the
(1,7) couples for which the constraint must be applied, and then proceed to calculate
its derivatives.

Using the k index to indicate the couple of orbitals (i,7), and following the same
considerations made above, we have:

Gilf] = /dr 42 pfik fin (B.24)
Discretising the equation we obtain:
Npoints
Gulfl=h Y Anripaf fiF (B.25)
n=1
Computing the derivatives:
8§;£f] = Amr2h p, (679 + fIEG"9) (B.26)
Gl f] (s ik 5
OFLO 7 = 4772 h o (5]“”(5 ) ’“pé“q) (B.27)

This expressions can be now turned into code and be implemented in the CV algorithm.



Appendix C

Relation between y— and A—scaling

Referring to Sec. 4.7, to understand the relation between py— and A—scaling we start
by noting that in the A-scaling we have:

1

(r)\ = 2

(r*) a=1- (C.1)
If A is not varied too much around 1, namely A = 1 + ¢, then Eq. (C.1) becomes

L 0oy 90 2
m@a beeo & (1 = 2€) (r¥) o, (C.2)

(2 = (%) =

By comparing the latter equation with Eq. (4.61), we easily obtain

ap

2(r?) —o’
ap

2<7’2>€:0 ’

Remarkably, the densities found by the CHF calculations at a given u, and the scaled
densities with A provided by (C.3), are almost equal. Therefore, the A-scaling may
be a good choice for a density path, since it suggests the possibility to extract the
contribution v [py] through the inversion. In an optimistic perspective, at any A the
“external” part of the KS potential can be found. Then, the knowledge of p(r) would
allow to define the whole path of potentials v [g)], and hence enable the use Eq. (4.4).

€E = —

(C.3)
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