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Summary

Several complementary approaches have been developed to face the very complex nuclear
many-body problem. Ab initio methods solve the Schrödinger equation employing re-
alistic nuclear interactions that are fitted to reproduce two- and few-body observables.
However, although very powerful and rapidly developing, due to their heavy computa-
tional load ab initio methods can currently deal with systems with only a limited number
of nucleons. Self-consistent mean field methods based on the concept of nuclear energy
density functionals (EDFs), on the other hand, allow to cover the whole nuclear chart
with an overall good accuracy. Most of the current EDFs are phenomenological as they
are fitted to finite nuclei observables. This constitutes a limitation when the EDFs are
applied to systems for which few or no observations are available, such as nuclei close to
the drip line, superheavy nuclei or neutron stars.
In order to further improve the predictive power of the EDFs, insights from ab initio
nuclear theory can prove useful. In this thesis, inspired by a well-established method in
condensed matter Density Functional Theory, we explore the possibility of deriving an
EDF from first principle calculations by using the so called Local Density Approximation
(LDA).
The method requires as input the equations of state (EoS) of symmetric and neutron
matter for a given microscopic nuclear interaction. We have computed the EoS with
the AV 41 ` UIXc interaction by means of the Auxiliary Field Diffusion Monte Carlo
(AFDMC). Then, we have constructed EDFs from the AV 41 ` UIXc EoS, as well as
from published results of the EoS derived with the NNLOsat interaction by using the
Self-consistent Green’s function method.
We have tested these EDFs on a set of finite nuclei and compared them with the ex-
periment and with an existing nuclear EDF (SkP). The NNLOsat-based EDF yields fair
results, given the simplicity of the LDA scheme, especially in heavy nuclei, and thus con-
stitutes a valid starting point for further improvements. On the other hand, in the case
of the AV 41 ` UIXc potential, the results are much less satisfactory, as the LDA EDF
predicts strongly overbound nuclei compared to AFDMC. A possible explanation (not
explored in this thesis) is that the very different behaviour in the two cases may be due
to the repulsive short-distance nature (hard core) of the AV 41 interactions which induces
strong correlations in the many-nucleon wave function that cannot be mimicked by the
LDA.
Finally, we state that, in order to obtain accurate EDFs, spin-orbit and surface contri-
butions are mandatory and we suggest possible improvements based on ab initio calcula-
tions.
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Introduction

Several complementary approaches have been developed to face the very complex nuclear
many-body problem. Ab initio methods solve the many-nucleon Schrödinger equation
in an exact or sistematically improvable way by using a realistic model for the nuclear
interaction in the vacuum [1, 2]. Although they have witnessed many progresses in recent
years, there are still limitations in the number of nucleons that ab initio methods can
deal with [2–5]. The mean field methods based on the concept of nuclear energy density
functionals (EDFs), on the other hand, allow to cover all the nuclear chart with an overall
good accuracy [6, 7]. Besides the study of ground state properties, they are also widely
used for the description of nuclear excitations [7–9]. The nuclear EDF approach is closely
related to the Density Functional Theory (DFT) of condensed matter physics [10–12].
Most of the current EDFs are phenomenological as they are fitted to observable quanti-
ties, such as the radii and binding energies of a set of nuclei, or also to nuclear matter
pseudo-observables, such as the saturation density and the saturation energy [13, 14].
This pragmatic approach has proved in general quite successful, but its dependence on
empirical data, as well the absence of a guiding principle for systematically developing
more accurate functionals, constitute a limitation to the reliability of EDFs for systems
for which few or no observation are available, such as neutron stars, superheavy nuclei
or nuclei close to the neutron drip lines [7, 15]. In order to further improve the nuclear
EDFs, insights from ab initio theory can prove useful [15].
In condensed matter DFT, there exists a well-established methodology to construct EDFs
based on first principles calculations of the homogeneous electron gas (HEG) [10]. This
”reductionist” approach, pursued mostly by Perdew and collaborators [11, 16], aims at
constructing a ”ladder” of ever more accurate EDFs, relying as little as possible on fits
to empirical quantities. Its main advantage over an ”empiricist” approach is that the ”ab
initio” EDFs guarantee a more uniform accuracy in a wide range of systems [16]. The
simplest EDFs are built using the so-called Local Density Approximation (LDA), which
is then complemented by the introduction of gradient or surface terms.
The availability of ab initio equations of state (EoS) of infinite nuclear matter suggests
that a similar approach may be explored in nuclear physics too [17, 18], although one must
keep in mind that the nuclear EoS is still only partially known, as the results depend on
the specific nuclear interaction and, to some extent, on the employed many-body method
[19–22].
In this thesis, we construct and test LDA EDFs grounded in two different EoS, based
on two different microscopic interactions and many-body methods: the NNLOsat chiral
potential with the Self-consistent Green’s function (SCGF) method [20, 23], and the phe-
nomenological Argonne 4 nucleon-nucleon interaction plus the central part of the Urbana
IX three-body potential (AV 41 ` UIXc) with the Auxiliary Field Diffusion Monte Carlo
(AFDMC) method [3, 24]. From the one hand, NNLOsat is the state of the art inter-
action for finite nuclei calculations, while at the same time it predicts an infinite matter
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saturation point compatible with the empirical constraints [23, 25]. On the other hand,
the AV 41`UIXc potential is a very simple interaction that, in spite of its simplicity, pro-
vides fair results in finite nuclei [24]. It is therefore interesting to test it in infinite matter
too; also, its reduced computational weight allows to cover with the AFDMC method a
wider range of densities than what is possible with more complicated interactions, in both
neutron matter and in the more difficult (for AFDMC) symmetric matter.
The thesis is structured as follows. Chapter 1 introduces the nuclear mean field methods
based on the EDF concept. Chapter 2 gives an overview of ab initio theory, with a focus
on presenting the modern realistic interactions and on the principles of the SCGF and
AFDMC methods. Chapter 3 describes the method followed to construct an EDF from a
theoretical EoS by using the Local Density Approximation. This methodology is applied
in Chapter 4, devoted to an analysis of the EDF based on the NNLOsat EoS, and in
Chapter 5, in which we present a set of AFDMC results for the AV 41`UIXc interaction
and then discuss the resulting EDF. Chapter 6 summarizes the work and suggests possible
developments.



Chapter 1

Mean field methods and nuclear
energy density functionals

Self-consistent mean field methods have enjoyed a great success in nuclear theory as they
are the only class of methods that allows to cover the whole nuclear chart with good
accuracy [7, 13, 15]. The physical picture behind mean field methods is that each nucleon
can be thought of as an independent particle moving in an effective average potential
generated by the interactions between all the other nucleons. In this Chapter, we focus
on self-consistent methods based on the solution of Hartree-Fock (HF) equations. In Sec.
1.1, the general aspects of mean field methods are outlined. Then, Sec. 1.2 introduces
the Hartree-Fock method. The subject of Sec. 1.3 is, after an introduction to Skyrme
interactions, a discussion of the concept of local nuclear EDFs.

1.1 Introduction

The complexity of the nuclear many-body problem cannot be tamed by a single method
alone and indeed over the decades several different approaches have been developed, each
with its own strengths and weaknesses. Ab initio nuclear theory, for example, which is
presented in Chapter 2, follows a microscopic approach, with the aim of solving the many-
nucleon Schrödinger equation directly from the nuclear forces that govern the dynamics
of the nucleons in the vacuum [2]. As the nuclear interaction has a rather complicated
structure, such task is even more difficult than the corresponding one in the physics of elec-
tronic systems. The necessity to develop sophisticated methods to deal with the strongly
correlated nuclear systems, as well as the very large computational resources required,
have made the ab initio program viable only in relatively recent times. Nowadays, much
work is devoted to first principle calculations and many successes have been obtained,
although still only systems with a limited number of nucleons are within reach of ab initio
methods.
A complementary approach is provided by mean field methods, such as the self-consistent
mean field methods [6, 7, 13] described in this Chapter and the non-interacting shell model
[26]. These methods are based on a single-particle description of the nucleus, where each
nucleon is treated as an independent particle moving in an average potential. In the shell
model a simple standard potential is used, while in self-consistent models the mean field
is determined in an iterative, unprejudiced way, through the solution of the Hartree-Fock
(HF) or, for open shell nuclei, the Hartree-Fock-Bogoliubov (HFB) equations [26]. The
latter have the attractive feature that they are the only method able to cover the whole

8



1.2. THE HARTREE-FOCK METHOD 9

nuclear chart with a good accuracy [27]. The key to the success of self-consistent mean
field methods is the use of phenomenological, density-dependent interactions fitted on
finite nuclei observables. These potential leave aside a strict connection with the bare
nuclear interaction and must be instead thought of as effective interaction in the medium.
Gradually, mean field methods have evolved into a framework close to that of the Density
Functional Theory (DFT) [12] that is so successful in electronic systems, and the cen-
tral problem has become the construction of accurate nuclear energy functionals (EDF),
which are directly parametrized on nuclear observables without referring to an interaction
potential.

1.2 The Hartree-Fock method

The core of the Hartree-Fock (HF) method lies in the independent-particle picture: one
assumes that each particle of a system of A fermions can be described as an independent
particle moving in an average potential generated by the interactions with all the other
A ´ 1 fermions. In nuclear physics, the success of the shell model in explaining qualita-
tively several properties of the nuclei suggests that an average potential does exist [26].
In the HF method, one starts from an interacting two-body (and eventually three-body)
Hamiltonian from which the s.p. potential, or mean field, is derived self-consistently.
The starting point consists in considering an interacting system of A particles with Hamil-
tonian H “ T ` V , with V a two-body interaction, and assuming that the ground state
can be approximated by a Slater determinant:

|HF y “ |Φp1...Aqy “
A
ź

k“1

c:k |0y (1.2.1)

where |0y is the vacuum state and c:k is the creation operator for an eigenstate k of the
single-particle Hamiltonian h. The variational principle implies that the expectation value
of H on the |HF y state:

EHF
“ xHF |H |HF y (1.2.2)

is an upper limit to the true ground state energy of H. Then EHF is minimized in order
to determine a set of equations that define the s.p. Hamiltonian h and the s.p. orbitals
φkpiq. In coordinate space, the s.p. wave functions, φkpiq “ xrisiti|ky, where si is the spin
projection and ti is equal to 1

2
for neutrons and to ´1

2
for protons, satisfy:

hpiqφkpiq “ εkφkpiq i “ pri, si, tiq (1.2.3)

The average one-body Hamiltonian is given by HHF “
řA
i“1 hpiq. The derivation roughly

follows that of Ref. [26] and is also reported in detail in App. A.
In second quantization, the Hamiltonian operator looks like:

H “ T ` V “
ÿ

12

t12c
:

1c2 `
1

4

ÿ

1234

v̄12,34c
:

1c
:

2c4c3 (1.2.4)

where t12 “ xa| t |2y and v̄12,34 “ x12| v |34y ´ x12| v |43y are the antisymmetrized matrix
elements of the potential. The sums are extended over a generic basis of single-particle
states. It is useful to introduce the density matrix ρ12 “ xHF | c:2c1 |HF y. We assume
in general that V is a density-dependent potential V “ V rρs. Indeed, three-nucleon
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interactions can be modelled in this way [28]. By requiring the vanishing of the variation
of δEHF rρs, one finds that the s.p. Hamiltonian is given by:

hij “
BEHF rρs

Bρji
“ tij `

ÿ

12

v̄i1,j2ρ21 ` xHF |
δv

δρji
|HF y (1.2.5)

The eigenvalue equation 1.2.3 for the orbitals is solved in coordinate space or in a basis
of harmonic oscillator or Woods-Saxon wave functions [26]. Its structure reminds the
single particle Schrödinger equation, but is more involved, as the Hamiltonian h depends
on the density, which itself is determined by the solution of the same equations. As a
consequence, the HF equations must be solved with an iterative procedure: one starts
from an Hamiltonian with a known potential, for example the Woods-Saxon, solves the
resulting equation, then plugs the orbitals inside the definition of h and solves the new
equations, and so on until the convergence is reached. Also, one should be aware that
the eigenfunctions φk and eigenvalues εk, do not have a physical meaning per se, although
they can be used to construct observable quantities. The only exception is the highest
eigenvalue in a finite system, which is equal to minus the nucleon separation energy, or
the ionization energy in electronic systems [10]. At the end of the procedure, the total
energy is easily computed with the following formula:

E “
1

2

˜

T `
ÿ

k

εk

¸

` Erea (1.2.6)

where Erea is called rearrangement energy:

Erea “ ´
1

2

ÿ

ij

xHF | δv
δρji
|HF y ρij (1.2.7)

Erea is non-vanishing only for density-dependent potentials. See also App. A.

1.3 Nuclear energy density functionals

The choice of the two-body interaction V rρs is critical to the success of mean field cal-
culations. In nuclear physics, the Hartree-Fock method became widespread when the
connection to the bare interactions in the vacuum was abandoned and phenomenological
interactions tailored for the use in these methods were introduced: in a pioneering work
[28], Brink and Vautherin interpreted the Skyrme interaction, that had been initially pro-
posed as a model of the nuclear interactions in the vacuum, as an effective in-medium
potential and parametrized it directly on observables of finite nuclei. The Skyrme interac-
tion is a density-dependent zero-range potential, mimicking the short-range character of
the nuclear force, and contains spin-, isospin- and momentum-dependent terms. It reads
[6]:

V pr1, r2q “ t0 p1` x0Pσq δprq`
t1
2
p1` x1Pσq

“

k:2δprq ` δprqk2
‰

`t2 p1` x2Pσqk
:δprqk`

`
t3
6
p1` x3Pσq rρpRqs

α δprq ` iW0 σ ¨
“

k: ˆ δprqk
‰

(1.3.1)

Pσ is the spin-exchange term 1
2
p1` σ1 ¨ σ2q, r “ r1 ´ r2, R “ r1`r2

2
, k “ ´ i

2
p∇1 ´∇2q is

the relative momentum operator and σ “ σ1 ` σ2 is the total spin. It has 10 parameters
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(including α).
Other effective interactions, based on different Ansätze, have been introduced, such as the
finite-range Gogny potential and the relativistic mean field models [6]. All share, though,
the two following fundamental properties. First, they are phenomenological interactions:
they contain a set of free parameters that are fitted on observable quantities of infinite or
semi-infinite matter and finite nuclei, for example the saturation point of infinite matter
and the binding energies and radii of a few selected magic nuclei [13]; once they have
been parametrized, they can be used in mean field calculations all over the nuclear chart.
Second, it has proved necessary for their success that such interactions include density-
dependent terms [7]. However, a density-dependent Hamiltonian H rρs poses conceptual
problems, unless one considers it merely as a tool to generate the energy expectation value
[13]:

E rρs “ xHF |H rρs |HF y (1.3.2)

The total energy is a functional of the density and is a well-behaved object, whose min-
imization can be safely carried out. E rρs is called the nuclear energy-density functional
(EDF). The Skyrme interaction, due to the delta function entering its definition, leads
to energy functionals that can be written as the space integral of an energy density,
E “

ş

dr Eprq 1. The original Skyrme functional for even-even nuclei is for example [28]:

Epotprq “
t0
2

„

´

1`
x0

2

¯

ρ2
´ px0 `

1

2
qpρ2

n ` ρ
2
pq



`
1

4
pt1 ` t2qρτ `

1

8
pt2 ´ t1qpρnτn ` ρpτpq`

1

16
pt2 ´ 3t1qρ∆ρ`

1

32
p3t1 ` t2qpρn∆ρn ` ρp∆ρpq `

1

16
pt1 ´ t2qpJ

2
n ` J2

pq `
1

4
t3ρnρpρ

´
W0

2
pρ∇ ¨ J` ρn∇ ¨ Jn ` ρp∇ ¨ Jpq

(1.3.3)
ρq, τq and Jq are called respectively number density, kinetic energy density and spin-orbit
density and will be better described below.

The central role played by the EDF has progressively led to directly propose new en-
ergy functionals, without resorting to an underlying interaction V rρs [7]. This shift has
made nuclear mean field methods close to the spirit of the Density Functional Theory
(DFT), originally proposed for electronic systems [12].
The general structure of a nuclear energy functional is the following [13]:

E “ Ekin ` Epot ` ECoul ` Epair (1.3.4)

It is given by the sum of kinetic, potential, Coulomb and pairing terms. Ekin is the kinetic
energy of a system of independent particles:

Ekin “

ż

dr Ekinprq “
ż

dr
~2

2m
τprq (1.3.5)

The Coulomb energy can be written as the sum of direct and exchange terms, ECoul “
Edir ` Eex. The direct or Hartree term is a functional of the local densities alone and
is treated exactly. On the other hand, since the Coulomb potential has a finite range,
the exchange term is a functional of the non-local densities. In Skyrme and other local

1Skyrme functionals are (quasi) local functionals [13]
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functionals, ECoul is often treated in Slater approximation [13]:

Edir “
e2

2

ż

dr

ż

dr1
ρpprqρppr

1q

|r´ r1|

Eex “ ´
3e2

4

ˆ

3

π

˙1{3 ż

dr ρ4{3
p prq

(1.3.6)

In the so-called local EDFs, the potential energy term depend on the densities evaluated
at the same point r and thus can be expressed as the integral of an energy density:

Epotrρs “

ż

dr Epotprq (1.3.7)

Skyrme functionals are a prominent example of local EDFs, but several models that
go beyond the original EDF have been developed [13]. Indeed, the most general local
functional Epot is a combination of all possible local densities, which can be built in a
systematic way from the full density matrix ρpr, s, t; r1, s1, t1q and its derivatives [7, 13], that
satisfies Galilean, parity and time-reversal invariances. In most cases, one also requires
that it be made of terms bilinear in the densities and that contain a limited number of
gradient operators, in general up to two [13, 29] 2.
From the full density operator ρpr, s, t; r1, s1, t1q, six densities and currents for protons and
neutrons each (q “ p, n) can be determined up to second order in the derivatives [6]:
number density ρqprq, spin density sprq, number current jqprq, spin-current tensor J prq,
kinetic density τqprq and kinetic spin density Tqprq. The spin-current tensor is usually
approximated by the spin orbit current, to which it reduces in spherically symmetric
nuclei:

Ji “
ÿ

jk

εijkJjk (1.3.8)

Neutron and proton densities are often recoupled into the isoscalar (t “ 0) and isovector
(t “ 1) channels: isoscalar densities are total densities (e.g. ρ0 “ ρn` ρp), while isovector
densities account for proton-neutron differences (e.g. ρ1 “ ρn ´ ρp) [6]. The potential
term Epot reads:

Epotprq “
ÿ

t“0,1

`

Eevent prq ` Eoddt prq
˘

(1.3.9)

where t “ 0, 1 label the isoscalar and isovector terms respectively, Eevent contains only
time-even densities and Eoddt only time-odd time densities. The time-even EDF is given
by:

Eevent “ Cρ
t ρ

2
t ` C

∆ρ
t ρt∆ρt ` C

τ
t ρtτt ` C

J
t J2

` C∇J
t ρt∇ ¨ Jt (1.3.10)

while the time-odd energy density reads:

Eoddt “ Cs
t s

2
t ` C

∆s
t st ¨∆st ` C

sT
t st ¨Tt ` C

∇s
t p∇ ¨ stq2 ` Cj

t j
2
t ` C

∇j
t st ¨∇ˆ jt (1.3.11)

The coefficients cannot be determined by symmetry arguments and in principle may all
depend on the densities, but in most applications, only the Cρ

t and Cs
t have a density-

dependence, often in the form Cρ
t “ a ` bρα, α being in many functionals equal to 1{6,

while the others are constants. These choices are motivated by experience. The presence
of fractional powers of the density ρ, in particular, has been shown to be very important

2Actually, also some higher-order energy functionals, which contain a higher number of derivative
operators, have been proposed [15].
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to achieve a proper saturation point in symmetric matter [30]. Other dependencies on
the number densities have been proposed, though, for example in Ref. [18, 31], and a
different parametrization of the nuclear EDF will be a major theme of this work. We
mention that the Skyrme functionals are often written with the t´x notation of Ref. [14,
28] and Eq. 1.3.1. The algebraic relations relating the two different notation (t ´ x and
C) are reported e.g. in Ref. [29].

From now on, we concentrate on even-even nuclei, which are simpler to study. Then,
the local EDF is a functional of the time-even densities ρqprq, τqprq and Jqprq only [6],
which are related to single particle orbitals by [26]:

ρqprq “
ÿ

ks

|φkpr, s, tq|2

τprq “
ÿ

ks

|∇φkpr, s, tq|2

Jqprq “ p´iq
ÿ

kss1

φ˚kpr, s, tq r∇φkpr, s1, tq ˆ σss1s

(1.3.12)

Also, we neglect the pairing energy; this approximation limits us to the study of closed
shell nuclei, or to nuclei where there is a significant energy gap between the last fully
occupied level and the first empty one. Then the total energy is:

E “ Ekin ` Epot ` ECoul (1.3.13)

where

Epot “

ż

dr Epotprq

Epot “
ÿ

t“0,1

Eevent

Ekin “

ż

dr Ekinprq “
ż

dr
~2

2m
τprq

(1.3.14)

The Coulomb energy is given by Eq. 1.3.6.
The mean field equations are determined by minimizing the total energy by the variational
principle:

δ

˜

E ´
ÿ

k

εk|φkpr|2dr

¸

“ 0 (1.3.15)

determines the single-particle Hamiltonian [6, 26]:

hq “ ´∇ ¨
~2

2m˚
q prq
∇` Uqprq ` UCoulprqδq,p `Wqprq ¨ p´iq p∇ˆ σq (1.3.16)

where:

Uq “
δE

δρq

~2

2m˚
q prq

“
δE

δτq
Wq “

δE

δJq
(1.3.17)

and the Coulomb potential in Slater approximation is given by [32]:

UCoulprq “
δECoul
δρpprq

“
e2

2

«

ż

dr1
ρppr

1q

|r´ r1|
´

ˆ

3

π
ρpprq

˙
1
3

ff

(1.3.18)
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m˚
q prq is called the effective mass, Uqprq represents an average field and Wprq is a one-body

spin-orbit potential. The mean field equations for even-even nuclei are then [26]:
„

´∇ ¨ ~2

2m˚
q prq
∇` Uqprq ` UCoulprqδq,p `Wqprq ¨ p´iq p∇ˆ σq



φjprq “ εjφjprq

(1.3.19)
We can see that they are local equations; the computational burden of the non-local
exchange (Fock) term is avoided. Still, the mean field equations must be solved self-
consistently, since the potential terms are themselves functions of the density.
Once the single-particle orbitals have been determined, the total energy can be computed
in two ways:

• as the space integral of the Skyrme EDF evaluated on the ground state densities:

E “

ż

dr Eprq (1.3.20)

• with the HF formula for a density-dependent Hamiltonian 1.2.6:

E “
1

2

˜

T `
ÿ

k

εk

¸

` Erea (1.3.21)

The equality of these two expressions constitutes a non-trivial check on the correctness of
the implementation of a HF code and of its convergence.

In nuclear matter, i.e. a system made of an infinite numbers of neutrons and protons
interacting through the nuclear interaction only Sec. 3.2, translational invariance implies
that the orbitals are plane waves and that the number densities are uniform 3. As a con-
sequence, the kinetic density τq is likewise uniform and is not an independent quantity,
but it is related to the number density by [26]:

τq “
3

5
kF,q ρq “

3

5

`

3π2
˘

ρ5{3
q (1.3.22)

Moreover, the spin-orbit density Jq vanishes, as well the derivatives of the density (∇ρq “
∆ρq “ 0). As a consequence, to the nuclear matter energy only do the ρ and ρτ terms
of Eq. 1.3.10 contribute, while the gradient (ρ∆ρ), spin-orbit (ρ∇ ¨ J) and tensor (J2)
terms are non-vanishing only in non-uniform systems, such as nuclei, neutron drops or
semi-infinite matter. These considerations suggest regrouping the EDF Epot for a generic
nuclear system as:

Epot “ Eloc ` Enon´loc (1.3.23)

where
Eloc “

ÿ

t“0,1

`

Cρ
t ρ

2
t ` C

τ
t ρtτt

˘

(1.3.24)

Enon´loc “
ÿ

t“0,1

`

C∆ρ
t ρt∆ρt ` C

J
t J2

t ` C
∇J
t ρt∇ ¨ Jt

˘

(1.3.25)

We call these local and non-local contributions. Eloc reflects the bulk nuclear proper-
ties, while Enon´loc accounts for the surface effects. Infinite matter probes only the bulk
contributions.

3We consider here isospin-asymmetric, but spin-symmetric nuclear matter. Time-odd densities vanish.



Chapter 2

Realistic nuclear interactions and ab
initio methods

The purpose of ab initio methods is to solve the Schrödinger equation for a system of
interacting nucleons, taking as input a realistic model for the nuclear interaction in the
vacuum [2]. In this Chapter, after an introduction to ab initio nuclear theory (Sec. 2.1),
we give a brief description of realistic microscopic interactions [4, 33] (Sec. 2.2) and
present an overview of two classes of many-body methods: Quantum Monte Carlo [3, 34]
(Sec. 2.3) and Self-consistent Green’s function [5, 35] (Sec. 2.4).

2.1 Introduction

The goal of ab initio or first principle calculations is to solve the Schrödinger equation
for a system of interacting particles in an exact or sistematically improvable way, starting
from the base interaction in the vacuum between the constituents of the system [1, 2].
This is indeed a very challenging task and requires advanced theoretical and computa-
tional methods. On the one hand, a direct numerical solution of the Schrödinger equation
is not feasible and clever techniques and approximations are required. On the other hand,
nuclear theory studies are made more difficult by the complicated structure of the bare
nuclear interaction in the vacuum, as well as by the fact that nuclear forces are still not
completely understood.

The first ab initio studies in nuclear physics date back to the 1950’s, with the introduction
of Brückner G-matrix [36]. However, they obtained a limited success, while phenomeno-
logical models, such as the shell model, lead to breakthroughs in the comprehension of
nuclear systems [26] (Ch. 1). The interest in first principle calculations has started to
revive in the 1980s, due to the introduction of new sophisticated many-body methods, the
development of accurate microscopic nuclear interactions and the availability of increased
computational power [2].
Ab initio methods take as input two- and three-nucleon potentials that have been con-
strained to accurately reproduce few-body observables, such as nucleon-nucleon scattering
data or the binding energies of the deuteron and the triton [33, 37]. Additional quantities
can also be included in the fit protocol, for example the saturation point of symmetric
matter [4, 38]. Then, the Schrödinger equation for the many-nucleon system is solved
numerically with a suitable many-body method. Several different techniques have been
developed: examples are Quantum Monte Carlo (QMC) [3, 4, 34], Self-consistent Green’s

15
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function (SCGF) [5, 35, 39], Coupled-cluster [2, 40], Brückner–Hartree–Fock (BHF) [26,
36], Fermi hypernetted chain/single-operator chain [22], Many-body perturbation theory
(MBPT) [41, 42], as well as few-body methods such as the Hyperspherical Harmonics [1,
2].
While the problem of determining the nuclear interaction is still open, there do exist re-
alistic models of two- and three-nucleon forces, (Sec. 2.2). Alongside phenomenological
interactions [4, 37], to some extent inspired by meson exchange theories, a great deal of
attention has been attracted by chiral potentials [33, 38], which are rooted in a low-energy
description of Quantum Chromodynamics (QCD) in terms of nucleons and pions, called
chiral effective field theory (EFT). Although attempts to directly derive nuclear physics
from QCD are in their infancy [43], due to the heavy load of lattice QCD simulations,
chiral EFT is a powerful tool to ground the nuclear problem on the symmetries of the
underlying theory.
Ab initio theory has found wide applications in the study of finite nuclei [5, 34], infinite
matter [3, 39] and neutron stars [19, 44], and beta decay rates [45]. Current limitations
are inherent to the computational cost of full-scale calculations that still precludes the
study of heavy nuclei, as well as to the partially unsettled problem of finding a univer-
sally valid microscopic interaction. Indeed, there exist several realistic potentials, i.e.
that reproduce phase shifts well, but a single interaction that, when used in many-body
calculations, allows to accurately describe both finite nuclei and infinite matter is not
available yet [21].

2.2 Realistic nuclear interactions

Nucleons are not elementary particles, but bound state of quarks and gluons. Hence,
the most fundamental description of nuclear systems should be grounded on Quantum
Chromodynamics (QCD). However, the success of QCD-based approaches is still limited,
due to the heavy cost of non-perturbative lattice field theory calculations [4, 43]. Instead,
an effective description of nuclear systems assumes the nucleons as degrees of freedom
and models their interactions through a non-relativistic Hamiltonian, which include two-
and three-nucleon (and possibly many-nucleon) potential terms:

H “ T `
ÿ

iăj

V NN
ij `

ÿ

iăjăk

V 3N
ijk ` ... (2.2.1)

In the above equation, NN stands for nucleon-nucleon interactions, 3N for three-nucleons
interactions and the dots refer to higher order terms, which will be neglected in this con-
text. The problem of determining the nuclear interaction is very tough and, although
a universally accepted solution has not been found yet, over the years several realistic
models of nuclear forces have been devised, some taking a phenomenological approach,
for example the Argonne family [37], some others trying to stick closer to QCD and
making use of effective field theory (EFT) techniques, chiral interactions being a promi-
nent example [38]. In this Section, we present the main elements of realistic nuclear forces.

Phenomenological NN interactions are often inspired by meson-exchange model [4]; for
example, the one-pion exchange (OPE) potential is often used to describe the long-range
component of the interaction. The widely employed phenomenological Argonne interac-
tions [37, 46] explicitly includes the OPE and complement it with a set of intermediate-
and short-range terms that model the two-pion exchange and the short-range behaviour
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[4]. The sophisticated AV18 [37] interaction can be expressed as a sum of 18 operators:

Vij “
18
ÿ

p“1

vpprijqO
p
ij (2.2.2)

where:
O1...8
ij “ r1, σi ¨ σj, Sij,L ¨ Ss b r1, τi ¨ τjs

O9...14
ij “

“

L2,L2σi ¨ σj, pL ¨ Sq
2
‰

b r1, τi ¨ τjs

O15...18
ij “

“

Tij, σi ¨ σjTij, SijTij, τ
z
i ` τ

z
j

‰

(2.2.3)

where rij “ |ri ´ rj|, L is the relative angular moment of the pair of nucleons, S is the
total spin, Sij “ 3σi ¨ r̂ijσj ¨ r̂ij ´ σi ¨ σj is the tensor operator in coordinate space and
Tij “ 3τ zi τ

z
j ´ τi ¨ τj is the isotensor operator. The first 14 operators are associated to

the spin, isospin, tensor, spin-orbit and quadratic spin-orbit components of the nuclear
force; the last 4 operators, involving Tij, break charge independence. The radial functions
vpprijq are fitted in order to reproduce the Nijmegen database of NN elastic scattering
phase shifts (up to energies of about 350 MeV) [47] with a χ2{datum « 1, as well as
to reproduce properties of the deuteron. We remind that symmetry arguments allow to
constrain the operator structure of NN interactions, but not the expression of the radial
functions [26].
AV 18 is a rather complex potential and computationally demanding and not all many-
body methods can deal with all the 18 operators properly. A set of simplified Argonne
potential [48], AV

1

n, with contain a restricted set of operators, have been proposed. These
interactions are not simply truncation of the full AV18, but are refitted in order to re-
produce as many nucleon-nucleon properties as possible. The AV

1

8 includes the first 8
operators of 2.2.3, i.e. up to the spin-orbit term. The AV

1

6 force lacks the spin-orbit term,
while AV

1

4 has the very simple structure r1, σi ¨ σjsbr1, τi ¨ τjs, which lacks also the tensor
term. See also Sec. 5.1.
In addition to NN forces, phenomenological three-nucleons interactions have been devel-
oped. It is well known, in fact, that if only NN forces are included in the Hamiltonian,
then light nuclei are underbound and the equilibrium density of nuclear matter is over-
estimated [34, 46]. In order to provide the missing contribution to the binding energies,
it has proved necessary to introduce three-nucleon potentials. The popular Urbana IX
(UIX) [49], for example, consists of two terms: an attractive two-pion exchange P-wave
term (Fujita-Miyazawa) and a phenomenological short-range repulsive central term [4,
50], see Sec. 5.1 and Ref. [51]. The Fujita-Miyazawa interaction, whose diagrammatic
representation is shown in Fig. 2.1, describes a process in which two pions are exchanged
among the three nucleons and a ∆ resonance is excited in the intermediate state [50]
and provides the missing binding energy in light nuclei. The central term is purely phe-
nomenological and prevents nuclear matter from being overbound at large density [51].
The UIX interaction contains two parameters (A2π, U0) which are fit to reproduce the
ground state energies of 3H and 4He (A2π) and the saturation point of symmetric nuclear
matter (U0) in combination with a given NN potential, tipically AV 18. Another popular
three-body potential is the Illinois 7 (IL7) [4, 52], having a slightly richer structure than
UIX. The prediction the Green’s function Monte Carlo ground and excited state energies
of light nuclei for the AV 18 and AV 18` IL7 Hamiltonian are shown in Fig. 2.2.
Although in many regards successful, phenomenological potentials suffer from some draw-
backs: since they are constructed in an empirical way, there is not a systematic method
to improve them and it is not possible to estimate the uncertainties associated with the
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Figure 2.1: Feynman diagram associated with Fujita Miyazawa 3N interaction. Taken
from Ref. [50].

Figure 2.2: Green’s function Monte Carlo energies of light nuclear ground and excited
states for the AV 18 and AV 18` IL7 Hamiltonians compared to experiment. Taken from
Ref. [34].
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interactions [4]. Moreover, the three-nucleon interaction is still somewhat problematic,
as it is difficult to obtain a NN+3N interaction that simultaneously reproduces well both
nuclei and the saturation point of symmetric matter [21] (Sec. 3.2). For example, the
Argonne NN interaction plus the Illinois 7 (IL7) 3N force yield equations that are too
soft, while UIX forces are better suited for nuclear matter studies, but perform worse in
finite nuclei [34].

The framework of effective field theories (EFTs) allows one to overcome some limitation
of phenomenological interactions. Chiral EFT, in particular, allow to construct nuclear
forces in a systematic way consistent with the symmetries of QCD [38, 43, 53]. The prin-
ciple of chiral EFT is to build a low-energy field theory of QCD in terms not of quarks and
gluons, but of the degrees of freedom relevant to the low-energy nuclear physics regime.
In practice, one writes down the most general Lagrangian, function of nucleon, pion and
eventually ∆ isobar fields and their derivatives, which is consistent with the symmetries of
QCD. An important role is played by the chiral symmmetry [38]: if we take into account
only the light up and down quarks, then the QCD Lagrangian satisfies an approximate
SUp2qL ˆ SUp2qR (or SUp2qV ˆ SUp2qA) symmetry, only slightly violated by the small
quark masses. Such symmetry is however spontaneously broken to SUp2qV , as the vac-
uum is not invariant under the axial group SUp2qA. If the underlying symmetry were
realized in the vacuum, in fact, mesons should come in pairs of opposite parity [38], which
is not observed. As stated in Goldstone theorem, the spontaneous breaking of the chiral
symmetry implies the existence of a triplet of pseudo scalar bosons: the pions 1. Pions
are therefore a fundamental ingredient of nuclear physics. Indeed, the exchange of pions
is the main mechanism responsible of the interaction between nucleons.
The framework outlined above is valid at low energies, but it breaks down at a scale
Λχ « mρ « 800MeV , at which the vector ρ mesons appears. Λχ is called the hard scale
of the effective theory, while the pion mass identifies the soft scale Q « mπ. Now, the
most general EFT Lagrangian contains an infinite number of terms: a principle is needed
to organize the Feynman diagrams that can be evaluated from it. In chiral perturbation
theory, the diagrams are ordered in powers of the ratio of the external momenta over the
hard scale pQ{Λχq

ν , where a so-called power counting scheme is used to determine the
power ν for each term. Then, the effective Lagrangian together with a power counting
allow to determine the effective nuclear potential at each order ν, as shown in Fig. 2.3.
The nuclear potential can thus be constructed from the Lagrangian according to a system-
atic, order by order expansion; this provides a meaningful way to estimate the uncertain-
ties associated with the truncation of the expansion. The interaction contains both pion
exchange and contact terms; the latter, which determine the short-range behaviour of the
interaction, are defined in terms of a set of coupling constants or low-energy constants
(LECs) [33, 54]. In principle, the LECs can be determined directly from QCD by match-
ing EFT and lattice QCD predictions, but are usually fit to experimental data due to the
challenging non-perturbative nature of low-energy QCD [43]. In principle, the LECs can
be determined by matching EFT and lattice QCD predictions [43], but in practice this
program is in its infancy Several fit protocols do exist, contributing to the existence of a
large number of chiral potentials [21, 55].
Another interesting feature of chiral interactions is that many-body forces arise naturally

1Goldstone theorem states that the spontaneous breaking of a global continuous symmetry of the
Lagrangian implies the existence of a multiplet of massless scalar bosons. Since the chiral symmetry of
QCD is only approximate, the resulting Goldtone bosons, the pions, are not exactly massless; however,
they are much lighter than the nucleons and the other mesons.
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Figure 2.3: Hierarchy of nuclear forces in chiral perturbation theory. Solid lines represent
nucleons and dashed lines pions. Taken from Ref. [53].

at sufficiently high orders. This allows, for example, to give a theoretical justification to
three-body forces, that were previously introduced on a purely phenomenological basis.
At the leading order (LO), ν “ 0, only momentum-independent contact terms and the
one-pion exchange (OPE) diagram contribute. At next-to-leading-order (NLO), two-pion
exchange appears. At NNLO, three-body forces show up. Up to NNLO, the operator
structure is the same as that of phenomenological potentials. Going up in the hierarchy,
ever more complicated many-nucleon forces appear [53]. Moreover, by taking into account
only low-energy degrees of freedom, chiral potential have generally a ”softer” character
than phenomenological forces, i.e. they have a much smaller associated cutoff [5, 33, 56];
as a consequence, they are easier to be dealt with by many-body methods.
Chiral EFTs are not
The promise of a systematic expansion of the nuclear potential has attracted a lot of at-
tention to chiral EFT and several interactions have been developed at different orders in
the chiral expansion, with different fit protocols and cut-offs. As an example, we mention
the NNLOsat interaction by Ekström et al. [23] (Sec. 4.1) , that has been optimized si-
multaneously in its two- and three-nucleon components; the data set includes two-nucleon
properties, as well as binding energies and radii of a few selected nuclei belonging to the
oxygen and carbon chains. This choice, which constitute a sort of violation of the strict
EFT paradigm, as information on many-body systems is used to constrain the micro-
scopic forces, has allowed to reach a good agreement up to medium-mass nuclei, while
at the same time the saturation properties of symmetric matter are compatible with the
empirical constraints [20]. The NNLOsat, in particular, is perhaps the only chiral poten-
tial that predicts both binding energies and charge radii in agreement with experiment,
even in nuclei heavier than those used in the fitting protocol [25, 57] (Fig. 2.4). Other
chiral interactions are discussed in e.g. Ref. [25, 33, 42, 58]. Also, we mention that quite
recently local chiral interactions have been formulated in coordinate space, allowing them
to be used in Quantum Monte Carlo methods [3, 54, 59] (Sec. 2.3).
Unfortunately, chiral interactions are not immune from some of the issues that afflict phe-
nomenological forces. First of all, the LECs are free parameters and different parameter
sets and optimization protocols yield different results when the interactions are used in
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Figure 2.4: Rms charge radii of calcium isotopes computed within the ADC(2) approxi-
mation with the NN`3Np400q, NN`3Nplnlq, and NNLOsat interactions. The available
experimental radii are also shown. Adapted from Ref. [25], Fig. 12.

many-body calculations. The choice of the cut-offs and the regulators also contribute to
a proliferation of available chiral potentials. Moreover, a well known limitation is that
it has not been possible up to now to find a single interaction that achieves completely
satisfying results in both infinite matter and finite nuclei [21, 43]. A recent work [58], for
example, compares the interactions proposed by Drischler et al. [42] and Hüther et al.
[60] respectively, and shows the first one works well in infinite matter, on which it was
fitted, but underbinds medium-mass nuclei, while the second one is accurate for nuclei,
but it is excessively attractive in symmetric matter. These issues show that the quest
for the nuclear interaction is still open and chiral interaction still need to be improved.
Nonetheless, it is generally believed that chiral forces constitute a definite progress with
respect to the older phenomenological models [33].

2.3 Quantum Monte Carlo

Quantum Monte Carlo (QMC) methods are powerful tools to study strongly interacting
many-body systems [3, 4, 34, 61]. While Variational Monte Carlo (VMC) is a variational
method that exploits Monte Carlo integration techniques to determine an upper bound
to the ground state energy, the more sophisticated Diffusion Monte Carlo (DMC) meth-
ods provide in principle an exact solution to the Schrödinger equation, which is solved
by means of a stochastic imaginary time evolution. All Monte Carlo methods allow to
estimate the statistical error on any given observable. These feature have made QMC,
especially the DMC, very popular in different areas of physics. A classic example in con-
densed matter is the calculation of the HEG correlation energy [62] (Sec. 3.1).
In nuclear physics, QMC is among the state of the art methods for the study of finite
nuclei [3, 4] and neutron matter [19, 22, 63]. Symmetric matter is more cumbersome and
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a limited number of full scale calculations has been performed [59, 64]. Also, QMC meth-
ods have no difficulties in treating hard nuclear interactions, but, on the other hand, are
limited to nearly local potentials [3]. Recently chiral interactions have been formulated in
coordinate space [3, 54], so that now both chiral and phenomenological interactions are
accessible to Monte Carlo techniques.
Two different implementations of the DMC algorithm applied to the nuclear many-body
problem have been developed: the Green’s Function Monte Carlo (GFMC) and the Auxil-
iary Field Diffusion Monte Carlo (AFDMC) methods These two methods differ in the way
they treat the spin and isospin degrees of freedom [3, 4, 65]. GFMC is somewhat more
accurate, but, since its computational cost scale exponentially with the number of nucle-
ons, is limited to small systems [34]. The AFDMC, on the other hand, thanks to its cost
scaling polynomially with the number of nucleons („ A3), allows to study infinite matter
and medium-mass nuclei [4]. Indeed, the bottleneck of the powerful diffusion methods
is the very large computational workload that is necessary for full-fledged calculations.
Another limitation is the infamous sign problem that complicates the application of QMC
to fermions [3]. In this Section, we introduce the VMC, DMC, and AFDMC methods and
discuss briefly the sign problem.

Variational Monte Carlo The variational principle states that, given a Hamiltonian
H and a trial state |ΨT y, the expectation value of H on |ΨT y is an upper bound to the
g.s. energy E0:

ET “
xΨT |H |ΨT y

xΨT |ΨT y
ě E0 (2.3.1)

The equality holds if and only if the trial state is the true ground state of the Hamil-
tonian. The Variational Monte Carlo (VMC) [66] exploits the variational principle to
solve the many-body Schrödinger equation. Once a coordinate space trial wave function
ΨT pRστq “ xRστ |ΨT y, is chosen, where R,σ and τ stand for the positions, spins and
isospins of all the particles, the energy expectation value ET reads

ET “

ř

στ

ş

dR |ΨT pRστq|2HΨT pRστq
ΨT pRστq

ř

στ

ş

dR |ΨT pRστq|2
(2.3.2)

Computing ET involves integrals of very high dimensionality. This would require a pro-
hibitive cost with traditional integration methods, such as Simpson’s rule, and the solu-
tion comes in the use of Monte Carlo techniques. The rationale is that, if one manages to
sample independent random space configurations R, distributed according to a suitable
probability density P pRq, then integrals of the form

ş

dRP pRqfpRq can be approximated
as a finite sum [61]:

ż

dRP pRqfpRq «
1

N

N
ÿ

i“1

fpRiq (2.3.3)

whereN is the number of samples. In Eq. 2.3.2, the probability distribution is |ΨT pRστq|2.
The central limit theorem then implies that the standard error on the integral scales like
1{
?
N , independently of the dimensionality [61]. This constitutes a great progress when

the method is applied to large systems. The Metropolis algorithm is often employed to
sample the configurations with distribution P pRq [66].
The structure of the trial wave functions is chosen a priori and is critical to obtain a good
estimate of the ground state energy. The wave function depends on a set of variational
parameters α and the solution of the variational problem is equivalent to minimizing the
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trial energy ET with respect to the variational parameters, i.e. BET pαq
Bαk

“ 0 [66].
In nuclear physics, the trial state ΨT is usually assumed to factorize as the product of a
state Φ and a correlation operator F [34]:

|ΨT y “ F |Φy (2.3.4)

where |Φy describes the quantum numbers and the long-range behaviour of the many-
body wave function. Common choices are a combination of Slater determinants or BCS
states with the desired total angular momentum and parity for nuclei [3], or plane waves
for nuclear matter [59]. The operator F models the short-range correlations induced by
the nuclear interaction. It is often written as a generalization of the Jastrow ansatz [61,
66]:

F “ S
ź

iăj

ÿ

p

f
ppq
ij O

ppq
ij (2.3.5)

The sum runs the same operators that appear in the Hamiltonian (σi ¨ σj, τi ¨ τj, Sij...),

while f
ppq
ij are radial Jastrow functions. The symmetrization operator S is needed to en-

force the antisymmetry of the wave function.
The main drawbacks of the VMC method are that the computational time scales exponen-
tially with the number of particles and that the goodness of the result entirely depends on
the accuracy of the trial wave function [50]. In nuclear physics, the VMC method is used
as a first step to provide accurate trial wave functions for the more powerful Diffusion
Monte Carlo methods.

Diffusion Monte Carlo The principle of Diffusion Monte Carlo (DMC) is to project an
initial wave function |ψT y into the ground state by means of an imaginary time evolution
[61, 66]. The time-dependent Schrödinger equation:

i~
B |ψptqy
Bt

“ pH ´ ET q |ψptqy (2.3.6)

where ET is an energy offset, admits the solution 2:

|ψpt` δtqy “ e´ipH´ET qδt{~ |ψptqy (2.3.7)

We now Wick-rotate to imaginary time by setting τ “ it{~ (or t “ ´i~τ). With this
choice, the real variable τ has the dimensions of the inverse of an energy. Then:

|ψpτ ` δqy “ e´pH´ET qδτ |ψpτqy (2.3.8)

If we expand the initial state |ψy on the basis of the eigenstates of H, H |ny “ En |ny,
then:

|ψy “
`8
ÿ

n“0

cn |ny ùñ

|ψpτqy “
`8
ÿ

n“0

cne
´pEn´ET qτ |ny “ e´pE0´ET qτ

«

c0 |0y `
`8
ÿ

n“1

cne
´pEn´E0qτ |ny

ff

.

(2.3.9)

Thus the excited states are exponentially damped with respect to the g.s. component and
in the limit of large times τ ÝÑ `8, |ψpτqy9 |0y. The initial wave function |ψpτ “ 0qy “

2We assume the Hamiltonian does not explicitly depend on time.
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|ψT y and an estimate of the ground state energy (ET ) are usually obtained with VMC
calculations.
The imaginary-time evolution is conveniently expressed in integral form as:

ψpR, τ ` δτq “

ż

dR1GpR,R1, δτqψpR1, τq (2.3.10)

where ψpR, τq “ xR|ψpτqy is the coordinate space wave function and

GpR,R1, δτq “ xR| e´pH´ET qδτ |R1y (2.3.11)

is the imaginary-time propagator or Green’s function. For small time steps the calculations
of the propagator is feasible, since the Trotter-Suzuki formula implies that GpR,R1, δτq
can be split as the product GpR,R1, δτq “ G0pR,R

1, δτq ¨GV pR,R
1, δτq, where [65]:

G0pR,R
1, δτq “ xR| e´Tδτ |R1y “ 1

p4πD δτq
3A
2

e´
pR´R1q

2

4Dδτ

GV pR,R
1, δτq “ e

´

´

V pRq`V pR1q
2

´ET

¯

δτ

(2.3.12)

and D “ ~2
2m

is a diffusion constant.
The Schrödinger equation for A non-interacting particles (H “ T ), with Green’s function
G0, is formally identical to the diffusion equation, in a 3A-dimensional space, of a set of
A Brownian particles in random motion. This analogy suggests that the wave function
ψpR, τq can be interpreted as a probability density for the configuration R, called in this
context a walker, and the propagator G0pR,R

1, δτq as a transition matrix 3. The analogy
with Brownian motion also suggest that the wave function ψpR, τq can be represented by
a set of discrete points Rk:

ψpR, τq “
ÿ

k

δpR ´Rkq (2.3.13)

In practice, the imaginary-time evolution 2.3.10 is realized in the following way. The trial
wave ψT pRq is used to samples a set of 102 ´ 103 walkers R1, called a population, then
each walker is evolved independently by diffusing its coordinate by a Brownian motion:

R “ R1 ` ξ (2.3.14)

ξ is sampled from the distribution G0pR,R
1, δτq, i.e. a Gaussian centered in the origin

with width σ2 “ 2Dδτ .
If we now consider the interacting Hamiltonian again (H “ T`V ), the factorGV pR,R

1, δτq
in the full propagator acts as a time-dependent normalization factor. An efficient way to
implement it is to use a branching or birth/death algorithm [61]: each walker is assigned
a weight wk “ GV pR,R

1, δτq, then a new population is generated, made of nk copies of
each walker, where:

nk “ rwk ` ηks (2.3.15)

ηk is a random number uniformly distributed in the interval r0, 1s, while rxs is the integer
part of x. After a sufficient number of steps, the walker population is distributed according
to the ground state wave function of the interacting system (Fig. 2.5). Then, one can

3The wave function ψpR, τq is interpreted as a probability distribution, not its square modulus! This
interpretation is valid provided that the wave function is positive-definite. We will come back to this
when discussing the fermion sign problem.
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Figure 2.5: Walker evolution in Diffusion Monte Carlo. The histogram displays the
initial population of walkers, distributed uniformly, and the final population after several
thousand time steps, for a one-dimensional problem of one particle confined in a harmonic
potential V pxq “ 1

2
x2. The final population is very close to a Gaussian, that indeed is the

g.s. wave function of the problem.

begin accumulating the observables of interest.
In the DMC method, one gets access to a discrete representation of the ground state
wave function in coordinate space through the walkers distribution. Thus, it is possible
to estimate the expectation value in the g.s. of all operators: all the contribution to the
total energy, the one-body density, the momentum distribution... [66]. The statistical
error on any average scale like 1{

?
N , where N is the number of samples.

The algorithm we have described is the simplest form of Diffusion Monte Carlo and has
several limitations. It is very inefficient, mostly because the population may fluctuate
significantly from step to step. Moreover, as the Brownian motion has no information
about the potential, two walkers may find themselves very close to each other, even if
the interaction is repulsive at short distances. This can cause e.g. the Coulomb potential
to diverge, leading to severe numerical problems. The solution comes in the form of the
importance sampling technique, where essentially a trial wave function is used to guide
the diffusion process [61, 65, 66]. Another issues is that the DMC algorithm as outlined
here is not apt for studying fermionic systems, due to the sign problem [61].

Sign problem A necessary condition that had to be imposed in the DMC algorithm is
that wave function be positive everywhere, in order to allow the interpretation of ψpR, τq
as the density of walkers. This means that the method outlined above can work for
systems of boson, but not for fermions, since the wave function of a system of fermions is
antisymmetric with respect to the exchange of a pair of particles. This implies that fermion
wave functions must take both positive and negative values. An extension of DMC is thus
required to deal with fermions 4. This issue, called the fermion sign problem, plagues all
DMC methods and has not found a completely satisfying remedy yet. However, some
approximate solutions exist.
In condensed matter, the Hamiltonian is time-reversal invariant, thus one can work with
real wave functions. In nuclear physics, on the other hand, the Hamiltonians in general

4An equivalent statement is the following: the imaginary time evolution project an initial state onto
the mathematical ground state of the Hamiltonian. Such state is a positive and nodeless function [4].
However, fermion wave functions must change sign due to antisymmetry and thus must have at least one
node. The physical ground state of a system of fermions is actually an excited state of the Hamiltonian.
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are not time-reversal invariant. Hence, nuclear wave functions are complex. In the former
case, a popular method is the fixed-node approximation [61, 65], that satisfies a variational
principle and thus provides upper bounds to the true g.s. energy. In the latter case,
other methods, such as the fixed-phase approximation [65] and the constrained path
approximation [3], must be employed with the complex wave functions; however, they do
not necessarily provide an upper bound to the g.s. energy.
In the fixed-node approximation, the nodal surface, defined as the set of points where the
trial wave function vanishes, is used to split the configuration space in regions where the
trial state does not change sign. Then the DMC algorithm is run in each of these regions.
If the nodal surface is exact, one finds the true ground state energy; otherwise, an upper
estimate of the g.s. energy is obtained [61].

Auxiliary Field Diffusion Monte Carlo In nuclear physics, the diffusion algorithm
must be generalized to deal with the spin and isospin degrees of freedom. In the Green’s
Function Monte Carlo (GFMC) [34, 65], each of the spin-isospin configuration of the
many-body wave function is propagated in imaginary time. The wave function |ψy is
a vector in the spin-isospin space having components aα “ xα|ψy for each state |αy “
|σ1, τ1yb ...b |σA, τAy. For example, the spin part of a three-particle systems is described
by an 8-component spinor [65]:

|ψyA“3 “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

aÒÒÒ
aÒÒÓ
aÒÒÓ
aÒÓÓ
aÓÒÒ
aÓÓÒ
aÓÒÓ
aÓÓÓ

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

aÒÒÓ “ xÒÒÓ|ψyA“3 (2.3.16)

The Green’s function 2.3.11 is generalized to a matrix in spin-isospin space:

Gαβ pR,R
1, δτq “ xR,α| e´pH´ET qδτ |R1, βy (2.3.17)

Each component aαpR, τq evolves according to:

aαpR, τ ` δτq “
ÿ

β

ż

dR1Gαβ pR,R
1, δτqαβpR

1, τq (2.3.18)

Although accurate, GFMC is limited to small nuclei (up to 12 nucleons), since the full
summations over the spin and isospin states implies a computational cost that scales
exponentially with number of particles [34]. An alternative is provided by the Auxiliary
Field Diffusion Monte Carlo (AFDMC) method [4, 65], which ensures a polynomial scaling
„ A3 by sampling the spin and isospin states, instead of considering all of them explicitly.
The main idea is to use wave functions that are tensor product of single-particle states.
For example, the spin part of a A “ 3 system is:

|ψyA“3 “

ˆ

a1Ò

a1Ó

˙

1

b

ˆ

a2Ò

a2Ó

˙

2

b

ˆ

a3Ò

a3Ó

˙

3

akÒ “k xÒ|ψyA“3 (2.3.19)
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In general, the dimension of the vector describing a system of A nucleons scales as 4A,
while in GFMC the number of components has factorial growth with A. However, while
one-body operators do preserve such single-particle representation, the latter is not closed
under the action of quadratic spin/isospin operators [4]: a quadratic operator, e.g. σi ¨σj,
when acting on a product state generates a combination of single-particle wave functions,
so that the number of states grows very quickly during the imaginary time propagation
and any computational advantage over GFMC would be lost.
In order to conserve the single-particle representation, quadratic operators are linearized
by making use of the Hubbard-Stratonovich transformation [66]:

e
λ
2
O2

“
1
?

2π

ż

dx e´
x2

2
`
?
´λxO (2.3.20)

An integration over a new variable x, called auxiliary field, is introduced. Thus, in
AFDMC not only the spatial coordinates, but also the spin and isospin states are dif-
fused: the latter are sampled through the auxiliary fields [4].
The AFDMC method allows to simulate larger systems than GFMC. It is currently lim-
ited, though, to somewhat simplified interactions; also, simpler trial wave functions must
be used, in compliance with the requisite that they have a single-particle representation
[3, 34]. For these reasons, it is slightly less accurate than the GFMC method. See Ref.
[3, 4, 59] for recent progresses.

2.4 Self-consistent Green’s function

The Self-consistent Green’s function (SCGF) method [5, 35, 39] provides a non-perturbative
and systematically improvable solution to the Schrödinger equation for a system of A in-
teracting fermions that is rooted on the concept of many-body propagators or Green’s
functions (GF) [67]. The one-particle propagator gαβpωq, in particular, provides access to
all one-body observables and to the ground state energy; moreover, it gives information
on the neighbouring A ˘ 1 nuclei, for example on the one-nucleon addition and removal
energies [25].
The interest in SCGF lies in the wealth of information that can be accessed in a single
stage, as well as in its computational cost scaling polinomially with the number of parti-
cles, allowing it to compare favourably with respect to other exact methods, whose cost
scales exponentially [35]. It is nonetheless a demanding method and for now converged
results are available for mass numbers up to A « 60 ´ 70 and for nuclear matter [5],
although in a recent study [68] charge radii and charge density distributions have been
computed in heavy nuclei up to A “ 138.
SCGF works best with ”soft” interactions, i.e. with a low momentum cutoff, such as the
chiral forces [25]. Hard, phenomenological potentials can also be dealt with, see e.g. Ref.
[56] for symmetric matter calculations with the AV 18 potential, but require sophisticated
resummation techniques [69] that hinder applications in medium-mass nuclei .
In SCGF, the dressed Green’s function is determined by solving the Dyson equation (or
the Gorkov equations if one deals with open shell nuclei [70]) suitably written in a form
that does not depend on any reference function, but only on gpωq itself. Thus, once an
approximate expression for the irreducible self-energy Σ˚pωq (Fig. 2.6) is given, the Dyson
equation 2.4.2 can be solved in an iterative fashion, where the propagator is fed back into
Σ˚ until convergence is reached.
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The very basic elements of the standard (Dyson) SCGF are the following. The dressed
one-particle propagator is defined as 5:

igαβptα, tβq “
@

ΨA
0

∣∣T ”

aαptαqa
:

βptβq
ı ∣∣ΨA

0

D

(2.4.1)

i.e. as the expectation value on the the A-particles ground state of the time ordered prod-
uct of the annihilation and creation operators aαptαq, a

:

βptβq, where Greek letters denote
states in the one-particle Hilbert space. One usually works with the Fourier transform of
2.4.1, gαβpωq, and writes down the equations in the frequency domain. The knowledge of
the one-particle propagator allows one to compute the expectation value on

∣∣ΨA
0

D

of any
one-body operator, as well as the ground state energy through the Koltun sum rule, if the
Hamiltonian of the system contains only one- and two-particle operators [35]. In order
to exactly compute the g.s. energy for a system comprising three-nucleon interactions,
the two-body Green’s function is needed; however, a good approximation can be obtained
with gpωq alone with a modified sum rule [5].
A step towards the solution of the very hard task of determining the dressed propagator
is the use of perturbation theory in the form of Feynman diagrams [67]. Once a reference
state is chosen, e.g. the g.s. of a non-interacting Hamiltonian H0 “ T ` U , with U
a suitable one-body potential, then the dressed propagator can be expanded as a per-
turbation series on top of the reference Green’s function g0

αβpωq. The expansion, that
contains an infinite number of Feynman diagrams, is conveniently reorganized into the
Dyson equation:

gαβpωq “ g0
αβpωq `

ÿ

γδ

g0
αγpωqΣ

˚
γδpωqgδβpωq (2.4.2)

where the irreducible self-energy operator Σ˚γδpωq has been implicitly defined. Fig. 2.6
shows the diagrammatic representation of the Dyson equation and of the first terms of
the self-energy. Eq. 2.4.2 is in principle exact, although in practice the self-energy, which
itself contains an infinite number of terms, must be somehow approximated. The power
of the Dyson equations, however, lies in the fact that any finite number of contributions
to Σ˚pωq corresponds to including an infinite number of terms in the expansion of the
dressed Green’s function gαβpωq: thus the Dyson equation effectively resums an infinite
set of diagrams [67].
Actually, SCGF employs a different formulation of the Dyson equation, detailed in Ref.
[35], where the reference propagator g0pωq is replaced by the dressed Green’s function
gpωq and inside Σ˚pωq a subset of the irreducible diagrams, called skeleton diagrams, is
included. Such skeletons are themselves expressed in terms of gpωq, so that Σ˚pωq “
Σ˚ rgpωqs and everything depends on the dressed propagator, without any reference to
unperturbed states. Thus, a truly self-consistent equation is found and is solved recur-
sively, until the convergence between one iteration and the next is reached.
As anticipated, in practical applications the self-energy must be somehow truncated, keep-
ing a finite or infinite subset of diagrams. There are different options for the truncation.
The ladder approximation, for example, is well suited for dealing with the strong short-
range repulsive cores of nuclear interactions and it allows to perform fully self-consistent
calculation in infinite matter [35, 39] 6. The algebraic diagrammatic construction at order

5We closely follow the notation of Ref. [5].
6In nuclear matter the finite temperature SCGF method is commonly employed [35, 72]. The main

advantage of the finite-T formalism is that it allows to perform fully self-consistent and thermodynamically
consistent calculations.
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(a) Diagrammatic expansion of the irre-
ducible self-energy for a two-body interac-
tion.

(b) Diagrammatic representation of the
Dyson equation 2.4.2. Double lines:
dressed propagators gpωq. Single lines:
bare Green’s functions g0pωq. Taken from
Ref. [35].

Figure 2.6

Figure 2.7: Skeleton contribution to the self-energy up to second order in the hypothesis
of two-body forces only. Taken from Ref. [71].

n (ADC(n)) [35] approximation, which is based on enforcing the correct analytic proper-
ties of the self-energy, is systematically improvable, since, as the order n is increased, one
gets closer to the exact answer, that would be recovered in the limit n “ `8 (Fig. 2.8).
The ADC(n) is the state of the art method for finite nuclei [5].
The non-perturbative and iterative character of the method makes it difficult to directly
estimate the accuracy of a given approximation scheme, which is an important feature of
many-body methods such as QMC [34] or perturbation theory (MBPT) [41]. One then
resorts to comparing the predictions for the observables such as energies or radii at suc-
cessive orders in the ADC(n) expansion (Fig. 2.8), in finite nuclei [5], or to comparing
the ladder and ADC(2) energies per particle, in nuclear matter.
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Figure 2.8: Ground state energies (top) and charge radii (down) for the 36Ca and 68Ni
nuclei at different orders in the ADC(n) approximation scheme for two different chiral
interactions, the “soft” NN `3Nplnlq and the “harder” NNLOsat. Taken from Ref. [25].



Chapter 3

Method

In electronic DFT, there exists a well established methodology to construct an energy
density functional (EDF) from infinite matter results [10, 16]. In nuclear physics, this
approach is less explored, although it may allow to ground the EDFs used in mean field
methods in ab initio calculations [17, 73, 74]. In this Chapter, we discuss how a nuclear
energy functional based on the equation of state of nuclear matter can be built using the
Local Density Approximation (LDA).
Sec. 3.1 motivates this work. Sec. 3.2 introduces the basic properties of infinite nuclear
matter. Sec. 3.3 presents the model functions used to interpolate the numerical calcula-
tions of the nuclear matter benchmark equations of state. Sec. 3.4 describes the resulting
LDA energy functionals.

3.1 Motivation

Nuclear self-consistent mean field models (Ch. 1) have gradually evolved in an approach
close to that of the Density Functional Theory (DFT) of electronic and atomic systems
[10–12]. The Hohenberg-Kohn theorems [12, 75] state that the expectation values of all
observables on the ground state of an interacting many-particle system can be expressed
as functionals of the density, or more generally of the densities, of the investigated sys-
tem, e.g. spin-up and spin-down densities, or in nuclear physics spin and isospin densities.
Of paramount importance is the energy density functional (EDF), i.e. the expectation
value of the Hamiltonian, whose minimization allows to determine the true ground state
of the system. Unfortunately, the energy functional is not known exactly, but, both in
condensed matter and in nuclear physics, accurate approximations have been developed
[11, 30], making DFT a widely used and very successful tool [76].
In condensed matter, there exists a well-established methodology to construct the EDF
”ab initio” from the theory of the homogeneous electron gas (HEG) [10]. The simplest,
yet already quite accurate, approximation level is the Local Spin Density Approximation
(LSDA), where at each point the exchange-correlation energy ELSDA

xc

“

ρÒ, ρÓ
‰

is assumed
to be the same as in a HEG with that density [12]. Critical to the success of the LSDA
is that virtually exact Quantum Monte Carlo calculations of the HEG correlation energy
are available, as well as accurate interpolation formulas as a function of the density [10].
We also mention that at high densities the Random Phase Approximation provides an
exact expression for the HEG correlation energy [12, 67]. Then, a ladder of ever more
sophisticated functionals, such as the Generalized Gradient Approximation (GGA), the
Meta-GGA and so on, can be constructed by introducing combinations of the gradients of

31
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the densities on top of the LSDA [10, 16]. This ”reductionist” approach, pursued mostly
by Perdew and collaborators, relies as little as possible on fits to empirical quantities,
privileging the use of exact relations and first principle calculations to constrain the EDF
[11, 16]. Its main advantage over an ”empiricist” approach is that the ”ab initio” EDFs
guarantee a more uniform accuracy in a wide range of systems [11, 16]. On the other
hand, many empirical (also called ”hybrid”) functionals, tailored for specific domains of
application, have been developed and are currently widely used [11].
In nuclear physics, the empirical point of view has mostly been pursued: as discussed
in Sec. 1.3, the general structure of the functional is first postulated, then the several
parameters it contains are fitted simultaneously on a set of observable quantities, tipi-
cally binding energies and charge radii of selected nuclei, and also some infinite matter
pseudo-observables [13, 14]. This pragmatic approach has proved quite successful, in
particular for the study of ground state and excited state properties of finite nuclei [7,
8, 27]. However, the absence of a guiding principle for systematically developing more
accurate functionals, such as the DFT’s ”Jacob’s ladder” of approximations [16] or the
perturbative expansion of effective field theories, as well as a bias on the chosen data set,
are serious drawbacks. They constitute a limitation, in particular, to the reliability of
EDFs predictions concerning systems for which few or no observations are available [15],
such as neutron stars, superheavy nuclei or nuclei close to the neutron drip lines [7].
The parallel developments in ab initio theory have been of inspiration to several works
that try to push forward the EDF/DFT philosophy. Ref. [15, 74] explore connections with
the formalism of effective field theories. In Ref. [73], a method to derive the coupling con-
stants of a Skyrme EDF from an ab initio Hamiltonian has been proposed. Other works
[17, 18, 31, 77] make use of ab initio results, in particular infinite matter calculations,
to constrain the volume term of the nuclear EDF; then, corrective terms to describe the
surface and spin-orbit effects are added on a phenomenological ground and fitted on finite
nuclei observables [13].
Although the ab initio results are not yet exact, as they still depend on the microscopic
interaction and on the many-body method [19, 21, 22], the availability of first principle
calculations of the nuclear matter EoS provides an interesting opportunity for nuclear
DFT since, as noticed in Ref. [17], it may allow to replicate the same method used in
electronic DFT. In this thesis, we explore the nuclear EDFs obtained in the Local Density
approximation (LDA) from the nuclear matter calculations performed with two methods
and two different microscopic interactions: the state of the art NNLOsat interaction with
the Self-consistent Green’s function method [20, 23] (Ch. 4), and the phenomenological
interaction AV 41 ` UIXc with the Auxiliary Field Diffusion Monte Carlo method [3, 24]
(Ch. 5). Using two methods and two interactions, indeed, allows to better understand
the potentialities and the limitations of the LDA functionals.
The choice of the potentials is motivated by the following considerations. From the one
hand, NNLOsat is the state of the art interaction for finite nuclei calculations, while at
the same time it predicts an infinite matter saturation point compatible with the empir-
ical constraints [20, 23, 25]. On the other hand, the AV 41 ` UIXc potential is a very
simple interaction that, in spite of its simplicity, provides fair results in finite nuclei [24].
It is therefore interesting to test it in infinite matter too; also, its reduced computational
weight allows to explore a wider range of densities with the AFDMC method than what is
possible with more complicated interactions. Both neutron matter and symmetric matter,
which is generally more difficult for AFDMC, are studied.
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3.2 Infinite nuclear matter

Nuclear matter is an infinite and uniform system of nucleons interacting through strong
interactions only [9, 19, 50]. In spite of being a theoretical construction, nuclear matter is
a useful model for several existing systems. Neutron matter, for example, is approximately
realized in the interior of neutron stars and studying its properties is an interesting topic
at the intersection of astrophysics and nuclear physics [44], while low-density neutron
matter has a significant impact on neutron-rich nuclei [19].
Nuclear interactions strongly depend on the isospin composition of the system. Pure neu-
tron matter cannot be bound by strong interactions; neutron stars are compact objects
due to the effect of gravitational attraction [78]. On the other hand, symmetric nuclear
matter admits an equilibrium state, called the saturation point (see below) and its prop-
erties around the saturation density (ρsat « 0.16 fm´3) can be investigated with the help
of laboratory data on finite nuclei [9].
The fundamental quantity that describes nuclear matter is the nuclear Equation of State
(EoS), which at zero temperature corresponds to the energy per nucleon as a function of
the number densities of neutrons and protons [9] (App. B.1). We adopt the following
convention for the nuclear EoS. The number density is named ρ and is equal to the sum
of neutron (ρn) and proton (ρp) densities. The asymmetry parameter β is defined as
β “ ρn´ρp

ρ
. It varies between 0 and 1, with β “ 0 corresponding to symmetric nuclear

matter (SM) and β “ 1 to pure neutron matter (NM). The energy per nucleon is called
e “ E{A. The equation of state (EoS) is the functional relation e “ epρ, βq. In symmetric
matter, the EoS has a minimum at the saturation density (ρsat « 0.16 fm´3). The satu-
ration energy Esat “ epρsatq is generally thought to be equal to the volume term of the
empirical mass formula, aV “ ´16 MeV 1.
The density dependence of an EoS can be conveniently characterized by a set of coeffi-
cients, called empirical parameters [9, 80]. They are defined by an expansion of the EoS
around the saturation point in powers of the parameter x “ ρ´ρsat

3ρsat
. The empirical param-

eters, although not directly observable, can be estimated with the help of a theoretical
model by means of experiments that study density oscillations in nuclei or in heavy-ion
collisions [9, 80]. Thus a (model-dependent) link between the properties of finite nuclei,
e.g. nuclear resonances, and of nuclear matter can be established (see below).
The expansion of the symmetric matter EoS defines the empirical parameters in the
isoscalar channel [80]:

epρ, β “ 0q “ Esat `
1

2
Ksatx

2
`Opx3

q (3.2.1)

Esat is the already mentioned saturation energy; Ksat is called incompressibility of sym-
metric matter at saturation. More explicitly:

Esat “ epρ “ ρsatq (3.2.2)

Be

Bρ

∣∣∣∣
ρ“ρsat,β“0

“ 0 (3.2.3)

Ksat “ 9ρ2
sat

B2e

Bρ2

∣∣∣∣
ρ“ρsat,β“0

(3.2.4)

1Such assumption is however disputed in Ref. [79], where it is suggested that the saturation energy
may be about -13 or -14 MeV.
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Eq. 3.2.3 defines the saturation density as the minimum point of the EoS.
In finite nuclei, the isospin asymmetry parameter is a small number and it turns out useful
to expand the energy per particle with respect to the asymmetry β:

epρ, βq “ epρ, 0q ` esympρqβ
2
`Opβ4

q (3.2.5)

Odd powers vanish due to the isospin symmetry. At densities close to the saturation, an
expansion up to second order in β is quite accurate [9]. The quantity esympρq is called
symmetry energy and is defined in general as [9]:

esympρq “
1

2

B2e

Bβ2

∣∣∣∣
β“0

(3.2.6)

If the quadratic approximation is valid, then:

esympρq « epρ, 1q ´ epρ, 0q (3.2.7)

i.e. the symmetry energy is given by the difference of the energies per nucleon in NM
and SM. An expansion of the symmetry energy with respect to x “ ρ´ρsat

3ρsat
defines the

empirical parameters in the isovector channel [80]:

esym “ Esym ` Lsymx`
1

2
Ksymx

2
`Opx3

q (3.2.8)

Esym is the symmetry energy at saturation. Lsym is called slope parameter, Ksym is the
incompressibility (or curvature) of the symmetry energy at saturation. They are given by
the following formulae:

Esym “ esympρ “ ρsatq (3.2.9)

Lsym “ 3ρsat
Besym
Bρ

∣∣∣∣
ρ“ρsat

(3.2.10)

Ksym “ 9ρ2
sat

B2esym
Bρ2

∣∣∣∣
ρ“ρsat

(3.2.11)

The parameters ρsat, Esat, Esym and Ksat are relatively well constrained [80]. ρsat and
Esat are extrapolated from the semi-empirical mass formula or deduced from theoretical
calculations [80]. The symmetry energy Esym is correlated to the excitation energy of the
isovector giant dipole resonance (IVGDR) and to the neutron skin thickness, while Ksat

is related to the energy of the isoscalar giant monopole resonance (ISGMR) [9]. The slope
L is linked to Esym as well [9]. The other empirical parameters are still poorly known.
See Tab. 3.2.1.

In infinite matter, a local EDF (Sec. 1.3) assumes the simple form:

E “ Ekin ` Eloc (3.2.12)

E is function of the number densities alone, since the kinetic energy density is related
to ρq by Eq. 1.3.22. Moreover, since the densities are uniform, the energy per particle
e “ E{A is simply related to the energy density by:

e “
E

A
“
E

V

V

A
“
E
ρ

(3.2.13)
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ρsat pfm
´3q Esat pMeVq Ksat pMeVq Esym pMeVq Lsym pMeVq Ksym pMeVq

Average 0.1543 -16.03 251 33.30 76.6 -3
σtot 0.0054 0.20 29 2.65 29.2 132

Table 3.2.1: Estimates of the empirical parameters from an analysis of the results of
phenomenological approaches. Taken from Ref. [80].

with V being the fictitious volume of the system. Likewise, the kinetic energy per particle
is defined as t “ Ekin

ρ
and the potential energy per particle as v “ Eloc

ρ
, so that the energy

per particle is assumed to be:

epρ, βq “ tpρ, βq ` vpρ, βq (3.2.14)

tpρ, βq represents the kinetic energy per particle of a free non-relativistic Fermi gas [80]:

tpρ, βq “
tsat
2

”

p1` βq
5
3 ` p1´ βq

5
3

ı

ˆ

ρ

ρsat

˙
2
3

(3.2.15)

where

tsat “
3~2

10m

ˆ

3π2

2

˙
2
3

ρ
2
3
sat « 22 MeV (3.2.16)

tsat is the kinetic energy per particle of symmetric matter at saturation density, tsat “
tpρ “ ρsat, β “ 0q. The potential energy per particle vpρ, βq follows immediately from the
energy density Eloc:

vpρ, βq “
Elocpρ, βq

ρ
(3.2.17)

Both ab initio method, e.g. SCGF [20, 72], AFDMC [3, 19] and Brükner Hartree-Fock
(BHF) [22, 58], and mean field methods [9, 80] have been used to study the nuclear matter
EoS. However, the EoS is still only partially known. The main contribution to the large
error bars is due to choice of the nuclear interaction [9, 20, 42, 81, 82], but in ab initio
theory, the choice of the many-body method also contributes to the spreading [22, 46]
(Fig. 3.1). As a general rule, the uncertainty on the EoS grows as the density increases
[19, 20, 42]. In this work, we will assume the Hamiltonian exact and consider only the
uncertainties associated to the theoretical calculation.

3.3 Model equations of state

Several different parametrizations of the EoS of nuclear matter have been proposed in the
literature. For example, standard Skyrme energy functionals 1.3.3 produce an EoS of the
form:

epρ, β “ 0, 1q “ aρ2{3
` bρ` cρ5{3

` dρ1`α (3.3.1)

The actual coefficients are reported in Ref. [14]. A reasonable expectation is that also the
ab initio EoS may be reasonably approximated with a few terms. The analytic expression
used to fit the EoS is important in extrapolations to neutron stars or to finite nuclei [77].
For example, in Ref. [19] the QMC results for neutron matter are well interpolated by the
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(a) EoS in NM (top) and SM (bot-
tom) based on chiral interactions at N2LO
(first column) and N3LO (second column).
Taken from Ref. [42].

(b) Neutron matter EoS obtained with the
AV 18 NN interaction by means of several
different many-body methods. Taken from
Ref. [22].

Figure 3.1: Left: neutron and symmetric matter EoS with different chiral interactions
and theoretical uncertainties [42]. Right: neutron matter EoS with different many-body
methods [22].

function epρq “ a
´

ρ
ρsat

¯α

`b
´

ρ
ρsat

¯β

with a, b, α, β fitting parameters. In other works, the

EoS is split into the sum of a kinetic (free Fermi gas) term tpρ, βq and a potential term
vpρ, βq, then vpρ, βq is postulated to be quadratic in the isospin asymmetry and, at fixed
β, it is expressed as a polynomial of the total density ρ [80] or of the Fermi momentum

kF 9 ρ
1
3 [77]. In Ref. [18], a kF -expansion is conjugated with a quartic dependence on β.

The coefficients are fixed either by relating them to the empirical parameters or by fitting
the theoretical data points.

In this work, we split the EoS as the sum of the free Fermi gas kinetic energy per particle
tpρ, βq 3.2.15 and a potential term vpρ, βq:

epρ, βq “ tpρ, βq ` vpρ, βq (3.3.2)

This separation will be helpful in the construction of the nuclear EDF. Then, we assume
that vpρ, βq depends quadratically on the isospin asymmetry, since this has been shown to
be a reasonable approximation around saturation density even for large asymmetries [9].
Finally, we assume that the potential energy per particle can be expressed as a polynomial
of kF or ρ

1
3 : this ansatz is suggested by the importance of the Fermi momentum in the

description of infinite systems of fermions as well as by its greater flexibility with respect
to e.g. an expansion in integer powers of ρ. Also, it is in keeping with the necessity of
introducing fractional powers of ρ in order to achieve a proper saturation in EDF models
[30]. Thus vpρ, βq will be written in general as:

vpρ, βq “
ÿ

γ

cγpβqρ
γ (3.3.3)

The theoretical EoS of both neutron and symmetric matter will be used to determine the
potential term. The assumed quadratic isospin dependence implies that at any interme-
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diate asymmetry β the coefficients cγpβq are given by:

cγpβq “ cγp0q ` rcγpβ “ 1q ´ cγpβ “ 0qs β2 (3.3.4)

We introduce the following notation: cγ,0 ” cγpβ “ 0q and cγ,1 ” cγpβ “ 1q ´ cγpβ “ 0q.
As a consequence, we can write:

cγpβq “ cγ,0 ` cγ,1β
2 (3.3.5)

cγp0q and cγp1q are the coefficients characterizing symmetric matter and neutron matter
respectively. We do not choose a priori which powers γ should enter the model EoS, but
explore a wide set of polynomial of kF with a variable number of terms. Each model is
fit to symmetric and neutron matter data separately, in order to fix the parameters cγ,0
and cγ,1. Then, the χ2 will be used as a quality measure to choose the best model [83].
For a given model function with a given set of exponents tγu, the optimal values of the
parameters cγp0q and cγp1q are determined fitting separately the EoS of symmetric and
neutron matter respectively. The input EoS are the sets of data points tpρi, eipβ “ 0qqu
and tpρi, eipβ “ 1qqu. The optimization is based on the standard χ2 minimization [83],
performed numerically using the Python library LMFIT [84]. This amounts to minimizing
the cost functions:

χ2
`

tcγpβ “ 0qu
˘

“
ÿ

i

ˆ

epρi, 0q ´ eipβ “ 0q

σi

˙2

(3.3.6)

χ2
`

tcγpβ “ 1qu
˘

“
ÿ

i

ˆ

epρi, 1q ´ eipβ “ 1q

σi

˙2

(3.3.7)

We have highlighted the dependence of the χ2 on the coefficients cγ. σi stands for the
uncertainty or statistical weight on the i-th energy value. Only few many-body methods
directly provide an estimate of the uncertainty, e.g. QMC, while many others do not. In
the latter case, one must resort to more or less empirical consideration in order to assign a
reasonable theoretical error on each datum [85]. See Ch. 4 for a discussion of the problem
in the case of the SCGF method.

3.4 LDA energy functional

DFT provides the simplest way to define an energy functional grounded on the ab initio
EoS of nuclear matter through the Local Density Approximation (LDA) [10, 86]. In LDA,
one assumes that the same expression of the potential energy density valid in infinite
matter holds for non-uniform densities ρqprq too. This is an approximation for slowly
varying density distributions, so that each small region of a generic (finite or infinite)
system can be treated as a piece of bulk matter [10]. In the nuclear case, this means that
the potential energy density Elocprq 3.2.12 can be approximated as:

Eloc rρprq, βprqs “ ρprqv rρprq, βprqs (3.4.1)

and more explicitly:

Eloc rρprq, βprqs “
ÿ

γ

cγ pβprqq ρ
γ`1
prq “

ÿ

γ

“

cγ,0 ` cγ,1βprq
2
‰

ργ`1
prq (3.4.2)
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The total binding energy, including the Coulomb contribution 1.3.6, is given by:

ELDA “ Ekin ` Eloc ` ECoul (3.4.3)

Its expression is different from the standard Skyrme functionals, as it has a richer de-
pendence on the number density, while the effective mass coincides with the bare mass,
m˚
q prq “ m, due to the lack of ρτ terms. Obviously, it does not contain surface contribu-

tions. Thus, the mean field equations are simpler than 1.3.19, and read:

„

´
~2

2m
∆` Uqpxq ` UCoulprqδq,p



φjpxq “ εjφjpxq (3.4.4)

The expression of the nuclear mean field Uqprq is derived in the Sec. C.1:

Uqprq “
ÿ

γ

”

pγ ` 1q cγ,0 ` 2β pτz ´ βq cγ,1 ` pγ ` 1qcγ,1β
2
ı

ργ (3.4.5)

where τz “ `1 for neutron and τz “ ´1 for protons. The Coulomb term in Slater
approximation is given by Eq. 1.3.18. We have solved the equations with the skyrme rpa
code [32], that allows to solve the HF equations in spherical symmetry using Skyrme
effective interactions. We have suitably modified the code in order to use the non-standard
EDF here presented. In Sec. C.2 and C.3, the expression for the rearrangement energy is
derived and a preliminary numerical test is shown.
The LDA EDF 3.4.3 is based on nuclear matter calculations only and does not contain any
information on finite nuclei. By construction it reproduces well the underlying EoS, thus,
if the latter is compatible with the empirical constraints, the EDF will be too. This feature
is not trivial, as for example only a restricted number of Skyrme models is compatible
with nuclear matter constraints [81]. On the other hand, we do not know how it will
perform in nuclei. In electronic DFT, for example, the LDA performs surprisingly well,
given its simplicity [10]. In our case, we expect that it may be more accurate in heavier
nuclei than in lighter ones, since the surface contributions get relatively less relevant as
the mass number increases [26].



Chapter 4

Nuclear energy functionals based on
the NNLOsat interaction

The NNLOsat [23] is a state-of-the-art chiral interaction, whose popularity stems from the
fact that is perhaps the only chiral potential that allows to reproduce binding energies
and radii well up to medium-mass nuclei and, at the same time, it is compatible with
the empirical nuclear matter saturation point [25]. In the present work, the equations of
state (EoS) of symmetric and neutron matter, computed with the self-consistent Green’s
function method, are used as input to determine a local nuclear energy density functional
(EDF) following the method discussed in Chapter 3.
This Chapter is organized as follows. Sec. 4.1 introduces the NNLOsat interaction. Sec.
4.2 describes how the theoretical EoS have been fitted. Sec. 4.3 presents the predictions
obtained with the resulting EDF in finite nuclei. In Sec. 4.4, the NNLOsat EDF is
compared with an existing Skyrme functional, SkP [87]. Sec. 4.5 summarizes the results.

4.1 Introduction

The NNLOsat [23] by Ekström et al. is a very popular chiral interaction, whose peculiarity
is that NN and NNN forces are simultaneously optimized on a data set that includes few-
nucleon observables as well as properties of selected light nuclei such as carbon and oxygen
isotopes. This choice, although being in a sense a violation of the strict EFT paradigm,
allows to reach a good description of nuclei up to medium masses, while at the same time
the predicted saturation point is relatively close to the empirical region (Fig. 4.1). The
NNLOsat interaction is so popular because it is probably the only chiral potential that
reproduces both charge radii and binding energies accurately even in heavier nuclei than
those on which it has been fitted [25] (Fig. 2.4) 1.
In order to derive the EDF, we take as a starting point the EoS of neutron and symmetric
matter obtained with the SCGF method (Sec. 2.4) in Ref. [20]. The SCGF equations
are solved at finite temperature using the ladder approximation for the self-energy. The
limit T “ 0 is taken at the end. The finite temperature formalism allows to perform fully
self-consistent and thermodynamically consistent calculations [72]. The EoS have been

1Recent works show that, however, the energy per particle in neutron matter and the symmetry energy
are underestimated [20]. Also, the agreement of NNLOsat with experimental nucleon-nucleon phase
shifts is less accurate than that of other interactions [43]. Moreover, it strives to reproduce spectroscopic
properties in the sd shell below N “ 20 [25]. Some of these limitations may be related to the fact that
NNLOsat is only next-to-next-to-leading order in the chiral expansion [33].

39
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Figure 4.1: Equation of state for symmetric nuclear matter from chiral interactions. Re-
sults for NNLOsat are shown in red. Green box: empirical saturation point. Taken from
Ref. [23].

computed for densities up to 2ρsat, with a step of 0.1 fm´3, and are shown in Fig. 4.2.
A first issue to address is that the SCGF method provides no error bars. In order to
determine the optimal model EoS with the χ2 method, however, it is necessary to have
an estimate of the uncertainty or weight on each data point pρi, eiq. On an empirical
ground, we propose to assign an error that is proportional to the kinetic energy of the
free Fermi gas tpρ, βq 3.2.15 at the same density [77]. The motivation is the following:
it is known that many-body methods tend to perform worse at higher densities, because
stronger correlations develop as the density is increased [39] 2. Moreover, in light of an
application to nuclei, the information on the low-density region is more relevant, thus
we want to assign a lower weight to higher density points. This suggests that it may
be a good strategy to assign errors σi that increase with the density. Instead of using
an arbitrary function of ρ, a quite natural choice is then to set the weight proportional
to the Fermi gas kinetic energy [77]. A sensible error bar should be a small fraction of
the kinetic energy per particle tpρ, βq as tpρ, βq is « 20 MeV{A at saturation density and
« 30 MeV{A at 2ρsat, it may be more to the point to consider uncertainties of around
t{100, i.e. of a few hundreds of keV/A, compatible to a rough estimates of the theoretical
errors on SCGF calculations [20, 39] (Sec. 2.4). Therefore, we will assign weights:

σi “ tpρi, βq{100 (4.1.1)

We note that rescaling all the errors σi by a constant factor does not alter the minimum
of the χ2 functions and thus it does not influence the value of the model parameters.
However, a sensible estimate of the order of magnitude of uncertainties is important when
evaluating the fit quality and comparing different models [85] (Sec. 3.3).

4.2 Fitting the equations of state

In this Section, we present an analysis of the fitting procedure relative to the NNLOsat

EoS. We have considered a set of several model functions of the form epρ, βq “ tpρ, βq `

2At higher densities there is also more disagreement between different many-body methods, see e.g.
Ref. [22].
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Figure 4.2: Equation of state of symmetric and pure neutron matter obtained with a
SCGF calculation using the NNLOsat interaction [20]. Lines are a guide to the eye.

vpρ, βq, where vpρ, βq at fixed asymmetry β is a polynomial of the Fermi momentum, or
of ρ1{3. Each model function has been fitted independently on symmetric matter and
neutron matter. See Sec. 3.3 and, in particular, Eqs. 3.3.3 and 3.3.5. We identify each
model EoS by the kF powers it contains. For example, p2, 3, 4q stands for the model
with potential vpρ, βq “ c 2

3
pβqρ2{3 ` c1pβqρ ` c 4

3
pβqρ4{3. The comparison of the different

models, which include a different number of terms and different powers of the density, will
be based on the reduced χ2 criterion, but will also involve looking at some predictions
related to the model EoS, such as the empirical parameters and binding energies and radii
of a few selected doubly magic nuclei.
We have considered all the possible models made of combinations of 2, 3 or 4 powers of
kF between kF and k6

F . Each of them has been fitted on the SM and NM EoS and its χ2

has be computed. The LMFIT library [84] has been employed to perform the fits. Tab.
4.2.1 shows only the models which reproduce the data with χ2

red ă 2 in both SM and
NM. It appears that 3 terms are necessary to reproduce the data well and 4 are sufficient,
the latter leading to very small χ2

red. In this exploratory phase, we prefer to analyze
as simple model functions as possible and thus we concentrate on the two 3-parameter
models, p1, 3, 5q and p2, 5, 6q. Their coefficients are reported in Tab. 4.2.2.

Fig. 4.3 shows the fit residuals ∆e “ ecalculated ´ einput in both SM and NM for the two
model EoS of interest (solid lines). The chosen errors 4.1.1 on the input data points
are also shown (solid lines). The model EoS are accurate in reproducing the data up to
intermediate densities. The discrepancy gets more pronounced at higher densities, which
are however comparatively less important for finite nuclei.
It is also interesting to compare the predictions for the empirical parameters (Sec. 3.2
and App. B). From Tab. 4.2.3, it looks that while the saturation density, the saturation
energy and symmetry energy are almost independent on the parametrization, the higher-
order parameters, which are related to the derivatives of the EoS, are more sensitive to
the model function. One would expect that such model-dependence disappears if more
terms are included in the fit.
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Model χ2
red (SM) χ2

red (NM)

(1,3,5) 0.756 1.584
(2,5,6) 1.891 1.285

(1,2,3,4) 1.683 0.035
(1,2,3,5) 0.711 0.149
(1,2,3,6) 0.167 0.415
(1,2,4,5) 0.340 0.334
(1,2,4,6) 0.062 0.641
(1,2,5,6) 0.009 0.903
(1,3,4,5) 0.631 0.302
(1,3,4,6) 0.402 0.470
(1,3,5,6) 0.539 0.491
(1,4,5,6) 1.818 0.204
(2,3,4,5) 0.056 0.440
(2,3,4,6) 0.000 0.623
(2,3,5,6) 0.021 0.686
(2,4,5,6) 0.067 0.577

Table 4.2.1: Reduced χ2 (χ2
red ) relative to the fit to symmetric matter (SM) and neutron

matter (NM) EoS (from SCGF calculations with NNLOsat interaction) of the polynomial
models enumerated in the first column. Only models having χ2

red ă 2 in both SM and
NM are shown.

Model c 1
3
, 2
3
p0q c1, 5

3
p0q c 5

3
,2p0q c 1

3
, 2
3
p1q c1, 5

3
p1q c 5

3
,2p1q

(1, 3, 5) -18.420 -321.702 526.549 -1.786 -256.643 392.976
(2, 5, 6) -139.256 -30.649 370.635 -25.766 -164.165 397.578

Table 4.2.2: Coefficients of model functions p1, 3, 5q and p2, 5, 6q determined by a fit to
the input NNLOsat EoS. Each coefficient cγ has dimension rMeV fm3γs.

Model ρsat pfm
´3q Esat pMeV q Ksat pMeV q Esym pMeV q Lsym pMeV q Ksym pMeV q

(1,3,5) 0.1516 -14.5700 203.9553 24.8240 33.3689 -99.0119
(2,5,6) 0.1520 -14.5034 196.4594 24.4458 28.6569 -71.8420

Table 4.2.3: Empirical parameters predicted by the model EoS p1, 3, 5q and p2, 5, 6q.
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Figure 4.3: Dashed: fit residuals ∆e “ ecalculated´ einput in SM and NM for the two model
EoS p1, 3, 5q and p2, 5, 6q. The dots lines denote the error σi 4.1.1 on the input points.

As a next step, we test the LDA energy functionals that are obtained from the two model
EoS by following the method described in Chapter 3. The Hartree-Fock equations are
solved with the skyrme rpa code [32] under the assumption of spherical symmetry. We
study a set of selected doubly magic nuclei (16O, 40Ca, 48Ca, 90Zr, 132Sn, 208Pb) and
compare the predicted values for binding energies per nucleon E{A and charge radii rch
with the experimental values (Tab. 4.2.4 and 4.2.5). These EDFs are very simple, thus we
cannot expect a very precise agreement with the experimental values or with the available
SCGF calculations in finite nuclei. Anyway, charge radii are quite well reproduced; also,
the two models give very similar radii (up to a few 10´2 fm). Binding energies are farther
from experiment, but it is encouraging that the order of magnitude of E{A is correct;
also, except for the light 16O nucleus, the discrepancy does not exceed 2 MeV per nucleon
(around 20%) in the worst case, that of 40Ca. The LDA EDFs work increasingly better
as the mass number increases, with fair results especially for 132Sn and 208Pb. This
is coherent with our intuition, as surface contributions, which are absent in the LDA,
should have a stronger impact on lighter nuclei than on heavier nuclei [26].
In general, both models overbind the nuclei, as it is expected by LDA EDFs that lack
surface terms. On the other hand, charge radii are close to the experimental values.
Indeed, if the saturation density is close to the empirical value ρsat « 0.16 fm´3, then one
can expect that the predicted radii be close to the experimental ones [88]. Finally, we
observe that both the EDFs considered give similar results, with p2, 5, 6q being perhaps
slightly better in predicting radii. Thus, from now on we will thoroughly study only the
p2, 5, 6q model.
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E{A pMeV q 16O 40Ca 48Ca 90Zr 132Sn 208Pb

Exp -7.98 -8.55 -8.67 -8.71 -8.35 -7.87

(1, 3, 5) -11.20 -10.40 -9.89 -9.41 -8.77 -8.05
(2, 5, 6) -11.17 -10.36 -9.85 -9.36 -8.73 -8.00

Table 4.2.4: Binding energies. Experimental values are taken from Ref. [89].

rch pfmq
16O 40Ca 48Ca 90Zr 132Sn 208Pb

Exp 2.699 3.4776 3.4771 4.2694 4.7093 5.5012

(1, 3, 5) 2.46 3.32 3.48 4.27 4.61 5.73
(2, 5, 6) 2.54 3.32 3.44 4.22 4.75 5.55

Table 4.2.5: Charge radii. Experimental values are taken from Ref. [90].

4.3 Results in finite nuclei

In this Section, we report an analysis of the results obtained in finite nuclei with the func-
tional named p2, 5, 6q, described above in Sec. 4.2. Moreover, we present a comparison of
p2, 5, 6q with the SCGF calculations based on NNLOsat and with the Skyrme functional
SkP [87]. SkP is an accurate EDF with effective mass ratio equal to 1 in nuclear matter
and close to 1 in finite nuclei; it is thus easier to compare with our LDA EDF, which,
lacking ρτ terms, has effective mass exactly equal to the bare mass (Ch. 1). We exam-
ined even-even nuclei, with a focus on magic nuclei. p2, 5, 6q and SkP are employed in a
Hartree-Fock code [32] under the assumption of spherical symmetry. At this early stage,
we do not include pairing terms and we limit our study to nuclei that show a clear shell
closure. HF calculations can access the whole nuclear chart; actually, they are generally
more reliable in medium-heavy nuclei. SCGF, instead, is computationally intensive and
here results performed with the ADC(3) approximation (Sec. 4.1) for nuclei only up to
54Ca are reported [25].
In Fig. 4.4, the binding energies per nucleon for a sample of nuclei between 12O and 208Pb
are shown. While SkP and SCGF produce binding energies very close to the experiment,
p2, 5, 6q clearly overbinds all nuclei. The relative discrepancy of the three methods with
respect to experiment (from Ref. [89]), shown in Fig. 4.5 as the ratio pEk ´ Eexpq {|Eexp|
with k standing for the three theoretical methods, makes evident, though, a trend in
which the discrepancy decreases as the mass number is increased. This in line with our
expectation that surface terms, lacking in the LDA functional p2, 5, 6q, are less relevant
in heavier nuclei than in lighter ones; also, it is interesting that the relative discrepancy
is no more than about 20% in nuclei with A ě 34.
As a second relevant observable, charge radii are compared with the experimental val-
ues, taken from Ref. [90], for doubly magic nuclei. The absolute (Fig. 4.6) and relative
discrepancies (Fig. 4.7) show that the NNLOsat interaction used in the SCGF method
gives extremely accurate predictions for the charge radii; SkP agrees with the experiment
well, too, and does so in a very wide mass range. The HF results with the p2, 5, 6q func-
tional are, perhaps surprisingly, only slightly worse than SkP’s, although with opposite
sign (smaller nuclei) up to 90Zr. This fact is worth investigating; for now, we remind that
p2, 5, 6q has been constrained on the NNLOsat EoS and, as NNLOsat produces a realistic
saturation point in symmetric matter and accurate radii in nuclei [23], there may be a
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Figure 4.4: Binding energies per nucleon for a sample of even-even nuclei. Experimental
values are shown together with HF calculations with the SkP and p2, 5, 6q functionals, as
well as SCGF calculations based on the NNLOsat interaction.

Figure 4.5: Relative discrepancy (%) of theoretical binding energies with respect to the
experimental values.
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Figure 4.6: Discrepancy between theoretical and experimental values of the charge radii
of a set of doubly magic nuclei. Experimental radii are taken from Ref. [90].

link between realistic saturation properties and an accurate reproduction of the nuclear
radii. See e.g. Ref. [58].
Then, we show proton and number densities for two magic nuclei, 48Ca (Fig. 4.8) as an
example of medium mass nucleus and 132Sn (Fig. 4.9) as a representative heavier mass
nucleus. For 48Ca, HF calculations with the functionals SkP and p2, 5, 6q are reported
alongside SCGF results with NNLOsat, while for 132Sn only HF results are available. In
48Ca there is a close agreement between SkP and SCGF densities; p2, 5, 6q densities, on
the other hand, show wider oscillations especially in the interior, while the discrepancy is
smaller on the surface. The p2, 5, 6q functional is constructed in such a way as to repro-
duce well the NNLOsat EoS, but this is not sufficient to obtain a close agreement with
NNLOsat results also in finite nuclei: one has to go beyond the local density approxi-
mation and include non local terms in order to improve the functional. We suggest that
gradient terms such as |∇ρ|2 in the EDF may penalize variations in the densities and help
smoothing their oscillations. Also, the densities of the 132Sn nucleus show that, compared
to SkP, p2, 5, 6q produces more pronounced spatial variations in the density; naively, one
may have expected that differences in the density profiles would reduce in heavier nuclei,
but that is not necessary the case.

4.4 Comparing SkP and (2,5,6)

In order to shed light on the role of the non-local or gradient terms, we carry out a
comparison between the SkP [87] and the p2, 5, 6q EDFs. In particular, we consider the
trends of the different contributions to the total energy - kinetic, Coulomb, local and
non-local (for SkP) energies (see Eq. 1.3.23) - for a set of even-even nuclei. In Fig.
4.10, the kinetic energy per particle Ekin{A as a function of the mass number A is shown
for calculation with SkP and p2, 5, 6q. The dashed curves represent power laws of the
form cAγ fitted on the 48Ca, 90Zr, 132Sn and 208Pb results relative to SkP and p2, 5, 6q.
They represent qualitatively the behaviour of the energy per particle with respect to A in
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Figure 4.7: Relative discrepancy (%) between theoretical and experimental values of the
charge radii of a set of doubly magic nuclei.

Figure 4.8: Number (left) and proton (right) densities of 48Ca determined with the SkP
and p2, 5, 6q energy functionals and with the SCGF method with NNLOsat interaction.
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Figure 4.9: Number (left) and proton (right) densities of 132Sn determined with the SkP
and p2, 5, 6q energy functionals.

medium-heavy nuclei. It is easy to see that p2, 5, 6q predicts higher kinetic energies that
SkP, with the difference slightly shrinking as A increases.
In Fig. 4.11, the Coulomb energy per particle ECoul{A is shown as a function of Z2A´4{3.
From the mass formula we expect a linear trend [6], and this is quite well verified. Also,
SkP and p2, 5, 6q give very similar results, despite the fact that the proton densities show
some differences, as one can see in the right panels of Fig. 4.8 and 4.9. The charge radii
are also somewhat different (Fig. 4.6).
In the left panel of Fig. 4.12, the local energy per nucleon Eloc{A as a function of the mass
number A is reported. We defined the local energy in Eq. 1.3.24 as the the sum of the
contribution to the total energy due to the ρ and τρ terms of a general local functional
1.3.9. We expect Eloc to approximately correspond to the volume term of the mass formula
[26]. Thus, Eloc{A should be roughly constant, at least for sufficiently heavy nuclei. The
dashed curves represent power laws of the form cAγ fitted on 48Ca, 90Zr, 132Sn and 208Pb.
The exponents, written in the legend, are small for both SkP and p2, 5, 6q (0.05 and 0.1),
suggesting that Eloc{A has actually a mild dependence on A. (Lighter nuclei are much
more spread out.) p2, 5, 6q consistently predicts smaller local energies than SkP, leading in
turn to p2, 5, 6q predicting smaller total energies: as seen in Fig. 4.4, p2, 5, 6q overbinds all
nuclei. The right side of Fig. 4.12 shows the non-local energy contribution, i.e. the sum of
the contribution to the total energy due to the ∆ρ and spin-orbit terms of a Skyrme EDF
(Eqs. 1.3.25, 1.3.23). Enon´loc{A is a positive quantity and is smaller in heavier nuclei
than in lighter ones. Both these properties are characteristic of surface terms, although
the scaling with A (dashed line) does not look like the one we would expect from the mass
formula, according to which Esurface „ A2{3 and Esurface{A „ A´1{3.
We have seen that SkP reproduces experimental binding energies well, while p2, 5, 6q
produces overbound nuclei. p2, 5, 6q, compared to SkP, yields higher kinetic energies and
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Figure 4.10: Kinetic energy per particle Ekin{A as a function of the mass number A for
a set of even-even nuclei. HF results with SkP and p2, 5, 6q functionals are shown Dashed
lines are power law fits to SkP and p2, 5, 6q data for 48Ca, 90Zr, 132Sn and 208Pb.

Figure 4.11: Coulomb energy per particle ECoul{A as a function of Z2A´4{3.
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Figure 4.12: Local energy per nucleon (left) and non-local energy per nucleon (right) as
a function of the mass number for a set of even-even nuclei. See Eq. 1.3.24, 1.3.25 for
definitions. Results obtained in Hartree-Fock approximation with the energy functionals
SkP and (2,5,6) are shown. Dashed lines are power law fits to 48Ca, 90Zr, 132Sn and 208Pb
data points.
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Figure 4.13: Non-local energy per nucleon from calculations with the SkP functional (blue)
and with p2, 5, 6q (red). In green, the sum of the p2, 5, 6q binding energy per nucleon and
the SkP non-local energy per nucleon is shown. See text for details.

lower local energy contributions. As a simple numerical experiment. we add to the
p2, 5, 6q binding energy the SkP non-local energy. In Fig. 4.13, we compare this quantity,
Ep2,5,6q`Enon´loc,SkP

A
(green line), to the binding energies per nucleon obtained with SkP

(red) and (2,5,6) (blue). In this way, we can see that simply adding the non-local energy
contribution of SkP to the LDA functional p2, 5, 6q leads to underbound nuclei. The
energy surplus is approximately 0.5 MeV per nucleon and it does not vary much with
the mass number. We suggest expect that the optimal gradient terms on top of p2, 5, 6q
should be somewhat smaller than those of SkP.
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4.5 Conclusion

We have applied the method described in Ch. 3 to derive a LDA EDF based on the
NNLOsat interaction [23]. We have made use of the EoS obtained with the SCGF
method in Ref. [20]. A good fit to the EoS of both NM and SM is provided by the
three-parameters model named p2, 5, 6q, whose potential energy per particle 3.3.3 has the
form c2{3ρ

2{3 ` c5{3ρ
5{3 ` c2ρ

2. From this model EoS an EDF has been constructed and
thoroughly analyzed, comparing it with the NNLOsat results in finite nuclei [25] and with
the well-known Skyrme interaction SkP [87]. Due to the simplicity of the LDA scheme,
and in particular to the lack of gradient terms in the energy functional, we cannot expect a
very close agreement to experiment. Nonetheless, the p2, 5, 6q EDF reproduces the charge
radii with an accuracy close to that of SkP, although far from the impressive performance
of the NNLOsat interaction itself. As far as the binding energies are concerned, the LDA
EDF is far from the results of the two other interactions, but is is interesting to observe
that, while all nuclei are overbound, the discrepancy with the experiment steadily reduces
as the mass number is increased: for example, for 40Ca it is about 20%, while in 132Sn
and 208Pb it lowers to less than 10%. This is in keeping with the expectation that the
surface contributions to the binding energy should be less relevant in heavier nuclei than
in lighter ones.
The p2, 5, 6q EDF produces density profiles that are quite similar to those predicted by
NNLOsat, although the former show wider oscillations that may be smoothed out if gra-
dient terms were introduced. Lastly, in finite nuclei, the p2, 5, 6q EDF predicts higher
kinetic energies and lower (local) potential contributions with respect to the SkP interac-
tion.
All considered, the LDA EDF based on the NNLOsat interaction looks a promising ”first
rug” [16] in the ladder of approximate functionals.



Chapter 5

Nuclear energy functionals based on
the AV 41 ` UIXc interaction

In this Chapter, we show the results obtained by means of the Auxiliary Field Diffusion
Monte Carlo (AFDMC) ab initio method [3] with the phenomenological AV 41 ` UIXc

potential [48, 51], made up with the nucleon-nucleon interaction Argonne 4 (AV 41) plus
the the central part of the three-nucleon Urbana IX potential (UIXc). The AV 41`UIXc

potential, although very simple, provides fair results in finite nuclei [24] and it is thus
interesting to test it further on both nuclei and nuclear matter. The equations of state
of infinite matter are then used to constrain an energy density functional, following the
methodology presented in Ch. 3. This chapter runs in parallel to Ch. 4.
Sec. 5.1 introduces the AV 41 ` UIXc interaction. Sec. 5.2 shows the nuclear matter
AFDMC calculations and the EDFs we determine from these input EoS. Sec. 5.3 shows the
AFDMC results for a set of finite nuclei and a detailed comparison with the performance
of the nuclear energy functional. Sec. 5.4 summarizes the results.

5.1 Introduction

The Argonne potentials constitute a family of phenomenological nucleon-nucleon inter-
actions [37, 48] (Sec. 2.2). The AV 18 interaction is a sophisticated and accurate model
made of 18 operators, but due to its complexity requires very large computational re-
sources. Argonne potentials with a simplified operator structure have been devised [48]
and have found application in infinite matter calculations, see Ref. [22, 46]. These AV n1

potentials contain a subset of n operators of the full AV 18 interaction, of which they are
not simply a truncation, since they are refitted in order to reproduce as many two-nucleon
properties as possible [46].
Despite being accurate on NN observables, two-body interactions predict underbound
light nuclei and overestimate the saturation density of symmetric matter [50]. It is there-
fore necessary to introduce three-nucleon interactions to provide a (partial) solution to
these issues [58, 91]. The Argonne potential are often combined with phenomenological
3N interactions of the Urbana family [4]. The popular Urbana IX (UIX), for exam-
ple, contains two contribution: the two-pion exchange Fujita-Miyazawa term and a phe-
nomenological short-range repulsive central term [51]. The UIX potential has two free
parameters that are fitted to reproduce the observed 3H binding energy and the empir-
ical saturation density. The three-body potential depends on the chosen NN potential,
although in practice the same coefficients as those used with AV 18 are often employed.
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In this Chapter, we consider the particularly simple AV 41 NN interaction, complemented
by the central term of the phenomenological Urbana IX three-body interaction (UIXc)
[49, 51]. In spite of its simplicity, the AV 41 ` UIXc potential has been shown to pro-
duce fairly reasonable results in nuclei, with a discrepancy of about 10% with respect to
experimental binding energies [24]. It is therefore interesting to test it also in infinite
matter. AV 41 is computationally light, so that it allows to study a wider range of den-
sities with the AFDMC method than what is possible with more complicated interactions.

The AV 41 potential includes only four operators [46]:

Op“1,..,4
ij “ r1, σi ¨ σjs b r1, τi ¨ τjs (5.1.1)

and lacks the tensor and spin-orbit terms (Sec. 2.2). The central part of the Urbana IX
potential, called UIXc, is a repulsive spin-isospin independent term V R and is given by
[51]:

V R
“

ÿ

cyclic

V R
ijk “ U0

ÿ

cyclic

T 2
pmπrijqT

2
pmπrjkq (5.1.2)

where:
ξpxq “ 1´ e´cx

2

Y pxq “
e´x

x
ξpxq

T pxq “

ˆ

1`
3

x
`

3

x2

˙

Y pxqξpxq

(5.1.3)

The ξpxq are short-range cutoff functions; in the UIX interaction, c “ 2.1fm´2. For the
U0 parameter, we use the value U0 “ 0.0048 MeV that allows to reproduce the empirical
saturation point with the AV 18 NN interaction [24, 51].

We have performed Auxiliary Field Diffusion Monte Carlo (AFDMC) calculations (Sec.
2.3) in symmetric and neutron matter and in a selected number of nuclei up to 90Zr.
The relatively light computational weight of the AV 41 ` UIXc potential, indeed, allows
to easily study medium-mass nuclei that are out of reach of fully realistic interactions.
Our calculations extend the results of Ref. [24] for finite nuclei. The nuclear matter EoS
are new; in the literature only calculations with the AV 41 alone are available [46]. The
resulting EDFs will be compared to the Monte Carlo predictions for finite nuclei and with
experiment.

5.2 Equations of state

We have performed AFDMC calculations in infinite matter with the AV 41 NN interactions
plus the central part of the 3N UIX phenomenological potential (UIXc). The equations
of state are shown in Fig. 5.1 and Tab. 5.2.1 for several densities up to 0.40 fm´3. In
the table, the Monte Carlo statistical errors are shown as well. We have used A “ 28
nucleons in SM and A “ 14 neutrons in NM. For such a simple potential, the results are
already quite reliable when a limited number of particles is used in the simulation box.
See Ref. [2], Tab. 8.1, for the ”magic numbers” of nucleons in momentum space shells.
The three-nucleon potential has a repulsive effect and is responsible for the saturation
of the symmetric matter EoS, which happens at a large density, ρsat « 0.25 fm´3, quite
far from the empirical saturation density 0.16 fm´3. By contrast, the EoS of Ref. [46],
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Figure 5.1: Equations of state of symmetric and neutron matter. Calculations are per-
formed with the AFDMC method with the AV 41 ` UIXc interaction. Lines are a guide
to the eye.

ρ pfm´3q SM NM

0.08 -12.97(8) 11.240(3)
0.12 15.382(4)
0.16 -20.103(5) 20.110(7)
0.20 -22.309(7) 25.67(1)
0.22 -23.024(8) 28.85(1)
0.23 -23.279(8)
0.24 -23.425(8) 32.28(1)
0.25 -23.521(7)
0.26 -23.51(1) 36.03(2)
0.27 -23.462(7)
0.28 -23.30(1) 40.02(2)
0.29 -23.07(1)
0.30 -22.70(1) 44.36(2)
0.32 -21.83(1) 49.10(3)
0.36 -18.94(1) 59.14(3)
0.40 -14.53(4) 70.74(4)

Table 5.2.1: AFDMC calculations of the energy per particle in symmetric (SM) and
neutron (NM) matter with the AV 41 ` UIXc potential.
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Model χ2
red (SM) χ2

red (NM)

(2,3,4,6) 2.571 1.523

(1,2,3,4,5) 1.965 1.460
(1,2,3,4,6) 2.096 1.527
(1,2,3,5,6) 2.293 1.533
(1,2,4,5,6) 2.351 1.520
(1,3,4,5,6) 2.568 1.523
(2,3,4,5,6) 2.185 1.499

Table 5.2.2: Reduced χ2 (χ2
red ) relative to the fit to symmetric matter (SM) and neutron

matter (NM) EoS (from AFDMC calculations with the AV 41 ` UIXc interaction) of the
polynomial models enumerated in the first column. Only models having χ2

red ă 3 in both
SM and NM are shown.

Model c 2
3
p0q c1p0q c 4

3
p0q c2p0q c 2

3
p0q c1p1q c 4

3
p1q c2p1q

(2,3,4,6) -240.107 572.720 -968.168 820.807 -64.897 102.900 -311.145 574.232

Table 5.2.3: Coefficients of the p2, 3, 4, 6q model determined by fitting the AV 41 ` UIXc

EoS. Each coefficient cγ has dimension rMeV fm3γs.

obtained with the AV 41 potential alone, does not saturate. The reduced computational
load of the AV 41 interaction allows to study a larger number of densities than what is
possible by QMC calculations with more sophisticated potentials. In particular, the region
around the saturation point can be better explored.
The EoS of NM and SM have been fitted independently with a set of model functions, as
described in Sec. 3.3 and 4.2. The analysis follows that of Ch. 4, but, at variance with
the SCGF case, here it is not necessary to make assumptions on the uncertainties, as the
Monte Carlo calculations provide statistical error bars. In Tab. 5.2.2 the reduced χ2 are
shown for the models that reproduce both the EoS with χ2

red ă 3. The four-parameter
model p2, 3, 4, 6q interpolates the data points with a quality comparable to that of the
five-parameter models. As in Ch. 4, we opt for studying the simplest model. Thus in the
following we will analyze only the p2, 3, 4, 6q EDF, whose parameters are reported in Tab.
5.2.3.

We have checked that the choice of the specific function among those in Tab. 5.2.2
has a quite limited impact on the results in finite nuclei, although it significantly affects
the value of the higher-order empirical parameters. See also Sec. 4.2). For example, Ksat

and Ksym, which are related to the second derivatives of the EoS, are very sensitive to
the analytic form of the equations of state.
Fig. 5.2 shows the fit residuals relative to the p2, 3, 4, 6q parametrization, while in Tab.
5.2.4 its empirical coefficients are presented. As anticipated, the saturation point is located
at a very large density, ρsat « 0.26 fm´3, and a very low energy, Esat « ´24 MeV. Both
values are far from the empirical saturation region. The other coefficients likewise are
not compatible with the experimental constraints. Thus, the AV 41 ` UIXc potential,
although quite reasonable, despite its simplicity, in finite nuclei [24] (Fig. 5.3), is not apt
for an accurate description of nuclear matter. We mention here that refitting the central
repulsive three-body term, which depends on a single parameter, may allow the EoS to
saturate at a density closer to the empirical saturation density; however, the increased
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Figure 5.2: Solid lines: fit residuals ∆e “ ecalculated´einput in SM and NM. The dashed-dot
lines denote the Monte Carlo statistical error σi on the input points.

Model ρsat pfm
´3q Esat pMeVq Ksat pMeVq Esym pMeVq Lsym pMeVq Ksym pMeVq

(2,3,4,6) 0.2560 -23.5297 472.0717 57.8151 144.3220 -38.5784

Table 5.2.4: Empirical parameters predicted by the model EoS p2, 3, 4, 6q .

repulsion would probably lead to excessively underbound nuclei.

5.3 Results in finite nuclei

We have performed AFDMC calculations for several closed-subshell nuclei (in the shell
model basis 1) with the AV 41 ` UIXc potential, both with and without the Coulomb
potential. We have used as a benchmark the binding energies for AV 41 ` UIXc without
Coulomb reported in Ref. [24]. We have found a very good agreement (Tab. 5.3.1).
For completeness, we also report the results obtained including the Coulomb interac-
tion: in Fig. 5.3, the experimental binding energies per nucleon and the charge radii are
compared with those obtained with Quantum Monte Carlo (QMC). The charge radii are
obtained from the proton radii with the empirical formula r2

ch “ r2
p ` p0.8 fmq2 [7].

From the model EoS presented in Sec. 5.2 a nuclear EDF is derived as in Sec. 3.3 and
tested on finite nuclei. The results are compared with the AFDMC results. All these
results refer to calculations performed without the Coulomb interaction. What is relevant
is to understand to what extent the LDA energy functionals can reproduce in finite nuclei
the outcome of the interaction on which the EDFs are based. Fig. 5.4 compares the

1A useful tool is http://calistry.org/calculate/shellModel.

http://calistry.org/calculate/shellModel
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Nucleus AV 41 ` UIXc Ref. [24]

4He -25.88(4) -26.63(2)
16O -120.5(1) -119.9(2)

40Ca -383.2(2) -383.3(3)
48Ca -414.0(4) -413.2(3)
90Zr -979.2(7)

Table 5.3.1: AFDMC binding energies for a set of nuclei with the AV 41`UIXc interaction.
We compare our results with those of Ref. [24].

Figure 5.3: Binding energies of a set of magic nuclei. Results from AFDMC calculations
with AV 41 ` UIXc interaction plus Coulomb potential as well as experimental results
are shown. Charge radii are computed from the proton radii with the empirical formula
r2
ch “ r2

p ` p0.8 fmq2.

QMC and EDF binding energies per nucleon, while Fig. 5.5 shows neutron and proton
radii separately. The outcome is puzzling, as both the HF binding energies and radii
are strongly underestimated with respect to the QMC results. The binding energies, in
particular, are by no means realistic (on average, E{A « ´19 MeV). The densities for the
48Ca and 90Zr nuclei are shown in Fig. 5.6 and 5.7, respectively. The p2, 3, 4, 6q densities
differ considerably from the QMC densities: the surface is much steeper and the density
profile much more compact, leading to sensibly smaller radii. The central density is also
somewhat overestimated.
We try to suggest a possible explanation of the different behaviour of the LDA scheme
in the two cases, NNLOsat and AV 41 ` UIXc. The Argonne potentials belong to a
family of ”hard” phenomenological interactions, characterized by a very large momentum
cutoff and a strong repulsive core at short distances, while the NNLOsat interaction is a
relatively ”soft” chiral potential [56, 92] (Sec. 2.2). The hard core may induce correlations
that necessarily require the introduction of non-local terms 1.3.25 in the nuclear EDF in
order to be simulated by DFT calculations. In chiral interactions such as NNLOsat, the
effects of the repulsive core are milder and thus the LDA may be more appropriate. By
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Figure 5.4: Binding energies per nucleon for a sample of even-even nuclei. The QMC
results are shown alongside the HF results obtained with the EDF. See text for details.

Figure 5.5: Proton and neutron radii for a sample of even-even nuclei. The QMC results
are shown alongside the HF results obtained with the EDF.
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Figure 5.6: Neutron, proton and number densities for the 48Ca nucleus obtained with
QMC calculations and with the EDF.

Figure 5.7: Neutron, proton and number densities for the 90Zr nucleus obtained with
QMC calculations and with the EDF.
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comparing Fig. 5.6 and 4.8, for example, it is apparent that the AV 41`UIXc interaction
produces a much more rapidly varying density profile than NNLOsat (or the SkP EDF),
so that the hypothesis behind the LDA [86] (Sec. 3.3) may not be valid.
In order to further explore this possibility, it would be interesting to construct LDA EDFs
based on more sophisticated Argonne potential, e.g. AV 61 or AV 81, or on other soft
chiral potentials, and test them on finite nuclei. The study of other Argonne interactions
is potentially very important, as it would allow to understand if there exists a relation
between the saturation density, that significantly differs between AV 41 ` UIXc and the
other Argonne+Urbana forces, and the behaviour of the LDA EDFs in finite nuclei.
Also, studying the energy density profile (Eprq or 4πr2 Eprq) may help understand the
weight of bulk vs. surface in the distribution of the binding energy [79], in both the EDF
and ab initio results.

5.4 Conclusions

We have performed AFDMC calculations of symmetric and neutron matter and of a set of
closed-subshell nuclei with the AV 41`UIXc interaction and we have noticed that, on the
one hand, this potential, in spite of its simplicity, predicts reasonable radii and binding
energies in finite nuclei (Fig. 5.3), as already reported in Ref. [24]; on the other hand, it
gives rise to clearly unrealistic nuclear matter EoS, with a very high saturation density
(ρsat « 0.26 fm´3) and a low saturation energy (Esat « ´24 MeV). This is an instance of
the general difficulty of finding a three-body force that allows to reproduce the empirical
saturation point and at the same time performs well in finite nuclei [91]. In this case, this
issue is particularly evident, due to he simple structure of the AV 41 ` UIXc interaction.
In passing, we mention that in infinite matter the AFDMC statistical uncertainties show
an increasing trend as the density increases (Fig. 5.2). This is feature common to different
many-body methods.
The AV 41`UIXc EoS have been fitted with polynomial functions of the Fermi momentum
kF . The p2, 3, 4, 6q parametrization has been used to derive a LDA EDF following the
method exposed in Ch. 3, which has then been applied to finite nuclei. The comparison of
the EDF with the AFDMC results shows extremely large differences: the LDA functional
reproduces the AV 41 ` UIXc interaction in infinite matter, but not in finite nuclei, that
are clearly overbound. Also, the EDF predicts too small radii and rather sharp density
profiles. The Local Density Approximation is, in contrast to the NNLOsat case (Ch. 4),
clearly inadequate.
A possible explanation of the very different behaviour of the LDA in the two cases (EDFs
based on NNLOsat or on AV 41 ` UIXc) takes into account the fact that the Argonne
potentials belong to a family of ”hard” phenomenological interactions, characterized by
a very large momentum cutoff and a strong repulsive core at short distances, while the
NNLOsat interaction is a relatively soft chiral potential [56, 58]. The hard core may
induce short-range correlations that are cannot be properly mimicked by the LDA and
that require instead the introduction of density gradients. This hypothesis may be further
investigated by studying other interactions, e.g. more sophisticated Argonne potentials,
and quantities such as the energy density distribution [79].



Chapter 6

Conclusions

In this work, we have explored the possibility of constructing energy density functionals
based on ab initio calculations of nuclear matter. We have proposed to interpolate the
theoretical EoS of neutron matter and symmetric matter with polynomial functions of
the Fermi momentum kF . Then, we have discussed how a nuclear EDF can be obtained
from the nuclear matter results by means of the Local Density Approximation (LDA). We
have performed AFDMC calculations with the phenomenological AV 41`UIXc potential
in both nuclear matter and finite nuclei and constructed LDA functionals based on the
resulting EoS, as well as on the SCGF EoS obtained in Ref. [20] with the NNLOsat

interaction.
In the case of the NNLOsat interaction, the LDA provides quite reasonable results, with
a fair reproduction of the charge radii and binding energies. The latter get increasingly
closer to experiment as the mass number increases, suggesting that the surface terms,
that are absent in the LDA EDF, have a weaker effect in heavier nuclei. In this case, the
LDA functional looks like a promising starting point to build more complex and accurate
ab initio-motivated nuclear EDFs.
In the case of the AV 41 ` UIXc potential, on the other hand, the LDA functional fails
to reproduce the Monte Carlo results: it predicts strongly overbound nuclei and at the
same time gibes rise to much smaller radii and steeper density profiles. It seems that in
this case the LDA ansatz fails to capture the correlations of the microscopic interaction.
A hypothesis (Sec. 5.3) is that the very different behaviour in the two cases may be
due to the phenomenological AV 41 interaction being very hard (large momentum cut-
off): the strongly repulsive character at short distances may induce correlations in the
many-nucleon wave function that cannot be mimicked by an energy functional that is
purely local in the densities. Further work is necessary to prove or disprove this possible
explanation. To what extent the introduction of gradient terms in the EDF may improve
the outcomes is another interesting open question.
In conclusion, the method discussed in this work to define nuclear EDFs grounded in ab
initio EoS suggests that the information contained in nuclear matter is not sufficient to
accurately reproduce finite nuclei observables. Gradient and spin-orbit contributions are
a necessary element of the nuclear energy functionals. The Local Density Approximation
is however, at least for the NNLOsat case, a promising starting point for further explo-
rations and improvements.

There are several possible developments to this thesis. First of all, it would be inter-
esting to study LDA functionals based on different microscopic interaction, e.g. a more
sophisticated Argonne potential, such as AV 61 or AV 81, or a very soft chiral interaction.
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This would help to gauge the importance of the hard/soft character of a given potential
on the EDF results. Also, it would allow to understand the correlation, if any, between
the saturation density of symmetric matter and the behaviour of the EDFs in finite nuclei.
A longer-term goal is to obtain accurate ab initio-based EDFs. The general philosophy
of a ”step by step” improvement, relying as much as possible on ab initio calculations,
can be pushed forward in several respects. In order to constrain the gradient terms (in
particular the isovector gradient term), one could study the neutron drops, i.e. neutron
matter trapped in a potential well, as suggested by Ref. [93, 94]. An alternative is to
study semi-infinite systems (slabs), in analogy to what has been done in condensed matter
physics. AFDMC and SCGF are both powerful methods; further useful information may
be drawn from a comparison between them.
Lastly, Bayesian techniques may be used to improve the fitting procedure and test the
sensibility of the EDFs to variations in the EoS parameters [95].



Appendix A

Derivation of the Hartree-Fock
equations

In this Section, we provide a derivation of the basic equations of the Hartree-Fock method.
The core of the Hartree-Fock (HF) method lies in the independent-particle picture: one
assumes that each particle of a system of A fermions can be described as an independent
particle moving in an average potential generated by the interactions with all the other
A´1 fermions. In nuclear physics, the success of the shell model in explaining qualitatively
several properties of the nuclei suggests that an average potential exists [26]. Thus, the
starting point amounts to considering an A-particle system with Hamiltonian H “ T `V ,
with V a two-body interaction, and assuming the existence of the average Hamiltonian:

HHF
“

A
ÿ

i“1

hpiq (A.0.1)

We call |HF y the ground state of HHF , with energy EHF “ xHF |H |HF y. The varia-
tional principle implies that EHF is an upper limit for the true ground state energy of H.
The ground state of HHF is the Slater determinant:

|HF y “ |Φp1...Aqy “
A
ź

k“1

c:k |0y (A.0.2)

where |0y is the vacuum state and c:k is the creation operator for an eigenstate k of the
single-particle Hamiltonian h. In the coordinate space representation, the one-particle
wave functions, φkpiq “ xrisiti|ky, satisfy:

hpiqφkpiq “ εkφkpiq i “ pri, si, tiq (A.0.3)

In this representation, the ground state is given by φp1...Aq “ dettφkpiqu. |HF y is an
approximation to the true ground state wave function.
The strategy is now to calculate the expectation value of H on |HF y and then to minimize
it in order to determine the optimal orbitals and HF potential. We roughly follow the
derivation of Ref. [26]. In second quantization, the Hamiltonian operator looks like:

H “ T ` V “
ÿ

12

t12c
:

1c2 `
1

4

ÿ

1234

v̄12,34c
:

1c
:

2c4c3 (A.0.4)

where t12 “ xa| t |2y and v̄12,34 “ x12| v |34y´x12| v |43y are the antisymmetrized matrix ele-
ments of the potential. The sums are extended over a generic basis of single-particle states.
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It is useful to introduce the density matrix ρ12 “ xHF | c:2c1 |HF y. EHF “ xHF |H |HF y
is easier to calculate if we make use of Wick’s theorem (see e.g. [67]):

xHF | c:1c
:

2c4c3 |HF y “ xHF | c:1c3 |HF y xHF | c:2c4 |HF y ´ xHF | c:1c4 |HF y xHF | c:2c4 |HF y
“ ρ31ρ42 ´ ρ41ρ32

(A.0.5)
As v̄12,34 “ v̄12,43, the expectation value of the potential finally reads:

xHF |V |HF y “ 1

2

ÿ

1234

v̄1234ρ31ρ42 (A.0.6)

Thus the HF energy is:

EHF
rρs “

ÿ

12

t12ρ21 `
1

2

ÿ

1234

ρ31v̄1234ρ42 (A.0.7)

The dependence of EHF on the single-particle density has been highlighted. Its variation
is given by:

δE “ Erρ` δρs ´ Erρs “
ÿ

ij

hijδρji (A.0.8)

where the matrix h is defined as:

hij “
BEHF rρs

Bρji
(A.0.9)

Inserting Eq. A.0.7, it is easy to show that:

hij “ tij `
ÿ

12

v̄i1,j2ρ21 (A.0.10)

This means that h is a single-particle operator given by the sum of the kinetic energy t
and of the self-consistent field Γ:

Γijrρs “
ÿ

12

v̄i1,j2ρ21 (A.0.11)

Ref. [26] shows that the vanishing of the variation, δE “ 0, implies rh, ρs “ rt`Γrρs, ρs “
0, thus h and ρ can be diagonalized simultaneously. The Hartree-Fock basis is that in
which the two operators are indeed diagonal, leading to the eigenvalue problem for h:

hij “ tij `
A
ÿ

l“1

v̄il,jl “ εiδij (A.0.12)

while ρii “ 1 for i ď A and “ 0 otherwise. Eq. A.0.12 is a pretty general form of the HF
equations and, although it may look unfamiliar, as in many applications the coordinate
space representation is used, it is very compact and will help in deriving a few interesting
relations. Also, already at this stage it is clear that HF equations most be solved in an
iterative fashion, since the mean field Γrρs at the same time determines and is determined
by the solution of the HF equations.
Let us start from Eq. A.0.7: in the HF basis, ρ is diagonal, leading to:

EHF
rρs “

ÿ

i

ti `
1

2

ÿ

ij

v̄ij,ij (A.0.13)
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Then, we make use of the mean field equations: setting i “ j in Eq. A.0.12 and summing
over i, then plugging into the previous expression for EHF , one obtains the following
formula for the HF energy:

EHF
“

1

2

ÿ

i

pti ` εiq (A.0.14)

In the case the potential depends on the density, V “ V rρs, Eqs. A.0.14 and A.0.10 need
to be generalized. Since EHF “ xHF |T ` V rρs |HF y, the single-particle Hamiltonian is
given by:

hij “
BEHF rρs

Bρji
“ tij `

ÿ

12

v̄i1,j2ρ21 ` xHF |
δv

δρji
(A.0.15)

It is easy to show [26] that the total energy includes an additional contribution Erea,
called rearrangement energy:

E “
1

2

˜

T `
ÿ

k

εk

¸

` Erea (A.0.16)

where:

Erea “ ´
1

2

ÿ

ij

xHF | δv
δρji
|HF y ρij (A.0.17)



Appendix B

Relation to empirical parameters

In this Chapter, we investigate how the model EoS presented in Sec. 3.3 are related to
the empirical parameters of nuclear matter. In Sec. B.1 we remind some basic concepts of
thermodynamics. Then, in Sec. B.2 we derive the expression of the empirical parameters
from the polynomial model EoS, while in Sec. B.3 we go in the other direction and
show how the model coefficients can be deduced from the knowledge of the empirical
parameters.

B.1 Thermodynamics

In this section, we briefly review some elements of thermodynamics and statistical me-
chanics. The fundamental principle of thermodynamics is the equation which defines the
relation between the internal energy E of a given system with the extensive quantities
entropy S, volume V and number of particles Ni for every species i of particles:

dE “ T dS ´ P dV `
ÿ

i

µi dNi (B.1.1)

The intensive quantities are thus defined: T is the temperature, P the pressure and µi the
chemical potentials. The internal energy must be considered as a function E “ EpS, V,Niq

of the extensive quantities.
Euler relations for homogeneous functions [67] yield the finite expression for EpS, V,Niq:

E “ TS ´ PV `
ÿ

i

µiNi (B.1.2)

If the energy is known, e.g. from a quantum-mechanical ground state calculation or
a statistical mechanics approach, then Eq.B.1.1 and B.1.2 connects it to macroscopic
quantities. If one writes known the general expression for the differential of EpS, V,Niq

and compares to Eq. B.1.1, then it follows that:

T “

ˆ

BE

BS

˙

V,Ni

(B.1.3)

P “ ´

ˆ

BE

BV

˙

S,Ni

(B.1.4)

µi “

ˆ

BE

BNi

˙

S,V, tNjuj‰i

(B.1.5)

67
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As common rule in thermodynamics, we keep note of the variables which are kept fixed
when deriving. It is useful to write the pressure as a function of the number density ρ “ N

V

and of the energy per particle e “ E
N

. First, we derive a simple identity, which relates the
derivatives with respect to V and to ρ at fixed number of particles N :

B

BV
“
Bρ

BV

B

Bρ
“ ´

N

V 2

B

Bρ
“ ´

ρ

V

B

Bρ
(B.1.6)

Then, E “ eN , thus:

P “ ´
BE

BV
“ ´N

Be

BV
“ p´Nq

ˆ

´
ρ

V

B

Bρ

˙

e “ ρ2 Be

Bρ
(B.1.7)

Next, we introduce the compressibility:

χ “ ´
1

V

ˆ

BP

BV

˙´1

S,N

(B.1.8)

A change of variable from V to ρ “ N{V , keeping the number of particles fixed, leads,

due to the identity B

BV
“ ´

ρ
V
B

Bρ
, to χ “ 1

ρ

´

BP
Bρ

¯´1

, or, inserting Eq. B.1.7:

1

χ
“ ρ3 B

2e

Bρ2
(B.1.9)

B.2 Calculation of the empirical parameters

In this Section, we derive the explicit expression that derive the model EoS of Sec. 3.3 to
the empirical parameters of nuclear matter [80] (Sec. 3.2). We start from:

epρ, βq “ tpρ, βq ` vpρ, βq

vpρ, βq “
ÿ

γ

cγpβqρ
γ

cγpβq “ cγ,0 ` cγ,1β
2

(B.2.1)

where

tpρ, βq “
tsat
2

”

p1` βq
5
3 ` p1´ βq

5
3

ı

ˆ

ρ

ρsat

˙
2
3

tsat “ tpρsat, 0q “
3~2

10m

ˆ

3π2

2

˙
2
3

ρ
2
3
sat

(B.2.2)

We assume that the EoS is known; then the saturation density is promptly obtained by
minimizing the energy per particle in symmetric matter, epρ, 0q.
We split the discussion of the parameters in the saturation (or isoscalar) channel (ρsat,
Esat and Ksat) form that of the coefficients in the symmetry (or isovector) channel (Esym,
Lsym, and Ksym).
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Isoscalar channel The first and second derivatives of t and v with respect to the density
are given by:

Bt

Bρ
“

2

3

t

ρ

B2t

Bρ2
“ ´

2

9

t

ρ2
(B.2.3)

Bv

Bρ
“
ÿ

γ

γcγpβqρ
γ´1 B2v

Bρ2
“
ÿ

γ

γpγ ´ 1qcγpβqρ
γ´2 (B.2.4)

The saturation density is determined by the condition:

Be

Bρ

∣∣∣∣
ρ“ρsat,β“0

“ 0 (B.2.5)

while saturation energy and incompressibility satisfy:

Esat “ epρ “ ρsat, β “ 0q

Ksat “ 9ρ2
sat

B2e

Bρ2

∣∣∣∣
ρ“ρsat,β“0

(B.2.6)

Isovector channel The symmetry energy esympρq 3.2.6 implies that:

esympρq “
1

2

B2e

Bβ2

∣∣∣∣
β“0

” tsympρq ` vsympρq (B.2.7)

where:

tsympρq ”
1

2

B2t

Bβ2

∣∣∣∣
β“0

“
5

9
tsat

ˆ

ρ

ρsat

˙
2
3

(B.2.8)

vsympρq ”
1

2

B2v

Bβ2

∣∣∣∣
β“0

“
ÿ

γ

cγ,1ρ
γ (B.2.9)

While the potential term is quadratic in β, the kinetic term is not. The formula esympρq «
epρ, 1q ´ epρ, 0q, however, provides quite an accurate estimate of the symmetry energy.
The derivatives of the symmetry energies are:

Btsym
Bρ

“
2

3

tsym
ρ

B2tsym
Bρ2

“ ´
2

9

tsym
ρ2

Bvsym
Bρ

“
ÿ

γ

γcγ,1ρ
γ´1 B2vsym

Bρ2
“
ÿ

γ

γpγ ´ 1qcγ,1ρ
γ´2

(B.2.10)

At the saturation point:

tsympρsatq “
5

9
tsat

Btsym
Bρ

∣∣∣∣
ρsat

“
10

27

tsat
ρsat

B2tsym
Bρ2

∣∣∣∣
ρsat

“ ´
10

81

tsat
ρ2
sat

(B.2.11)

Then, the empirical coefficients satisfy the following expressions:

Esym “ esympρsatq “
5

9
tsat `

ÿ

γ

cγ,1ρ
γ
sat (B.2.12)

Lsym “ 3ρsat
Besym
Bρ

∣∣∣∣
ρsat

“
10

9
tsat ` 3

ÿ

γ

γcγ,1ρ
γ
sat (B.2.13)

Ksym “ 9ρ2
sat

B2esym
Bρ2

∣∣∣∣
ρsat

“ ´
10

9
tsat ` 9

ÿ

γ

γpγ ´ 1qcγ,1ρ
γ
sat (B.2.14)
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B.3 From empirical parameters to the model EoS

The relations exposed in the previous section can also be read in another way: the model
coefficients cγ and csymγ can be deduced from the empirical parameters, once the exponents
γ have been chosen. The relations depend on the number of terms included in the potential
B.2.1; a detailed discussion is carried for N “ 3 terms and results for N “ 2 are reported.
The N “ 3 potential energy per particle is written as:

vpρ, βq “ cλpβqρ
λ
` cµpβqρ

µ
` cνpβqρ

ν (B.3.1)

where the coefficients cγpβq have the usual form 3.3.5

cγpβq “ cγ,0 ` cγ,1β
2 (B.3.2)

It is not necessary to impose any other restriction on the coefficients or on the exponents
λ, µ and ν, which are assumed to be general. What is going to be shown is that the
six model coefficients (cγ,0, cγ,1) are in a one-to-one correspondence with six empirical
parameters: ρsat, Esat, Esym, Lsym, Ksat and Ksym.

Isoscalar channel The empirical parameters ρsat, Esat and Ksat can be computed from
their definitions 3.2.3, 3.2.2 and 3.2.4. First and second derivatives of t and v are:

Bt

Bρ
“

2

3

t

ρ

B2t

Bρ2
“ ´

2

9

t

ρ2
(B.3.3)

Bv

Bρ
“
ÿ

γ

γcγpβqρ
γ´1 B2v

Bρ2
“
ÿ

γ

γpγ ´ 1qcγpβqρ
γ´2 (B.3.4)

Applying this formulae to the potential B.3.1, and using tpρsat, 0q “ tsat,
Be
Bρ
“ 2

3
tsat
ρsat

and
B2e
Bρ2
“ ´2

9
tsat
ρ2sat

, with tsat given by 3.2.16, then the following equations are obtained:

cλ,0ρ
λ
sat ` cµ,0ρ

µ
sat ` cν,0ρ

ν
sat ` tsat “ Esat (B.3.5)

λcλ,0ρ
λ
sat ` µcµ,0ρ

µ
sat ` νcν,0ρ

ν
sat `

2

3
tsat “ 0 (B.3.6)

λpλ´ 1qcλ,0ρ
λ
sat ` µpµ´ 1qcµ,0ρ

µ
sat ` νpν ´ 1qcν,0ρ

ν
sat ´

2

9
tsat “

Ksat

9
(B.3.7)

Isovector channel Specializing Eqs. B.2.12. B.2.13 and B.2.14 to the N “ 3 case:

cλ,1ρ
λ
sat ` cµ,1ρ

µ
sat ` cν,1ρ

ν
sat `

5

9
tsat “ Esym (B.3.8)

λcλ,1ρ
λ
sat ` µcµ,1ρ

µ
sat ` νcν,1ρ

ν
sat `

10

27
tsat “

Lsym
3

(B.3.9)

λpλ´ 1qcλ,1ρ
λ
sat ` µpµ´ 1qcµ,1ρ

µ
sat ` νpν ´ 1qcν,1ρ

ν
sat ´

10

81
tsat “

Ksym

9
(B.3.10)

For a given set of exponents γ, the equations B.3.5-B.3.7 and B.3.8-B.3.10 can be read in
two ways:
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• If the model coefficients tcγ,0u, tcγ,1u are known, for example if they have been
determined by fitting a set of data points, then the relations above allow to calculate
analytically the empirical parameters;

• viceversa, if one wants to determine the coefficients of the model EoS from some
known values of the empirical quantities, then the equations above can be seen as
linear systems which can be easily solved numerically.

The first method is followed in this work. As for the second method, which is used e.g.
in Ref. [80], it is convenient to rearrange the six equation in matrix form as:

Axsat “ bsat Axsym “ bsym (B.3.11)

where the matrix A and the vectors xsat{sym and bsat{sym are given by:

A “

¨

˝

ρλsat ρµsat ρνsat
λρλsat µρµsat νρνsat

λpλ´ 1qρλsat µpµ´ 1qρµsat νpν ´ 1qρνsat

˛

‚ (B.3.12)

xsat “

¨

˝

cλ,0
cµ,0
cν,0

˛

‚ bsat “

¨

˝

Esat ´ tsat
0

Ksat`2tsat
9

˛

‚ (B.3.13)

xsym “

¨

˝

cλ,1
cµ,1
cν,1

˛

‚ bsat “

¨

˝

Esym ´
5
9
tsat

Lsym
3
´ 10

27
tsat

Ksym
9
` 10

81
tsat

˛

‚ (B.3.14)

Case N=2 In case of a 2-terms potential

vpρ, βq “ cλpβqρ
λ
` cµρ

µ (B.3.15)

a link between the four model coefficients cλ,0{1 and cµ,0{1 and the four empirical parameters
ρsat, Esat, Esym and Lsym is easily established. With the same matrix notation as before,
the four equations are written as:

Axsat “ bsat Axsym “ bsym (B.3.16)

where:

A “

ˆ

ρλsat ρµsat
λρλsat µρµsat

˙

(B.3.17)

xsat “

ˆ

cλ,0
cµ,0

˙

bsat “

ˆ

Esat ´ tsat
0

˙

(B.3.18)

xsym “

ˆ

cλ,1
cµ,1

˙

bsat “

ˆ

Esym ´
5
9
tsat

Lsym
3
´ 10

27
tsat

˙

(B.3.19)

Example Consider the following potential:

vpρ, βq “ c1pβqρ` c2pβqρ
2 (B.3.20)

Set ρsat “ 0.16 fm´3, Esat “ ´16MeV , Esym “ 31.5MeV and Lsym “ 60MeV . Then
the numerical solution of B.3.16 gives:

c1,0 “ ´384.23 c1,1 “ 166.40 c2,0 “ 912.86 c2,1 “ ´289.30 (B.3.21)

We have not written explicitly the dimension of the coefficients. In general, rcγs “
MeV fm3γ.



Appendix C

Mean field and rearrangement
energy for the LDA functional

In this Appendix, we complement the discussion of the LDA nuclear energy functional
exposed in Ch. 3. In Sec. C.1 the expression of the mean field potential Uqprq is derived.
In Sec. C.2 the rearrangement energy contribution is calculated. In Sec. C.3 a numerical
test is reported.

C.1 Derivation of the mean field potential

We derive the mean field potential Uqprq for the local energy functional introduced in Sec.
3.4. By definition:

Uqprq “
δEpot
δρqprq

q “ n, p (C.1.1)

Since:
E rτ, ρ, βs “ Ekin rτ s ` Eloc rρ, βs ` ECoul rρps (C.1.2)

where:

Ekin rτprqs “

ż

dr Ekinprq

Eloc rρprq, βprqs “

ż

dr Elocprq
(C.1.3)

and
Elocprq “

ÿ

γ

cγ pβprqq ρ
γ`1
prq “

ÿ

γ

`

cγ,0 ` cγ,1β
2
prq

˘

ργ`1
prq (C.1.4)

while the Coulomb energy is shown in Eq. 1.3.6, then:

Uqprq “
BEloc
Bρq

“
BEloc
Bρ

Bρ

Bρq
`
BEloc
Bβ

Bβ

Bρ
“
BEloc
Bρ

`
Bβ

Bρq

BEloc
Bβ

(C.1.5)

The chain rule has been used. We remind that ρ “ ρn ` ρp and β “ ρn´ρp
ρ

and move on
to calculate the three different pieces.

Bβ

Bρq
“

1

ρ

B

Bρq
pρn ´ ρpq ` pρn ´ ρpq

ˆ

´
1

ρ2

˙

Bρ

Bρq
“
τz
ρ
´
β

ρ
“
τz ´ β

ρ
(C.1.6)

where τz “ `1 for neutrons and τz “ ´1 for protons.

BEloc
Bρ

“
ÿ

γ

pγ ` 1q cγpβqρ
γ (C.1.7)
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As usual, cγpβq “ cγ,0 ` cγ,1β
2. Then:

BEloc
Bβ

“
ÿ

γ

Bcγpβq

Bβ
ργ “ 2β

ÿ

γ

cγ,1ρ
γ`1 (C.1.8)

Putting the different terms together, one obtains:

Uq “
ÿ

γ

pγ ` 1qcγpβqρ
γ
` pτz ´ βq 2β

ÿ

γ

cγ,1ρ
γ
“
ÿ

γ

”

pγ ` 1q cγpβqρ
γ
` 2β pτz ´ βq cγ,1

ı

ργ

(C.1.9)
Finally:

Uqprq “
ÿ

γ

”

pγ ` 1q cγ,0 ` 2β pτz ´ βq cγ,1 ` pγ ` 1qcγ,1β
2
ı

ργ (C.1.10)

C.2 Rearrangement energy

The total energy in the Hartree-Fock method with density independent interaction is
given by the formula A.0.14:

E “
1

2

˜

T `
ÿ

k

εk

¸

(C.2.1)

where T is the kinetic energy and εk are the energy eigenvalues. However, when dealing
with density dependent interactions, a correction term, called rearrangement energy, must
be added:

E “
1

2

˜

T `
ÿ

k

εk

¸

` Erea (C.2.2)

While Ref. [26] gives a general definition of rearrangement energy (Eq. A.0.17, here we’ll
employ a more practical expression. Below one finds a detailed calculations of Erea for
the local functional of Sec. 3.4. The equality of the energies obtained in two different
ways - direct integration versus Hartree-Fock formula C.2.2 - is very strong hint of the
correctness of the numerical implementation of the Hartree-Fock method.

Local functional The local functional 1.3.24 is defined as:

E “ ~2

2m
τ ` Elocprq (C.2.3)

where:

Eloc “ Eloc
”

ρprq, βprq
ı

“
ÿ

γ

cγpβqρ
γ`1 (C.2.4)

with cγpβq “ cγ,0 ` cγ,1β
2. The energy is a functional E “ E

“

ρ, β, τ
‰

. The effective mass
is equal to the bare mass and we have included no spin orbit or surface terms. The mean
field potential Uq is given by Eq. C.1.10. Now, the rearrangement energy is defined as:

Erea “

ż

dr Elocprq ´
1

2

ÿ

q

ż

drUqprqρqprq (C.2.5)
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40Ca 48Ca 90Zr 132Sn 208Pb

E(int) -414.455 -472.945 -843.223 -1152.721 -1664.800
E(HF) -414.458 -472.944 -843.223 -1152.713 -1664.788

Table C.2.1: Energies computed with Eq. C.2.2 (EpHF q) and by integration of the energy
density (Epintq) using the local interaction p2, 5, 6q (see text).The agreement of the two
estimates of the total energy is remarkable.

Then:

ÿ

q

Uqρq “ Unρn ` Upρp “ rUnp1` βq ` Upp1´ βqs
ρ

2
“ rpUn ` Upq ` pUn ´ Upq βs

ρ

2

(C.2.6)
We calculate Un ` Up and Un ´ Up separately.

Un`Up “ 2
ÿ

γ

“

pγ ` 1q cγ,0 ´ 2β2cγ,1 ` pγ ` 1q β2cγ,1
‰

ργ “ 2
ÿ

γ

“

pγ ` 1q cγ,0 ` pγ ´ 1q β2cγ,1
‰

ργ

(C.2.7)
The τz terms in Uq vanish in the sum, as τz “ 1 for neutrons and τz “ ´1 for protons.
Since:

Un ´ Up “
ÿ

γ

4βcγ,1ρ
γ (C.2.8)

then:
ÿ

q

Uqρq “
ρ

2
2
ÿ

γ

“

pγ ` 1q cγ,0 ` pγ ` 1q β2cγ,1
‰

ργ`1 (C.2.9)

Plugging into the definitions of Erea:

Erea “

ż

dr
ÿ

γ

`

cγ,0 ` β
2cγ,1

˘

ργ`1
´

ˆ

1` γ

2

˙

`

cγ,0 ` β
2cγ,1

˘

ργ`1 (C.2.10)

and finally:

Erea “

ż

dr
ÿ

γ

ˆ

1´ γ

2

˙

`

cγ,0 ` β
2cγ,1

˘

ργ`1 (C.2.11)

Tab. C.2.1 shows a very good agreement between total energies computed with Eq. C.2.2
(EpHF q in the table) and by direct integration (Epintq), E “

ş

dr E , using the interaction
p2, 5, 6q described in Ch. 4 and Tab. 4.2.2.

C.3 Test with a t0 ´ t3 Skyrme interaction

As a test for the correctness of the energy-density functional introduced in Ch. 3, we
consider an especially simple Skyrme functional and show that it can be mapped to a
local functional 1.3.24. We then check that the calculation with such simple functional
and with the thus defined local functional yield the same results.
The energy density of the Skyrme functional is given by:

Ekin “
~2

2m
τ (C.3.1)
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E “ Ekin `H0 `H3 (C.3.2)

where

H0 “
t0
4

´

2ρ2
´ pρ2

n ` ρ
2
pq

¯

(C.3.3)

H3 “
t3
24
ρ

1
6

´

2ρ2
´ pρ2

n ` ρ
2
pq

¯

(C.3.4)

with t0 “ ´2931.7 and t3 “ 18709. Comparing with the general expression of Skyrme
functionals [14], we can see that it is very simple, as it depends only on proton and neutron
densities, but does not contain gradient and spin orbit terms. We will call it a t0 ´ t3
functional. We want to show that this energy density can be expressed in the form:

E “ Ekin ` Eloc (C.3.5)

Elocpρ, βq “
ÿ

γ

cγpβqρ
γ`1

“
ÿ

γ

´

cγ,0 ` cγ,1β
2
¯

ργ`1 (C.3.6)

It is convenient to express H0 and H3 as a function of the total density ρ “ ρn ` ρp and
the asymmetry β “ ρn´ρp

ρ
. As ρn “

1`β
2
ρ and ρp “

1´β
2
ρ, it follows that:

ρ2
n ` ρ

2
p “

ρ2

2

`

1` β2
˘

(C.3.7)

and then:

ρ2
´
`

ρ2
n ` ρ

2
p

˘

“
ρ2

2

`

3´ β2
˘

(C.3.8)

Finally:

H0 “
t0
8

`

3´ β2
˘

ρ2 (C.3.9)

H3 “
t3
48

`

3´ β2
˘

ρ
13
6 (C.3.10)

Comparing with Eq. C.3.6, we see that t0 ´ t3 has the form:

Elocpρ, βq “ H0 `H3 “ c1pβqρ
2
` c7{6pβqρ

13
6 (C.3.11)

The coefficients are reported in C.3.1:

γ c0 c1 cpβ “ 1q

1 3
8
t0 ´ t0

8
t0
4

7
6

3
48
t3 ´ t3

48
t3
24

Table C.3.1: Parameters of the t0´t3 Skyrme functional, expressed in the form Eq. C.3.6.

Last, we report a sample of results that show that the local functional with the po-
tential term C.3.11 is actually equivalent to the t0´ t3 functional (Tab. C.3.2 and C.3.3).
Results are reported with 5 decimal digits and show a perfect agreement between the two
energy functionals.
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Binding energy (MeV) 40Ca 48Ca 90Zr 132Sn 208Pb

t0 ´ t3 functional -456.16986 -523.88383 -940.61031 -1301.71945 -1898.21477
Local functional -456.16986 -523.88383 -940.61031 -1301.71945 -1898.21477

Table C.3.2: Total binding energies for a sample of doubly magic nuclei, calculated with
the t0 ´ t3 Skyrme functional and with the local functional defined by Eqs. C.3.11 and
C.3.5. Results are reported with 5 decimal digits.

Charge radius (fm) 40Ca 48Ca 90Zr 132Sn 208Pb

t0 ´ t3 functional 3.22176 3.34199 4.10581 4.62990 5.40684
Local functional 3.22176 3.34199 4.10581 4.62989 5.40684

Table C.3.3: Charge radii for a sample of doubly magic nuclei, calculated with the t0´ t3
Skyrme functional and with the local functional defined by Eqs. C.3.11 and C.3.5. Results
are reported with 5 decimal digits.
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[5] Vittorio Somà. Self-consistent Green’s function theory for atomic nuclei. 2020. arXiv:
2003.11321 [nucl-th].

[6] Michael Bender, Paul-Henri Heenen, and Paul-Gerhard Reinhard. “Self-consistent
mean-field models for nuclear structure”. In: Rev. Mod. Phys. 75 (2003), pp. 121–
180. doi: 10.1103/RevModPhys.75.121.
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