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Introduction

At present, a nuclear model that describes phenomenology fout court is not yet
available. A very successful theoretical approach is the self-consistent mean-field
(SCMF) one. The approach is based on an independent particle picture, where
nucleons are considered to be self-bound by the average of the two-body interactions
over the states occupied by the other particles. The resulting field is created in a self-
consistent way. Such a field is considered to be static, so that dynamical corrections
are neglected. Specifically, this approach can be realized by means of an adopted
effective interaction, solved at the level of the Hartree-Fock approximation. In atomic
physics, energy density functionals of high accuracy can be derived from the electron
gas theory. In contrast, in nuclear physics, the form of the effective interaction might
be at most motivated from some ab initio theory, which is not as reliable as it is for
electronic systems. In fact, in this field we do not know in detail the force acting
between nucleons. Expressly, the functionals start directly from an effective theory,
which considers fit parameters to be fixed on nuclear structure data.

During the past years the Milan nuclear physics research group, as well as many
others, has mainly investigated the nuclear effective interaction by using a zero-range
force, such as the one introduced by T. Skyrme in 1959 [12]. In this work we decided
to adopt a finite-range potential, as first presented by D. M. Brink and E. Boeker in
1967 [4]. In their paper two ranges are introduced as parameters of the interaction.
They physically indicate the distance at which the force acts. In the literature [4,
11], guided by some physical estimates, the ranges of the nucleon-nucleon effective
interaction have been fixed at the start of the fitting protocol, and hence could not
have been considered as fit parameters to be properly investigated. Another reason
for this choice to be made is that as the ranges are allowed to be fit parameters, the
work winds up in a numerical analysis, while many authors have often sticked to the
idea that a physical guidance, coming e.g. from the meson-exchange picture, should
dictate the values of the ranges. In these papers, the ranges have been chosen as
1 =0.5-0.7fm and pp = 1.0 — 1.2 fm. Although these values bear some resemblance
with the ranges associated with the one- and two-pion exchange, we work here along
the idea that the interaction is purely effective.

Thus, the main aim of this work is to give an explanation of the role of the range in
the nuclear effective interaction, and to clarify the sensitivity of nuclear matter prop-
erties to it. In particular, we did that by studying the Equation of State of symmetric
nuclear matter, an infinite system with equal proton and neutron densities, totally
spin unpolarized. The system choice and the effective interaction explored in this
thesis make the Equation of State analytic. Furthermore, in this case we know that the
wave functions expression has a simple plane-wave form. Nuclear matter properties,
that characterize the Equation of State around the saturation density, have been used
both as benchmark tools and as information to find the parameters.



viii INTRODUCTION

In chapter one, we give a general overview about the main empirical information
on the nucleon-nucleon interaction, a brief review regarding the SCMF models, a
thorough definition of the symmetric uniform nuclear matter limit, and lastly we
present the fundamentals of the Hartree-Fock approximation method.

In chapter two, with a couple of examples, we present how the Hartree-Fock
calculations can be technically carried out for uniform nuclear matter. First, we use a
zero-range density-dependent interaction as a preparatory example: this shows how
to handle the kinetic term and a two-body term in a simple case. In addition, this
kind of interaction is very popular in the field |12, 5], being one of the first to have
been proposed. Second, for the finite-range potential, we also compute the Equation
of State and we give most of the expressions and definitions used in chapter three.

How to determine the parameters of the adopted effective interaction is the
main topic of chapter three. We first present some nuclear matter properties that
characterize the symmetric matter Equation of State around the saturation density,
and that we have employed to find the parameters. By using as an example a zero-
range density-dependent effective interaction, we show how one may evaluate the
parameters of the potential. Thereby we first study an interaction whose expression is
made of just a single Gaussian function, and then we add a second Gaussian term to
it. The main purpose of this chapter is to understand what is the behavior of nuclear
properties, such as the incompressibility and the effective mass, as a function of the
range. In fact, we have many models relating some observables to these properties.
One important example is given by the giant monopole resonance (GMR) [8], which
is linked to the incompressibility and to its derivative with respect to density, M.
Another example is the giant quadrupole resonance (GQR), which depends on the
effective mass of the system. Thus, physical values for these properties does impact
on the accuracy of models describing, e.g., GMR or GQR. We also studied if having an
extra Gaussian make the model more flexible or not. Many results are analytic, some
others numerical, others obtained using a fit protocol. The analysis of the errors
affecting the obtained results is not a purpose of this work.



Chapter 1

Nuclear Systems

1.1 Main Empirical Information on the Nucleon-Nucleon
Interaction

We would like to recall the main features a nuclear interaction should reproduce.
The following explanation does not mean to be thorough. For more details see, e.g., [7}
10].

1.1.1 Nucleon-Nucleon force

1. Attractive : Being the deuterorﬂ with total angular momentum J =1 and even
parity, a bound system, the nuclear force shows a basically attractive character.
It is also clear, from the existence of stable self-bound atomic nuclei, that the
interaction between two nucleons is attractive, too.

2. Spin-dependent and Hard Core: The triplet system has a bound state (i.e. the
deuteron), while singlet state fails to be bound. Moreover, if the two particles
are identical and close enough, spins cannot be aligned because of the Pauli
principle. Thus, the deuteron is bound because neutrons and protons are
different particles and then they can stay close with aligned spins.

Also related to Pauli repulsion, measurements show that nucleon-nucleon
potential has a hard repulsive core with a range r = 0.4 fm.

3. Shortrange: Rough estimates of the range of the nucleon-nucleon force give
r = few fm. For example, one can consider the pion’s Compton wavelength,
which is, in fact, A7, = 1.4 fm. Otherwise, the inter-particle distance between
nucleons in nuclei is found to be around 1.1 fm. We will give a further example
of these estimates in section 3.3.

4. Noncentral : Since the deuteron has a quadrupole moment, the orbital angu-
lar momentum cannot be a constant of the motion, although total angular
momentum J is.

5. Charge independence : Charge independence implies the same forces in those
states that can be occupied by all three kinds of pairs nn, pp, and np.

1A deuteron is a bound system composed by a neutron and a proton.
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6. Exchange character : The differential cross section for neutron-proton scatter-
ing up to 600 MeV is full of backward scattering events, and shows a symmetry
around 7/2. Thereby, only even angular momentum states contribute to the
scattering amplitude. With the aim to explain this behavior, the idea of an
exchange force has been introduced as follows:

VM=V (x)Py, (1.1)
where Py is the Majorana space-exchange operator, so that
Pydp(Xi, Xj) = p(X;, Xi). (1.2)
Since
PatYim(2) = Vi (=8) = (1) Vi (2), (1.3)

odd-! terms in scattering amplitude can be eliminated by means of a Serber
force, defined by

1
Vserber = V(X)E(l + Pum). (1.4)

7. Spin-orbit force : In nucleon-nucleon scattering, large polarization of scat-
tered nucleons has been observed perpendicular to the plane of scattering. A
spin-orbit force is introduced to understand this polarization. Its contribution
is effective only at high energy, since it vanishes in s states. In addition, the
spin-orbit term has a huge relevance, since it explains shell effects, such as
level splitting and magic numbers.

1.1.2 Size and Charge Distribution

Elastic electron scattering indicates an average charge distribution of the type
given by a Woods-Saxon expression p = po(1 + e "®/4)~1 The charge distribution
expression is illustrated in figure[1.1}

1. The central nuclear density is approximately constant at py = 0.16 particles/fm?
from nucleus to nucleus. In fact, because of the short-range nature of the force,
nucleons interacts only with their neighbors, so that, when one adds a new par-
ticle to the system, most of the others are not directly affected by its presence.
Thus, interior density does not substantially change by increasing the number
of the nucleons A.

Charge [ PP —
] -
|
]

I

Figure 1.1: The nuclear charge-density distribution saturates inside the nucleus, as
one stays far from the surface.
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1
2. Empirically, it has been seen that the radius of a nucleus is given by rg A3, where
ro = 1 fm. By assuming nuclei to be spherical, one finds that the particle density
in nuclear matter is a constant p(ﬂ independent of the size of the nucleus.

A 3

=—=—. (1.5)
Vo oanrd

Po

3. Inter-particle distance in nuclei, characterized by [ = p_% = 2 fm, is found to
be greater than the root-mean-square radius of the proton. This observation
implies that interacting nucleons, within some energy range where distances
shorter than their radius are not involved, may be used as degrees of freedom
to understand the properties of the nuclei. Thereby, nucleons almost do not
feel the repulsive hard core of the nuclear interaction, but rather a smooth
potential, which is in good approximation the average interaction with the
others.

2Except that at the nucleus surface, where the binding energy quickly drops.
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1.2 Self-Consistent Mean-Field Models

The self-consistent mean-field (SCMF) approach is very useful to understand
the structure of the nuclear systems. This approach takes place midway between ab
initio models, that begin with a given nucleon-nucleon potential, and macroscopic
models (such as the famous liquid drop model), that predict the nucleon binding
energy, the nucleon radius, and so on, by looking at some global properties of nuclear
systems. The first kind of models are very effective in reproducing nucleon-nucleon
scattering data, but tend to fail in predicting quantitatively the saturation point,
if three-body interactions are not taken into account. Moreover, even at the state
of art, there are lot of issues when one tries to describe many-body systems using
them. Many Ansatz for the potential have been employed to fit experimental data.
The outcome shows different results for different choices of the nucleon-nucleon
interaction fitting the same data. Moreover, the results are different for different
many-body techniques used to solve each system. On the other hand macroscopic
models are able to reproduce quite well some average trends (such as the binding
energy trend) but are entirely based on the phenomenology. Most of these models do
not take into account the important shell structure effects.

Hence it comes the idea to find a kind of compromise. SCMF approach begins
at a microscopic nucleon-nucleon interaction level, although it considers effective
interactions working well for many-body systems. The method consists in finding a
self—consistenﬂ mean nuclear field with as few as possible phenomenological hints.
Thus, we have a theory at the level of the Hartree-Fock approximation. To build
up a mean field just from a nucleon-nucleon interaction has revealed to be very
cumbersome, and it seems to fail on a quantitative point of view. Thereby, it is much
easier to motivate from these nucleon-nucleon interactions at most the expression
for the potential, while some parameters are determined to fit the nuclear structure
data. For more advanced details on SCMF state of art, see [2].

1.2.1 The Gogny Interaction

Zero-range interactions have been first introduced by T. Skyrme [12]. A finite-
range interaction has been introduced by Brink and Boeker as a sum of two Gaussian
potential [4]. Dechargé and Gogny [6] have put together these ideas, obtaining one
of the most general forms for an effective interaction we have so far: the so-called
Gogny force

L

Lo 2
VGogny(Ir1 —12l) = Z e " (W;j+BijP;—HPy—M;P;P;)+

i=1,2
71+ 7
+t3(1+xopg)5(lf1—5|)pa(l 2)+
+iW (G +62) - kT x 8(17 - DK, (1.6)
where
1+07-07>
o=—fp— (1.7)

3A self-consistent method is an iterative process that begin with a reasonable starting guess for the
quantity to be determined (e.g. the eigenfunction of the system) to converge to the self-consistent result. A
possibility, as it happens in Hartree-Fock approximation, is to find some functional of the eigenfunctions
to be minimized.
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is the spin-exchange operator,

1+77-T5
P,:T12 (1.8)

is the isospin-exchange operator, and the relative momentum is
- i
k:—i(vl—VZ). (1.9)

The quantities B;, H;, M;, Wj;, u;, t3, Xo, @« and Wy, are parameters of the interaction.
The Gogny force is composed by a finite range term, modeled by two Gaussian,
including some (iso)spin exchange terms, a zero-range density-dependent term, and
lastly a spin-orbit component, which is a function of the relative momentum.

In particular, we have focused on some simpler forms of Gogny force, the zero-
range density-dependent potential

5 o 5 o Boo o a
Veraa(It1 —12l) = t05(|r1—T2|)(1+x0Pa)+55(|T1—r2|)10 (1+x3Py), (1.10)

and the sum of two Gaussian potential, the latter as presented by Brink and Boeker in
1967,
_In —V2|2
Lo 2
Vees(Pi =)= ), Sil—m;+miPyle *i . (1.11)
i=1.2
One can rename parameters to lead back these potentials to the Gogny force.
As an example, by calling W; = S;(1 — m;) and M; = S;m; we obtain a part of (1.6),
actually the direct radial term plus an exchange term, showing the Serber force nature
of this interaction. ]

4Here we took advantage of the fact that P12 = Py; Py P; = -1, and then Pj; = — Py Py, if we use the
interaction to compute just anti-symmetric matrix elements, or rather if we always have the arrangement
V(1 - P12). Since this will be the case all along this thesis, it is then true that when inside the potential we
find a term like f(x)P;2 we have

(f)P12)(1 - P12) = - f(x) (1 - P12). (1.12)
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1.3 The Hartree-Fock Approximation

In the following we give a detailed explanation of Hartree-Fock approximation,
that is the framework in which we shall use the chosen effective interaction to get
the Equation of State per particle e(p). Calculations that use second quantization
formalism can be found in, e.g., [7}|10].

The starting point is the Hamiltonian Hy, which describes the free motion of N
particles moving, eventually, in a local external potential:

N R2y2

N .
Ho =} h(i) =Z(— -+ Um(i)), (1.13)

; 2m

where hic = 197.3269788 MeV-fnrﬂ is the Planck constant over 27 times the light
velocity ¢, mc? = 939.0MeV is the rest mass of a nucleon, taken as an average between
proton and neutron’s onesﬂ Vlz. = Z?zl 0;0; is the Laplacian operator that gives the
kinetic term, while Upy(i) is some external potential acting on the i-th particleﬂ We
have to add then a two-body interaction term H;:

1 N
H =3 Y v, ). (1.14)
i#]

In the ground state, every particle occupies a given single-particle state, in such a
way that its motion is not far to be independent of the other N-1 particles. We know
that this provides an excellent approximation for a lot of systems; hence we assume
that every particle, with wave function u;, feels the potential

N
Un® =Y f dyv (G- Pl ()P = f dsyv(E-)n(), (1.15)
i

given by its average interaction with all the others. Energy is therefore composed
by two terms. The first one is the expectation value of Hy, the energy of the particle
that moves within an external potential. The second one is the potential energy term
related to the inter-particle interaction (the Hartree potential), essentially obtained
as an average of the two-body interaction over the states occupied by the other
particles. Thereby, we are not considering the contribution to the energy deriving
from instantaneous interaction of the background N-1 particles, which are considered
as static and independent ones. We get to the eigenvalues equation

hv2
(5 + Uest (D + Un (D) us () = Equy 3. (1.16)
The real ground state energy is Egs = (VY gs|H|¥gs). It is clear that in almost every
realistic situation the ground state wave functions are not known, and should be
evaluated in a self-consistent way. It is clear too, that by only taking the local Hartree
potential, we are including self-interaction of particles and we are not considering
Fermi statistics. This issues can be solved by considering a non-local exchange
term (Fock term). Thus, we guarantee the anti-symmetric behavior under particles
exchange, and we make self-interaction contribution vanish, too.

Shttp://physics.nist.gov/cgi-bin/cuu/Value?hbcmevt | search_for=plank
Shttps://en.wikipedia.org/wiki/Nucleon
7In atomic physics Uy (i) would be the nucleus central potential that keeps the electron system bound.
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1.3.1 Hartree-Fock equations

By using variational methods we can get the Hartree-Fock equations. We start with
N orthonormal single-particle wave functions u;, and find the set that minimizes
the expectation value of the Hamiltonian. In particular one considers the Slater
determinants, defined by

_ 1 _1\0
|\PHF>—\/—M;( D7Pg Uy ... un, (1.17)
(uiluj) =6ij, (1.18)

where o indicates a possible permutation with its parity, performed by P, exchange
operator on the state |u; ... u,). Thereby, we discover an upper bound to the ground
state energy using an independent particles approximation. The energy difference is
called correlation energy, and it is negative by definition:

E.=Egs—Egr<0. (1.19)

Remember the Hamiltonian Hy affects only the i-th particle. Two-body interac-
tion H; affects instead only i-th and j-th particles. Thanks to the orthonormality of
the Slater states, it is straightforward that for one-body operators the bra permutation
must be the same as the ket permutation . As regards the two-body operators, the bra
permutation can differ from the ket permutation at most for an exchange of the i-th
particle with the j-th particle. Thus, we find:

1 ' .
(YurlHolY gr) = N Y (=D Uy ... un|Poh() Pyrluy - .. tn) (1.20)
‘0,0’ i
1 ) N
=57 2 (DT 8o ) (wilh(@)ui) (1.21)
* 0,0’ i
N
=Y (uilh(Dlu;), (1.22)
i
1 0+0’1 N ..
(el HilWup) = — 3 (D77 = 3 ur . unl Pov(i, ) Porltr .oun) - (1.23)
N! g,0’ 2 i#j
1 o+o’ 1Y ..
=N 2D 000’3 ;Wiujlv(z,j)lu,-uj—uju,-> (1.24)
‘0,0’ i#]
1 N
= §Z<uiujlv(i,j)|u,-u,-—ujui>, (1.25)
L]
N 1 N
(YuplHIY gp) =) (uilh()u;) + 52<uiu,~|v(i,j)|uiu,~— ujug). (1.26)
i ij

We consider the functional Egr[u; ... u,] to be minimized. By imposing the
othonormality of the single-particle states by means of the Lagrange coefficients ¢; ;,
we get

Egpluy...unl =Y urlHIY gr) —€ij(uiluj) = 6ij). (1.27)

Let us search for the minimum by considering a small variation 6 u; of the i-th single-
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particle state u;:
0=Eqpl...u;j+0u;...] —Egrpluy...u,l (1.28)

1
=(uilh@luy+ =)
27

Guiujlv, Plujuj—uju;) +

+uibuilv(i, Pluju; —uiug) | =Y €ij (S uilug) +c.c. (1.29)
J
to find N Hartree-Fock equations
RO lu) + ) ¢ ujlv, Plugu —ujuy = €ijlu;). (1.30)
J J

Since every linear combination of solutions again solves these equations, we have
a degree of freedom to diagonalize the matrix ¢; ;. Furthermore, multiplying on the
left by (u;|, we obtain the usual form of the equations

uilh(Dluiy + Y (uiuglv(, lugu; — uju) =e;. (1.31)
J

In the coordinate space we have N integro-differential equations:

(h+ UH)ui(J_E)—f dsyui(f/)v(fc,j/’)zuj(f)u;(fl) =€;u;(X), (1.32)
i

1.3.2 Some Useful Results on the Hartree-Fock Equations
We can use equation to get a simpler form of energy expectation value (1.26):
(P | HIW ) = Y = Qg vl Pluu —ujui) = 5 3 (Gilnlugy +ei). (1.33)

i i

These last expression put in evidence a really non-obvious fact: the expectation value
of the Hamiltonian is not the sum of the single-particle Hartree-Fock energies.
We would also like to recall Koopmans’ theorem

w=Egr(N+1) - Epp(N) =€ny1, (1.34)

relating the Fermi’s energy e = u(T = 0) to the eigenvalues ;.
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1.4 Symmetric Nuclear Matter

We can imagine the nucleons to be contained in a box of volume Q, which in the
end will tend to infinity. In such a limit we consider only the volume contribution
to the energy, without any surface term. We also neglect electric charge effects.
Symmetric nuclear matter (SNM) is characterized by the fact that for every neutron
there is a corresponding proton, so that:

A
N=Z=—. (1.35)

2
Moreover, we ask the system to be homogeneous, i.e. with a constant density. Thereby
pn:png, (1.36)

We also know, by imposing the boundary box conditions, that the wave functions
for a system like that have a simple plane-wave form. We will make use of the fact
that this system does not vary under translations in space, so that in particular the
momentum is a constant of the motion. Thereby, we can diagonalize the Hamilto-
nian together with the momentum operator, and choose momentum eigenstates to
Hamiltonian’s, too. In coordinate space one finds the eigenfunctions

P () = (XK (1.37)
~ ei%-x 138
-5 .

It is interesting to point out, however, that in most of the Hartree-Fock calculations,
wave-functions for finite nuclei have to be found in a self-consistent numerical way.
Since in this case we know their exact expressions, it is possible to carry out the HF
method in a totally analytic way.

Furthermore, the symmetry matter has no spin-polarization. This means that
there is not a favorite spin alignment, or rather spins have a random distribution.
If we choose the quantum numbers |nlm;) to describe the system, then for every
spin-up particle there will be a spin-down particle. From now on we assume to
handle infinite, uniform, symmetric nuclear matter. This symmetry properties entail
aremarkable simplification of the Hartree-Fock calculations, since all the (iso)spin-
dependent terms will, on average, vanish. Specifically, this means that every time
one finds a term containing (G - G») or (T} - T2), these vanish in the average over all
the eigenstatesﬂ

We always consider zero temperature matter, a completely degenerate Fermi gas
model. In fact, this is a very good approximation for nuclear matter, valid for a very
wide range of energies. The saturation density for the nuclear matter is found to be at
po = 0.16 fm~3, implying the Fermi momentum

372 3
kr= (—p0)3 =1.33fm™. (1.39)
2
From this result, one easily obtains the Fermi energy
2
Rk
€F = ~ 37 MeV, (1.40)
2m

8This is quite straightforward to be understood naively, thanks to rotational symmetries of the system.
For a rigorous proof, see [13].
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while the average kinetic energy is found to be, as we will see in chapter two, at
(3/5)er = 22 MeV. Thus, only a small fraction of the nucleons in a nucleus with
nucleon number A can be excited, unless the energy involved is comparable to €F,
which dovetails a temperature of ~ 108K. To get an idea on the order of magnitude of
this temperature, we recall that, e.g., Sun internal temperature is 77 ~ 106K.



Chapter 2

Hartree-Fock Calculations for
Uniform Matter

2.1 The Kinetic Term

First of all, we show how to handle kinetic term within the Hartree Fock calcula-

tions.
Imagine the nucleons being confined in a spherical volume €, reminding that, as
we said above, infinite uniform symmetric matter wave functions have the expression

elk-r

5

pr(F) = 2.1

We shall make use of the continuous limit

Q
£

i

where g is the degeneracy of the system. The limit becomes exact as we have infinite

nuclear matter.
Furthermore, recall that the integration in momentum space runs over the Fermi

sphere Qy = {|k| < kg}.

Thus,
F h2v2
(T>=Z(a|(— 2mr)|a) (2.3)
a
Q —ik7 [ K22\ ikT
=g—3f dgkf dsr (— ,)e (2.4)
@2m)3 Jo, Q VQ 2m ) VQ
3 5212
_ gQky, h~ kg, 2.5
1072 2m ’
gQks
=2 P (2.6)
where we used the Fermi energy definition
h2 k2
er = ZmF . 2.7)

11
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By imposing g = 4[1-] and by taking advantage of the relation between the density and
the Fermi momentum

kr = (?’zizp)%, 2.8)

thanks to the fact that A = Qp, one can compute kinetic energy per particle

(2.9)

3h2k:E 3 3 12 (372 \3
<t>=-— =—€p=———|—0p A

1Since there is both spin and isospin degeneracy.
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2.2 AZero-Range Density-Dependent Potential

We consider here a zero-range interaction with a density-dependent term. This
delta-modeled potential can be viewed as a part of the Skyrme potential. The main
aim of this section is to show how a potential term has to be handled at the level of
the Hartree-Fock approximation. The potential expression is:

S o L. L S o
Veraa(F1 = F2l) = 106 (IF1 — F2)) (1 + X Py) + 335(”1 =72 p*( + x3P5). (2.10)

We point out again that this potential explicitly depends on the density of the system,
which is a constant for symmetric nuclear matter. It is commonly accepted that some
nuclear properties, such as incompressibility and effective mass, are strongly related
to the density dependence of the effective force.

Let us begin by computing the anti-symmetric form of the potential. There is a
standard procedure to do that, and we will make use of the technique in next section,
too.

Verdd,as = Vzraa(1— P12) (2.11)

In general, P1» = Py P, P, where Py, is the Majorana space exchange operator, while
P; and P; are instead spin and isospin exchange operators respectively. Since we
are considering the contact interaction potential (2.10), it follows that here Py, = 1.
In fact, the presence of the Dirac § function implies that the wave functions will be
evaluated for |7} — 7| = 0 only. This definitely simplifies calculations, because the
exchange term becomes trivial.

We can then express the action of operators P, and P; by making use of the Pauli
matrices in the (iso)spin space

_ 1+5’1 '5’2
Py=———"1"% (2.12)
2
1+7,-T
P, =%. (2.13)

In what follows, we will consider only the first term of (2.10), since the calculations
involving the second term would be analogous. By taking advantage of the previous
expressions we find

V, 100 (1) 3+x05 g 15 9y xof T lf T 1(7 0271 T2|. (2.14)
zrdd,AS 0 4 2 1°02 4 1°02 2 1°t2 4 1712 1 1020102

As we have already explained above, for the forthcoming calculations of (V44 4s)
we will use the fact that the terms containing (G - ) or (T} - T2) vanish in the average
process.

Thus, changing the frame of reference to the center of mass and the relative
coordinates one, defined by

- -

- +

R=1""2 (2.15)
2

F= =, (2.16)

ldet()| =1, (2.17)
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where J is the Jacobian matrix, in spherical coordinates, we get

1 & 31
(Vzraa,as) =5 > (@pl—=6(nlap) (2.18)

a#pP
1( gQ )2/
== dsky dsk
2((2n)3 o Ja, T
e~ ik p=i 212 31, L 171 el 277>
f f dyry dsrs 5017 - Al —— 2.19)
QJa Q

_ 3t0g29(k135)2

2.20
3274 \ 3 ( )

_ 31‘09‘02.

3 (2.21)

Thanks to tranlational invariance of the system, the change of the frame of reference
does not affect the integration region. Moreover, Q can be considered as large as we
want, since in the end it will become infinite.

The latter calculation is going to be similar to the finite-range direct term one
in the next section. In fact, in that calculation, too, we will not find any explicit
momentum-dependence in the space integral. The only difference will be the substi-
tution of the § function with a Gaussian function.

Lastly, one can divide by the number of particle A = Qp, and add the kinetic
term (2.9), to obtain the Equation of State

3 thIZ: 310 I3 a41
== +—0+ — , 2.22
elpl 52m 8 p 16p ( )

which does not depend on the number of particles and volume, as we expected for
nuclear matter.
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2.3 A Sum of Two Gaussian Potential

We shall consider here the finite-range effective interaction modeled by a sum of
two Gaussian functions. As we said, the interaction is taken from Brink and Boeker [4],
and it is possible to read it as a part of the more general Gogny force given in the

equation (L.6).

I =71
N N T2
Vees(fi -7 = )Y Sid—mij+m;Py)e *i . (2.23)
i=1,2

In this case, to compute the exchange term is not as trivial as for a contact interaction.
In fact, here Py = 1is not valid anymore, since the force has a finite range character.
We first build up the anti-symmetric form of potential (2.23), in the same way as in
the previous section, except that here we must be careful in keeping the direct term
separated from the exchange one. In fact, from now on we will treat them separately.
We take advantage of the expressions and (2.13).

I =731
L T2
Veep as(Fi — ) = ) Si(1—m;+miPy)(1 - PyPyPrle i (2.24)
i=1,2
1A =312
5 PO 2
=) S 1——mi—T(al-ag+rl~rg+al-agrl-rz) e M
i=1,2
(2.25)
_li-ml?
. 2
(0'1-0'2+‘L'1'T2+0'1'0'2T1‘T2))PM8 Hi

(5 1 1-m;

(2.26)
As we can see, (2.25) is the direct contribution to the potential, while (2.26) is the

exchange one.

2.3.1 The Direct Hartree Term
We aim now to compute the direct term contribution to the mean field.

_IA-RP

1 F 5 n-rr
Vay== Y Y (@BISid-"mpe " |ap) (2.27)
2i:l,2a,ﬁ=1 4
1 5 4Q \?
=5 Z Si(l__mi)(_3) f dsk, dsk;
2,50 4 (2m) Qi JQi
s e R,
etk p=ikar2 _% eikifi piky P
dsry d3ry ——— e M . (2.28)
fo/o TR VA Ja va

Let us change frame of reference for space coordinates, using center of mass and
relative coordinates.

- -

- +

R=1""2 (2.29)
2

F= =, (2.30)

ldet())| =1. (2.31)
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Again, the change of the frame of reference does not affect the region of the integra-
tion. Another way to see where this possibility of shifting the integration region comes
from, is to think that that u3 < Q, so that all in all we can use the limit for infinite
matter right here. Thanks to the symmetries of the system and of the integrand, it is
very convenient to pass through spherical coordinates. Thus, we have

2

Vo= Y = Sl 5m)f f dky dk,(4m) kzsz ngf dramre i

i=1,2

S;
Y s (-5mi) ) ( )Q\/‘”
i=1,2

3
S; Quin?
=y 2T 4 smpe?, (2.32)
i=1,2 8

and the direct contribution to the energy per nucleon is

S~,u§7:%
way= Y. ———=-5mip. (2.33)

i=1,2

The direct term strongly depends on the range, expressly as a cubic power. Beside
that, it grows as p. As we will see this is the term dominating in the high density limit.

2.3.2 The Exchange Fock Term

As we said above Fock term is the one that derives from line (2.26).

1 F 5 1 gt
Vey=5 3. X (@flSiCmi——2e ' |fa) (2.34)
2,2 1,2a,p=1 4 4
1 5 1( 4Q )2
==Y S;(Emi-2)|— dsky dsk: 2.35
2,-:21,2 iGm 4)((27:)3) fg o &3
—lkl I efzkz r2 @ ei/gz'ﬁ eilgl"rz
L1 dar “ (2.36)
ff \/_ va ¢ v va
1 L
- ; dski dsk:
T2, Z M= 4b fgkf ST
Lo 7\r1—r2|
f f dsry dsry e E1=R) o) ) i (2.37)
QJQ

There is a non-vanishing dependence of the integrand on the momentum. By chang-
ing the space frame of reference in the last integral to the center of mass and relative
coordinates one, it is straightforward to notice that

¢ The center of mass integral is nothing but the volume Q;
¢ The space integral can be written as follows:

72

2
f dyre- iR 7, uf _ kY / dsre (*“(’“1 k)t ) , (2.38)
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Let us shift the integration variable:

e IZZ)% -7 2.39)

1

dsr = 1 dsr. (2.40)

The transformed integration region can be shifted back again to €, thanks to transla-
tional invariance. Thus, we can use spherical coordinates and choose ) as big as we
want to take advantage of the known result

(o]
f dx x2e ™ = g (2.41)
0
Thereby,
) 1 op (B2
(Vo) = Z Si(=-m; — =) gf dsky dskye "1 1, (2.42)
i=1,2 4 4" gn2 Ja,Jay

To solve the momentum space integral is much more cumbersome. In fact, it becomes
necessary to change variables in k-space, too. Unfortunately, in this case the frame of
reference choice does affect the integration region. In fact the change of the frame of
reference

. Ja+k

g-hirk (2.43)
2

k=k -k, (2.44)

ldet)| =1, (2.45)

implies the integration region Qj to be transformed in the region L, defined by
e L 1 L 1
L= f(Qp) ={lki1(K, b, k2 (K, k)| < kp} = {IK + Ekl <kr,|K- Ekl <kr}. (2.46)

Itis easy to see that that the new region is nothing but a two spheres intersection, each
sphere having radius kr. Their centers stay at distance IEI. Thanks to the rotational
and the translational symmetries, to define this region is totally analogous to solve
the system of the equations

P +y =k, (2.47)

(x—d)?+y*+2* = k3, (2.48)

which has solution xg = %, being at the present case d = I%I. Thereby, we obtain
circumferences lying on planes parallel to yz-plane. One can find the surface to be
A=n(K: 1% - x%)O(Kp — %). This is sketched in ﬁgure With these ingredients we are
able to find the volume of the region |L|.

kr
|L|=2L dxm(ks - x%) (2.49)
2
4m 3 1 d
=—k1-—d+—d>Okp - —). 2.50
5 P04t Tk 4 O Y) (2.50)
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Figure 2.1: The intersection of two spheres with same radius kr is a circumference.
Vectors kj, k2, k and K are showed, too. The integration region L is the lentil-shaped

one.

We can finally compute the integral (2.42). For convenience, let us define the

quantities
x = &
2kr’
qi =pikp.

Thereby, by taking advantage of the following three integral resultsﬂ

’

1 _ -q°
2 g2 _ Vrerf(q)—2qe
f dxx®e 9% = 3
0 4q
1
- §f dxxde 1" = %(qu—qz +e 0 -1,
2 4q

0
1! 1
_f dxxe @ = — (gt T +2q%e 1 +2¢79 —2),
2Jo 4458

with error function defined as usual by

erf(x) = 2 fxdte_t2
Vi Jo ’

2Those expressions can be obtained by parameter differentiation or by integration by parts

(2.51)

(2.52)
(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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one has

2 -
i

1 Qu3 2 L L
:ulﬁj[:d?,Kdgke_Tkzg(kF_lK'F§k|)@(kF_|K_5k|)

5
Veoy= ) Sitmj——)—
i=1,2 4 4 gnz

2q30Q 1 3 1
=) SiGm;-1) i f dxx2e~ @1 -2 x4 ~ i3,
n Jo 2 2

i=1,2 vn
(2.58)
This result implies
< >1ZS(5 1) g(uike) (2.59)
Ve>=— (6m; —1)—g(uikr). .
e 2.5, i i \/j—zg HiKF
where the dimensionless function g has been defined by
2 3 2 1 2
g =—=-—-(=-—-)e 7 +merf(q). (2.60)
@ qa ¢ q

We would like to point out that the range dependence is totally contained in the
function g, which saturates at the value /7 as the product g grows. Furthermore,for
qg<1, g~—q.Werecall that g = /JikF**l.l.ip%. Thus, this is the leading term in the low
density limit. It is important to note that the behavior g has for small densities is as
we expected at a qualitative level. In the low-density limit the energy must tend to
zero as the density do the same.

2.3.3 Equation of State and Related Quantities

We can eventually write down the energy per particle as a function of the density.
That one as well as the following expressions are widely used through the entire
chapter three.

B
ol
—

3 1
e(p):-—mk§+ ' TSiu?(4—5mi)p+5.Z ﬁsi(Smi—l)g(uikF). (2.61)

i=1,2

As expected for an extensive quantity such as energy, again energy per particle is
finite and does not depend on volume.

We point out that the parameters m; appear with opposite sign in the direct term
respect to the exchange term. Thus, once negative(positive) strength parameters
S; sign has been fixed, both the direct and the exchange term contribute with an
attractive(repulsive) Gaussian term, having strength proportional to S;. As regards
the second terms, they have opposite behavior (and strength |S;5m;]).

Let us consider for a moment a single Gaussian potential, as we will do in chapter
three. As we just noted, the exchange term is leading the low density behavior, while
the direct term leads for high densities. Since symmetric nuclear matter is expected
to have a negative minimum, the previous fact explicitly restricts the parameter value
to satisfy:

S@A-5m)>0, (2.62)
SGm—-1)g(uikr) <O0. (2.63)
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A study of the behavior of the function g would give us even stricter constraints on
the parameter m.

It is interesting to compute here some physical quantities related to derivatives
of with respect to the densi‘qﬂ In particular, in this work we will make use of
the expressions of the pressure, of the incompressibility, and of the skewnessﬂ

,0e
P(p) =p % (2.64)
2 K2 1 w3
== K2p+-= =S4 -5m;)p? 2.65
52m Fp+2i:12 4 l,U,( m;)p~+ ( )
1
+ —S;(5m;—1 k) p, 2.66
i:ZLZﬁ i(6m; =) p(uikr)p (2.66)
,0%
K(p) =9p 6_p2 (2.67)
6 2 1
=———k%-3 —S;(5m; — Dk(uikp), 2.68
52m F j:l,zﬁ i(dm; — Dk(u;kr) ( )
;0%
Q(p) =27p Pyl (2.69)
24 i 1
== k%2+3 —S;(5.m;—1 ik 2.70
= o KEt i:ZLZﬁ i(65.mi = 1)q(uikp) (2.70)

where the dimensionless functions p, k, q are defined by

@=- =+t (2 Dy @.71)
PO 3 g7 P 2q¢ '
k(g)= 6+2+(1+4+q)e“72 (2.72)
T @ 9 @ q ’ '
a@=-2+ 2 A 304 2ghe @73)
@ 9 @ q ' '

We point out that neither the incompressibility nor the skewness contain any contri-
bution coming down from the direct term.

We also note that for g < 0 the functions p, k, and g behave as the variable g, so
that the related physical quantities vanish as the density drops to zero. They behave
asqg lifg>1.

3An overview of these properties will be given in the first section of chapter three.
4For example, the incompressibility and the skewness are related to the excitation energy of the giant
monopole resonance.



Chapter 3

Nuclear Matter Properties and
Fit Parameters

3.1 Some Symmetric Nuclear Matter Properties

Symmetric nuclear matter around the saturation point can be characterized by
some properties, related to quantities that can be experimentally measured. Never-
theless, the way these properties are determined is not unique, so that some com-
ments are in order. Such a system is an idealized one. A neutron star is by far the
closest object to an infinite system of nuclear matter we know, although it is a very
neutron-rich one and spans a much wider range than the one we discuss here. It is
obviously difficult to obtain experimental observations on neutron stars, and even
more those of direct interest to nuclear physics. Therefore, most of the information
must be inferred from the knowledge we have on finite nuclei. We recall that the
inside part of a stable N~Z nucleus can be sketched as a piece of symmetric nuclear
matter.

In this section we face the issue by presenting some properties we used to build
or confirm the phenomenological potentials.

1. Saturation density: Aswe discussed in section 1.1, empirically it has been found
that the radius of a nucleus grows with the number of particle, specifically as

A3, Thereby, the density

A1
p= V ~ r_g (3 1)
is a constant for the nuclear matter. By knowing the saturation density, one
can easily obtain the optimal value for ry in all nuclei. The equilibrium density

value has been measured quite preciselyﬂ so that [14]

po = 0.16+0.02 particles/fm°. 3.2)

2. Saturation energy : The binding energy of the nuclear matter, or rather its
volume contribution, that grows as AEI computed at the saturation density, is

le.g. with neutron or electron elastic scattering

2 . . .
2We can ignore the surface term, proportional to A3, as well as the Coulomb repulsion contribution,
the symmetry energy contribution, since N = Z, and the pairing effects.

21
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evaluated to be [14]
e(pp) =—-16+1 MeV. (3.3)

. Pressure: Saturation energy is a global minimum for infinite nuclear matter.

Thus, the derivative of the energy per nucleon with respect to the density must
vanish when evaluated at the saturation density. Pressure is a quantity which is
proportional to that first derivative, and must therefore vanish, too.

p _ o0e _ fm3
(po)=p % pzpo—OMeV/ m°. (3.4)

We used the previous properties in every further calculation, to be reproduced
by the fit parameters of the adopted effective potentials. As regards the next
properties, we sometime took advantage of them as properties to be repro-
duced, sometimes as references.

. Incompressibility : We can show that the incompressibility is another quantity

related to the derivatives of the energy with respect to the density. In fact, one
usually defines compressibility as the relative sensitivity of the nuclear volume
to small pressure variations:

‘= _%(2_‘};)_1_ 3.5)

In a system at zero temperature, with a constant number of particles A= pV,
pressure is related to the energy by
0E  ,0e
av P a0
Thus, by using the relation between volume and density to derive the latter
equation with respect to the volume, we find

-1_ 02_P (3.7)
X _papz' .

(3.6)

By making use of the last two equations, one finds the compressibility depen-
dence on the density:

1, . g0 g%
X (P) =2p %-i—p a—pz (3.8)
;0%

Taking advantage of the equilibrium condition P(pg) = 0, the Taylor expansion
for the energy around its minimum reads as follows:

2
e(p):e(p0)+%Kw(p;:0) T (3.10)
Thus, one can finally define the incompressibility as
Koo =9p2& (3.11)
002 lp=po
-9 x ! (3.12)
Po

=240+ 40 MeV (= 20% uncertainty) (3.13)
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We have a quantity related to the curvature of the Equation of State. We point
out that K, coincides with K(pg), given in equation (2.67). The value of the
incompressibility shows clearly how exotic nuclear matter is, being 24 orders of
magnitude more incompressible than a liquid. The best way to infer its value is
to measure the excitation energy of the GMR, related to the incompressibility.

5. Giant Monopole Resonance : The excitation energy of this important nuclear
resonance is related to the incompressibility of the finite nucleus. The latter
property can be related with the incompressibility of symmetric nuclear matter,
and corrected by its derivative with respect to the density, to take into account
surface effects. It is however a fact that the third derivative of the Equation
of State can be derived from experimental data with a better precision than
the incompressibility [8]. The main reason of that lies in the fact that this
quantity is defined at the (almost)model-independent cross density p. = 0.7py.
Considering the equations and (3.9), one defines a density-dependent
incompressibility as

9x ' (p)

K(p) = (3.14)

—EP( )+9 20 (3.15)
_p ,0 p 6p2 .

Its derivative with respect to the density, once evaluated at p, is called M. This
quantity is related to the giant monopole resonance (GMR) excitation energy,
and it is defined by (8]

M=3pK (3.16)
P30 lo=p. '
=27 (2ae’ 1ap e 263 ) 3.17)
=P\ 50 lp=p P Bp2 lo=p. P B3 ’

P(pc)
=54P¢) L 12K (00) + Qoe) (3.18)
(o
=1100+ 70 MeV (= 6% uncertainty). (3.19)

6. Effective mass: It is the mass that nucleons that move inside the mean field
would have if they were freely moving particles, but with an effective mass m*.
In fact, one computes the Fourier transform of the Schrodinger equation of the
system, and sets it equal to the Fourier transform of the Schrédinger equation
of a freely moving, m* massive, particle:

2

h2
%kz +U(k) = — k. (3.20)

The latter equation can be derived with respect to the momentum, to get to the
definition of the effective mass:
mo_ L m 0U; (k)
m; h2k ok
The main issue is then to obtain the single-particle potential U; (k) of a neutron
or a proton, labeled by 7, having momentum k. That potential is defined by

(3.21)

U, (k) = Z (2n)3 (kork’U'T'IV(l Pp)lkotk'o't'y. (3.22)
Qe
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We recall that we always stayed within the Hartree Fock approximation. Beside
that, in symmetric nuclear matter (iso)spin average over the Fermi sphere
vanishes. Thus, the latter expression can be analytically computed for the sum
of two Gaussian potential, in a way that is not technically different from the
calculations we made in chapter two to find the Equation of State of the system.
We note that the momentum dependence of the mean field is totally due to the
exchange term, since the direct term is a constant in the momentum space.
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3.2 AZero-Range Density-Dependent Potential

The Equation of State (2.22) depends on the three parameters t;, 3 and @. We can
fix them by imposing some nuclear matter properties to be predicted by the model.
If po = 0.16 fm 3, we ask to the Equation of State:

elpol = -16MeV, (3.23)

P(po) = pz%‘ =0, (3.24)
0p lp=po

Koo = ng& | =240Mev. (3.25)
0,02 pP=po

Equations (3.23) and (3.24) show the saturation point for nuclear matter, while (3.25)
exhibits the curvature of the Equation of State around its minimum. It is possible to
solve analytically the three equations-three variables system. The roots are

2 2
o _9e(p0) + koo + A(Zpg —3)p3

> =0.203 (3.26)
3Apy —9e(po)
2 2
koo +2Ap Ba+p)
p=— 2P0 CE TP ] o550 MeV - fm® (3.27)
9Bapg
4
Koo +2Ap;
ts =°°—p°1 = 16694 MeV - fm*@*V (3.28)
9Ca(a+1)p§*
where we defined:
3(3n%\3 h?
A=z o (3.29)
m
g’ (3.30)
= 8' .
1
C=ro. (3.31)

We point out that 7y is the attractive term. #3 term dominates at high densities, thanks
to the positive & value, and it is repulsive. In figure[3.1]we illustrated the Equation
of State for that parameter choice. We point out here some general considerations
about its shape.

1. Zero density entails zero energy, as we expected.

2. Atsmall densities, the system is always found to be bound, although the pres-
sure is negative. This can be seen as a weak evidence that mean-field models
do not describe very well low-density systems. In fact, it is known that at low
densities the nucleons tend to form nuclei. Since the fact is not taken into ac-
count into our approach, we do not expect to find the exact functional behavior
of the Equation of State as p < 1.

3. The system is unbound in the high density limit. Specifically, that happens as
p approaches the value = 3py.
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Figure 3.1: The Equation of State for the zero-range density-dependent poten-
tial (2.10), for the computed #y, #3 and « fit parameters.
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3.3 ASingle Gaussian Potential

We would like to begin the discussion on the role of the range in the nuclear
interaction by considering a reduced form of the Brink and Boeker potential (L.11).
In particular, we take only a single Gaussian potential, to see how well it can predict
nuclear properties. Thus, in this section the adopted effective interaction is

_IA-RP

V(7 —72))=S(1—m+mPyle ¥ . (3.32)

As we showed in chapter two, it entails the equation of state being

32, 1m? 1
e(p) = ——k +——su 4- 5m)p+—75(5m Dg(pkr), (3.33)
where 5 3 2 1
(@) == -2 (5 -7 1+ Jrerf(q), (3.34)
8 =5-2"F77 q

and erf(x) is the well known error function, already defined in equation (2.57).

3.3.1 Two Strength Parameters and Fixed Range

First of all, we computed the Gaussian strength parameters S and m for a fixed
range (., by imposing the equation of state to reproduce the saturation properties at
00 =0.16 fm™3

e(po) =— 16 MeV (3.35)
zﬁh—sz0 l—Su 4-5m)pg + l—S(5m 1) g(ukro), (3.36)
52m 2 4 27
P(po) =0 MeV-fm™3 (3.37)
21

3
— k2 +——S 4-5 +—S 5 1 k 3.38
=% 577 KroPo u3(4—-5m)p3 7 (6m-1)p(ukro)p. (3.38)

That is a linear system in S and m, which we solved analytically, finding the roots

1 1 12
{1 +3—p po(e(po) ——k2 ) (3.39)
5
[(éﬂsp g(ukpo)) (g(“kFO)‘z”(“kFO))(e(po) ko) _1} (3.40)
g " " Toum 2V7 C
kZ
S=2v7 lpo) ~ 5 o (3.41)

(5m-1)(g(ukro) - Zp(ukpo)) '

In table[3.1lwe record some of these solutions, for the range p varying between 0.5 fm
and 1.5 fm. We have chosen the range to take physically acceptable values. We would
like to briefly show an alternative way (with respect to those given in chapter one) to
compute the order of magnitude of the range.
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Table 3.1: Strength parameters and incompressibility for the single Gaussian potential
with fixed range.

u (fm) m SMeV) K, MeV)

0.5 2.68 -1835 281
0.7 1.64 -700 258
0.9 1.21 -350 231
1.1 1.02 -207 201
1.3 0.91 -138 170
1.5 0.85 -100 141

It is known that for incident nucleon energies up to = 10 MeV in the center of
mass frame of reference, the differential cross section for neutron-proton scattering is
isotropic. Scattering occurs then in s-wave states. We can therefore roughly estimate
range value of the nucleon-nucleon force from a classical limit on the maximum
angular momentum //,,,x = rp that can give a contribution to scattering amplitude:

1< I = ) TE 1 (hmy [ — (3.42)
max = 2 40 MeV :

For energy up to = 10 MeV we get r = few fm.

Coming back to the outcomes of our work, we note that the Gaussian strength S
is always negative, while the exchange parameter is positive. Moreover, we point
out that as the range increases, the strength parameter S diminishes together with
the exchange one m. Thus, it seems that a larger range helps forces being smoother.
Physically, one could think that the system is held together more easily if the force
has a more far-reaching arm. At a mathematical level that means that if the Gaussian
function is allowed to be larger (greater u), it does not need to be too high (larger
strength parameters S and m) to reproduce the saturation equilibrium point. There
is a more rigorous way to explain the result. The volume integral of the interaction

f dsrV(7) (3.43)

has to be preserved for different parameters choices. In fact, this quantity appears
expressly in the direct term of the Equation of State through p3. Thus, a greater range
entails a lower strength of the Gaussian and vice versa.

On the other side, one cannot even choose a range too large. In fact, calculations
also show that once range goes beyond the reasonable limit of 2 fm, one find the
absurd of the saturation density being just an inflection point of the Equation of
State, rather than its global minimum. In this case, the system tends to be more and
more bound as the density grows. We showed in figure[3.2lhow the equation of state
becomes if range is chosen as p = 3 fm. Besides, in the fourth column of table[3.1jwe
computed the incompressibility K, which has an expected value of 240 + 40 MeV. It
is interesting to point out that our model can reproduce the incompressibility value
for a very wide set of ranges: we are less than one standard deviation far from the K,
best known value while 0.5 < £ < 1.1. We note too that as u increases, K, falls off. We
plotted this tendency in figure[3.3]
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Figure 3.2: The equation of state for u = 3 fm shows that if one chooses a range too
much long the saturation properties cannot be reproduced.
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Figure 3.3: The incompressibility as a function of the range decreases with a quasi-
linear tendency.
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By looking at K(p) expression given in equation (2.67), we can see that all its
range dependence stays inside the dimensionless function k(q), where q = pkr. For
convenience, we recall here their expressions:

6 h?
K(p) = ———kF 378(5171 Dk(ukp), (3.44)

K@ =-—+ 2 (L dh e (3.45)
@ q ¢ q ' '

As we just said, no contribution to K(p) comes from the direct term. Thereby, we
can explain the (almost)linear decrease of the incompressibility to a mathematical
level, since one can check that g~ and g3 terms almost exactly cancel when kr =
1 fm~!. Anyway, it is not trivial at all to give a physical explanation to its decrease
as the range grows. One could naively think that by diminishing the range of the
nucleon-nucleon force, the system becomes smaller, entailing greater momenta of
the particles, together with a greater resistance to physical compression. An involved
discussion on this latter result can be found in [3], too.

3.3.2 Two Strength Parameters and Range

It is interesting to see that as one imposes the incompressibility to be exactly
240 MeV, by using the range as a free parameter, one gets to a specific value for the
range itself. We did that by adding to the conditions about the saturation point the
extra constraint

K(p) =240 MeV (3.46)
_ 8 e 5 S k(uke) (3.47)
T som F U T R '

where now range is meant to be allowed to vary to reproduce the properties we have
chosen. That is no more a linear system, and we solved it by using numerical methods.
Actually, we carried out a C++ version of the Broyden’s method for root finding of
non-linear systems of equations. The method is a multi-dimensional version of
secant’s method. For more details about its routine and about how it works see [9]
and appendix A. That brings us to the following results:

§=-430MeV, (3.48)
m=1.32, (3.49)
1 =0.834 fm. (3.50)

To get an idea on how good the present model is, we computed the quantity M, related
to the giant monopole resonance, expected having the value Meyp = 1100 +70MeV [8].
We recall its definition:

0K (p)
M =3p——— 3.51
P 0p lp=pc ( )
54
=p—P(pc) +12K(pc) + Q(pc)- (3.52)
(4

Using parameters (3.48), (3.49) and (3.50), one finds M = 1180.5455 MeV, very near
to the experimental value. This surely signals the goodness of the model.
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Figure 3.4: The comparison between the Equation of State coming out from the
zero-range density-dependent potential (red) and the Equation of State of the single
Gaussian potential (3:32) (blue). In the high-density limit the first grows as p®*!,
while the second as p.

Moreover, we compared the Equation of State that the model predicts to the Equa-
tion of State coming from the zero-range interaction computed in equation 2.22) and
displayed in figure[3.1] The visual comparison is made in figure[3.4] The two curves
show a similar behavior, at least until the high density limit, where they deviate.
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3.4 A Sum of Two Gaussian Potential

In this section we add a second Gaussian term, trying to understand if the model
can improve the description of symmetric nuclear matter. We consider then the
entire Brink and Boeker interaction, as presented above in equation (L.11):

_‘71*72|2

- - 2
V(i =)= ), Sil—mi+miPyle *i . (3.53)
i=1,2

We can now investigate the two ranges, together with the four strength fit parameters,
whose signs establish the repulsive or attractive role of the Gaussian terms. In partic-
ular, we are interested in understanding if the first Gaussian term has, or has not, the
same behavior as the second one, regarding the strength parameters S; and m;.

3.4.1 Four Strength Parameters and Two Fixed Ranges
Analytic solution

We begin by fixing some values for the ranges, to find S;, m;, S and my. As in the
paper of Brink and Boeker [4], for further calculations we will fix them to be py =2p;.
We will try to justify this choice at the end of the section.

The properties we aim to reproduce are the saturation energy, the equilibrium
zero-pressure condition, the incompressibility, and the M value, so that

h2 , 1 o w2 1
elpo) =2 5 Ko + Y St 4-5m; oo+ > —=Si6mi ~1g(uikro),
2i=1,2 4 l 1,2
(3.54)
2 1 J'[%
P(po)———k 0P0+5 Y S (4-5mpg+ (3.55)
i=1,2
—S;(5m; — 1) p(uikro) po, (3.56)
i= 12\/_ l l
Koo = Gﬁz 0=3 2. —=Si(6m; = k(uikro) (3.57)
00 = 52m R 12\/— i HiKFo), .
54
M =p—P(pc) +12Ko(pc) + Qolpe)- (3.58)
c

Thus, we get a linear four equations-four variables system, that can be analytically
solved.

En passant, one could ask himself why not to use here the numerical Broyden’s
method. In fact, when one attempts to solve multi-dimensional systems in a nu-
merical way, this entails multi-dimensional function minimum finding [9]. Thereby,
when the dimensions of the problem raise, it raises at the same time the possibility
of finding local mimima of the vectorial function defining the system. As it happens
for every locally convergent method, a huge relevance must be given to the start-
ing guesses the user gives for the roots. Since, starting from the next calculation,
Broyden’s method gave us such issues, we decided not to use it here.
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However, the analytic solution attempt exhibits a couple of interesting outcomes:

* First, if we choose the two ranges to be equal, we find that the system is under-
determined in two equations. What we do mean is that one can think to
assign some values to a couple of parameters, let’s say S, and my, to obtain the
expression of, e.g., the incompressibility. Its expression is

k(u1 k) 1 h2 6 12
2 kr) —2pukn) S0 T 50 kD) = 5~k (3.59)

00 T

However, this is not such an surprising result. In fact, we are just saying that, if
we have an unique range, we can get back to the one Gaussian-two parameters
problem by simply renaming the parameters definitions.

If we instead allow the fixed ranges to be different, we get to a more enlightening
result. In fact, we find out again the system to be under-determined, but now
for one equation only. Therefore, by assigning a value to, e.g., my, one find that
M must have the expression

4R, 8
M =27 §%kF+(4p(H1kFc)_gk(ﬂlkFc)"'

5 (Koo+d Zﬁm k20)(8 (11 kpo) =2 p (1 ko)) +6k(p kpo) (e(po)— ;Tnkp)

2p(u1kro)(g(u2kro)—2p (U2 kro))—2p (2 kro) (g (11 kro)—2p (11 kFo))
g(u1kro) —2p(u1kro)

e(po) ~ 4 3k} -

2
+ §q(M1kFc))

8
+@p(u2krpe) - 3 k(uokpe)+

(Koo + gfmkzo)(g(#lkm) 2p(p1kro)) + 6k ko) (e(po) — £ 1= k2)

2p(u1kro)(g(u2kro) —2p(H2kro)) — 2p (U2 kro) (8 (11 kro) — 2p (U1 kFo))

_ Pc g(u1kro)

po \ gp1kro) —2p(u1kro)

(Koo + & 22 k20) (g (11 kro) — 2p (1 ko)) + k(1 ko) (e(po) — £ 2 k2) " ))]
—e(po

2p(u1kro) (g(H2kro) —2p(U2kro)) —2p (L2 kro) (8 (11 kro) — 2 p (1 kFo))
(3.60)

2
+ 5 9H2kee)

+ak?+

+ g(p2kro)

This result shows that the Equation of State coming out from this potential
does not allow us to have a third derivative (read M) independent of the second
derivative (read K.,). We point out in particular the fact that M depends only
on the nuclear matter properties. Specifically, the saturation density pp and
the cross density p. appear only through their ratio pg/p. =

Thus, it seems that the model predictive power is strongly related to the freedom of
choice of the two ranges.

Fit

We search then some brand new conditions to fit the parameters, since the
constraint on M cannot be used. In fact, in this subsection, and in the next one, too,
we used six different density-energy points, as listed in the table This benchmark
energies are taken from [1], where a more fundamental calculation of symmetric
nuclear matter, starting from the bare nucleon-nucleon potential, has been done. We
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Table 3.2: The density-energy points we used in the fit protocols.
pi (fm™%)  e(p) (MeV)

0.0400 -6.6894
0.0800 -12.263
0.1200 -15.166
0.1600 -16.000
0.2000 -15.336
0.2400 -13.606

Table 3.3: Strength parameters fit results for three couples of ranges.

1 (fm)  pp (fm)  S; MeV) my So MeV)  mp

0.4 0.8 -1675 -1.767 -278 2.73
0.6 1.2 -22.5 52.4 -143 0.54
0.8 1.6 -13.1 40.2 -59.6 0.26

just remind here that the nuclear Equation of State is not directly observable. Thus,
we have the six conditions

3

§h_2k2 L Y I sida-5my) 41 Y L SiGmi-Dguike;) 3.61)
52m Fi 25,4 il P 2 5,V i i—LEHiKFj .

elpj) =
We found here more suitable to perform a y? fit to the benchmark calculations, rather
than to use the above mentioned root finding method. In particular we used MINUIT
tool to minimize the y? function of the system with respect to the fit parameters.
The y? function is defined as usual as the sum of the squares deviations, between
measured values and predictions of the theoretical model, those latter depending on

parameters:

(exp) _ ,(th) 2

fe k )
Ok

2_ 1 ¢

=— 3.62
=y ; ( (3.62)
where o are the errors on the fitted energies. Every fit in this work is characterized
by x? = 1072, First, we fixed some ranges in the fit process. Some of the results are
in table In table[3.4]we show then the corresponding values of the saturation
energy, pressure, and incompressibility. The values are quite reasonable. We find
again the fact that as the ranges of the two Gaussian increase, the strength parameters

fall off, taking lower values.

Table 3.4: Saturation energy, equilibrium pressure, and incompressibility for the fit
results given in table[3.3] Note that in the fit protocol we did not include the saturation
point as we did before. Hence the result for the equilibrium pressure P(pg) needs not
to be zero at exactly pg , but just close to it.

e(po) MeV)  P(pg) MeV/fm®) K, (MeV)
-16.0664 -3.70441 226.883
-16.0661 -4.13202 229.56
-16.0734 -3.97359 230.505
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3.4.2 Four Strength Parameters and Two Ranges

35

Let the ranges be fit parameters, restricted to be positive and to satisfy the reason-

able requests 0.2 fm < y; <1 fm and 1 fm < gy < 2 fm. One finds:

S1=-25.36 MeV,
my =25.38,

Sp =—-81.22 MeV,
my =0.316,

w1 =0.749 fm,

U2 =1.44 fm.

(3.63)
(3.64)
(3.65)
(3.66)
(3.67)
(3.68)

The Equation of State for these parameters is illustrated in figure The first in-
formation that stands out is the fact that ranges almost perfectly satisfy py = 2.
This is in line with the guess made by Brink and Boeker in their paper. Regarding
the strength parameters, the two Gaussian terms behave in the same way: S; and S,
are negative, while m; and m; are positive. The fit tool also gives us the parameter
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Figure 3.5: The Equation of State for the six parameter fit.

correlation coefficients, showed in table In particular, that table shows that the
ranges are more related to their respective strength parameters rather than to the oth-
ers. We can also see a small correlation between the strength parameters S; and their
respective exchange parameters m;. Correlation between parameters with different

index, referring to the two different Gaussian, can be completely neglected.
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Table 3.5: The parameter correlation coefficients in the six parameters fit.

Parameter S1 m S my U1 i)
S1 1.000 0.398 -0.043 0.243 -0.382 0.043
mp 0.398 1.000 -0.016 -0.229 0.345 0.016
Sy -0.043 -0.016 1.000 -0.201 0.024 0.758
my 0.243 -0.229 -0.201 1.000 0.235 0.201
I -0.382 0.345 0.024 0.235 1.000 -0.023
Ho 0.043 0.016 0.758 0.201 -0.023 1.000

As a benchmark, one computes the values of the energy, pressure, and incom-
pressibility at the empirical saturation density of pg = 0.16 fm = for those parameters.
We get:

e(po) = —16.081 MeV, (3.69)
P(pg) = —4.06 MeV/fm?, (3.70)
Koo =231 MeV. 3.71)

The saturation energy and the incompressibility have values compatible with those
expected. We point out again that the zero pressure condition at pg is not taken into
account in the fit protocol. Hence we only expect P(p) = 0 in a neighborhood of the
saturation density pg. In fact, the solution of the equation

P(p) =0, (3.72)
with respect to the density, and using the fit parameters of this subsection, results
0o =0.164 fm 3. 3.73)

The expression of the pressure is given by equation (2.64). Thus, our guess is con-
firmed, and the saturation density is near to the expected value 0.16 fm~3. In the fit
protocol we set at 1 MeV the error on the benchmark energies of table[3.2] It would
be interesting to estimate the corresponding uncertainty on the density to see if the
two values are really compatible.

Let us come back to the single Gaussian potential. We just learned that using
the sum of two Gaussian interaction it is possible to reproduce the Equation of State
of [1]. The question is if by using just the single Gaussian potential it is possible to do
the same. The fit protocol is arranged fixing the parameter S, = 0, i.e. neglecting the
second Gaussian contribution to the Equation of State. The results for that fit are the
following:

S§1=-372 MeV, (3.74)
my =1.24, (3.75)
1 =0.876 fm. (3.76)

We point out that these values for the parameters are very similar to those obtained
in section 3.3.2 imposing as nuclear properties the saturation point and the incom-
pressibility value. However, one finds the parameters correlation to be extremely
high, around = 1. Thus, having only one Gaussian term permit yet to reproduce the
Equation of State given by [1], but parameters become much less flexible and more
correlated.
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3.5 Effective Mass

We derive the effective mass m*, as defined in equation (3.21). For the potential
_Ii-nP
— - 2
V(P =)= ), Si(l—m;+miPyle *i (3.77)
i=1,2

one can compute its Fourier transform [11]

k)= ).

3

3.3

2
(n K
i=1,2

1
S,-(4—5m,-)p+—S,-(Smi—l)u(u,-k,u,-kp)), (3.78)
NG

where k = |I€1 - EZI, and the dimensionless function u is

a2 2 _
ol e +g[erf((q+2qﬁ)—erf((q ZCIF)) .

(3.79)

1
q

To obtain the effective massff] we have to derive equation (3.78). Before giving its
expression we point out again that the direct term does not contribute to it, as it
happens for the incompressibility. Thus,

*

m 1

-1
ﬁsi(5mi_ l)h(,uik,#ikF)) , (3.80)

(k)=(1+%2u§-

m i=1,2

being & essentially the derivative of u:

-qp)? (q+ap)?

_(g-qF _
2-qqpe T —(2+qqpe 4 (3.81)

1
h(q,qr) = —
F q3

Usually the effective mass is computed at the Fermi surface, where the function h
becomes

201 —e ) — ga(1+ e~ )

1
h(qr, qrF) = ? . (3.82)

F
We analyze the behavior of the effective mass of a system of nucleons interacting
through the finite-range potentials we considered previously. For the one Gaussian
interaction, given in equation [3.32] we impose strength parameters to reproduce
the saturation point, and then we compute the effective mass as a function of the
range. The result is illustrated in figure[3.6] The plot shows that the effective mass
takes values around 0.25, which is not in agreement with the expected value of
=~ 0.6 — 0.8 [10]. On the other side we get the information about its sensitivity to the
range. In particular, the effective mass seems not to strongly depend on the range,
and there is a slightly increase as the range increases. At y = 2 fm the effective mass
saturates. For the parameter shown in equations (3.48), (3.49), (3.50), reproducing
the incompressibility Ko, =240 KeV, one finds

*

m
— =0.254. (3.83)
m

30r rather the ratio between the effective mass and the nucleon mass.
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Figure 3.6: The effective mass grows together with the range from 0.24 to 0.29. Its
value saturates for y = 2 fm, then it falls off.

One could ask if by adding a second Gaussian term, and using then the entire Brink
and Boeker interaction (L.I1), it is possible to obtain a better effective mass value. Our
answer would be that it is not possible. In fact, in the analytic system given in section
3.4, we swap M equation with equation (3.80), to find out that again the system
is under-determined in one equation. Thus, we find a parameters-independenﬂ
equation, relating the effective mass to the other nuclear matter properties:

m* ml o D , I
=1+2— |2 h(ui kg, p1 kp) — + @2 h(uokr, o kp) — 3.84
p +253 M (u1kp, 11 F)E1+liz (p2kr, p2 F)GL (3.84)
where we defined
D =e(py) 1 kK2 -E L (3.85)
- pO 52m F 26L7 .
Ei =g(uikr) —2p(uikp), (3.86)
6 n° , 1R,
1=(Keo + : %kF)El + 6K (111 ki) e(po) - =3 k), (3.87)
L=k(ui1kp)E> — k(uz2kr)E;. (3.88)

We focus on the relation between the effective mass and the incompressibility, as
Cochet et al. did for the Skyrme interaction in [5]. As an example, using equa-
tion (3.84), the reference values for the nuclear matter properties, and by choosing
p1 = 0.7 and pp = 1.4, we report some of these results in table[3.6] It is clear that
in the present case there is no relation between the two quantities, being the effec-
tive mass approximately constant over a wide range of values of the incompress-
ibility. Moreover, we point out that the addition of a second Gaussian function does

4Let us recall that here ranges are not fit parameters yet.
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Table 3.6: The effective mass as a function of the incompressibility.

Ko MeV) m*Im

200 0.257
220 0.255
240 0.253
260 0.250
280 0.248

not improve the value of the effective mass, too small. In fact, making use of the six
parameters of section 3.4.2, fitted to the benchmark calculations of [1], the result for
the effective mass, computed using equation does not improve as could be
expected. In that case,

m
— =10.260. (3.89)
m

The effective mass is a property that lies on a different level respect to the other
properties we used, directly related to the Equation of State of the entire many-body
system. Conversely, the effective mass is a single particle property, and we did not
directly impose any single particle property to the system. Thereby, it seems that other
interaction terms are necessary to reproduce an effective mass value compatible with
the expected one. Let us consider the Gogny force, given above in equation (L.6).

_Ii-nP

Voogny(IFi—Fal)= Y. e * (W +BiPy— HiPy — M;PyPp)+

i=1,2

1+ 7
+t3(1+xoPa)5(|f1—le)pa( 12 2
+iWis(G) + ) - kT x 817 — D, (3.90)

The effective mass is not affected neither by the direct term, which is proportional to
W; = S;(1 — m;), nor by the density-dependent contact term, nor by the spin-orbit
term. As one can see in equations (A6), (A7), (A8), and (A9) in [11], the effective mass
only depends on the parameter B/, defined by Sellahewa and Rios in equation (8) of
their paper as

B{;:—%[Wi +2B; —2H; — 4M;]. (3.91)
In the case of the sum of two Gaussian interaction we adopted, W; = S;(1-m;), B; =0,
H; =0, M; = S;m;. The lack, in our interaction, of the parameters B; and H; related
to (iso)spin exchange terms, may explain the low value we found for the effective
mass. Itis a fact that once those parameters are considered, the effective mass take
values between = 0.6 and = 0.8, as it is shown in figure 4 of [11].






Conclusions

The nuclear many-body problem still challenges theorists, despite a remarkable
progress in the recent years. To investigate nuclear spectroscopy, many groups have
employed zero-range forces, that allow great simplifications. In this work, we wished
to study some general, albeit simple, features of finite range forces. In particular
we studied the Equation of State of symmetric nuclear matter by employing a finite-
range effective interaction, solved at the Hartree-Fock level. The interaction has been
taken from [4], and it is composed by four strength parameters and two ranges. We
have focused on the investigation of the role of the range(s) as fit parameter(s), since
in the literature such a discussion has not been dealt in detail yet.

In chapter one we gave a brief overview on many-body nuclear systems, such as
the symmetric matter, focusing on the mean-field approach.

In chapter two we carried out the calculation of the Equation of State for the
adopted potential. Moreover, we computed the expressions of some nuclear prop-
erties related to the Equation of State. Functional behaviour of those quantities
has been studied. The chapter has been thought to give an adequate mathematical
background to the analyses made all along chapter three.

One of the purposes of chapter three has been to study the differences between a
potential build only by a single Gaussian term and the Brink and Boeker potential,
made of two Gaussian functions. Thus, we started by considering the single Gaussian
potential given in equation (3.32).

* By imposing the saturation point conditions, a study has been made about
the sensitivity of the incompressibility to the range. The incompressibility
decreases with a linear tendency as the range grows.

* The simple single Gaussian interaction has been able to reproduce the expected
value of the incompressibility, within one standard deviation, for a very wide set
of ranges. The interaction also produces an acceptable value for the quantity
M, related to the excitation energy of the giant monopole resonance.

e Six points of the Equation of State given by [1] have been fitted by the interac-
tion, but the parameters were not flexible and extremely correlated.

¢ We studied the effective mass of the system, to find out that an acceptable value
could not be obtained by means of the employed interaction. Nevertheless,
we noticed that the effective mass slightly grows with the range, but saturates
when the range overtakes the reasonable value of = 2 fm.
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Also because of those limitations, we considered the sum of two Gaussians inter-
action given in equation (3.53).

We imposed the conditions of the saturation point, incompressibility, and M,
keeping the two ranges fixed. By making use, as fit parameters, of Gaussian
strengths only, the resulting system has been found under-determined, mean-
ing that, for this simple interaction, M cannot be considered independent of
the the other nuclear matter properties.

The same happens if one swap the condition on M with a condition on the
effective mass. Specifically, we showed that the effective mass is approximately
a constant over a wide set of incompressibilities. Thus, the model predictive
power is strongly related to the freedom of choice of the two ranges.

We let then the two ranges to be fit parameters.

The EoS given by [1] has been reproduced, giving a y* =~ 102 value, and lower
parameters correlation coefficients than before. Specifically, we pointed out
that the ranges are more correlated to their strength parameters rather than to
the other parameters, and that the two Gaussians parameters are very uncorre-
lated. That fact signals that the second Gaussian term is not redundant.

The previous literature fixed, instead of fitting, the ranges. We showed that the
guess to fix them at up = 23, by following some simple physical considerations
also discussed in section 1.1 and 3.3, is a very reasonable one. In fact, the fit
result shows that the ranges almost perfectly satisfy o = 2u;.

The system again could not reproduce the effective mass of the system. A
solution to that limitation of the interaction might be to add (iso)spin exchange
terms as in the Gogny force.

The presented model is very efficient in reproducing the expected equation of state
properties, such as the saturation point and the incompressibility: the range plays
an important role in producing acceptable values of these quantities. Conversely,
the range seems not to be directly correlated to single particle properties, such as
the effective mass, whose values could not be reproduced, unless a more complex
structure of the finite-range potential is considered.



Appendix A

Broyden’s Method

If we have a system of equation to be zeroed
F(X) =0, (A1)
by neglecting terms of second order or higher, one can expand it in Taylor series
F(%+6%) =F(X) +]J- 0%, (A2)

where J is the Jacobian matrix of the vectorial function F(¥). One sets Lh.s. equal to
zero, to obtain a set of linear equations for the corrections § X that move each function
closer to zero simultaneously:

F(X)=-]-6%. (A.3)

The correction are then added to the solution vector, X, = X074 + X and the pro-
cess is iterated until convergence. This method is known as the Newton-Raphson’s
method.

Newton-Raphson’s method for root finding has several disadvantages. First, the
Jacobian matrix is needed, while in many problems its determination is expensive. To
overtake this issue there are methods that provide approximations to the Jacobian for
zero finding. These methods are called secant method. Let us call the approximate
Jacobian B. Then one has the quasi-Newton step § X; solves

Bi'(Sfl’:ﬁi. (A.4)
The secant condition is that B;,; satisfies
B -0%; =6F;. (A.5)

By the way, this latter equation does not determine B, ; uniquely. Broyden'’s idea is to
get B; ;1 by making the least change to B; consistent with the secant condition. Thus,

he found -
(OF;—B;-0X;)®0X%;
Bii1=B;+ — : (A.6)
5)6,' -5)6,'
Broyden’s method converges super—linearlﬂ once it gets close enough to the root.
For more details on the routine we used, see [9].

A sequence x; converges super-linearly to its limit « if exists a sequence ¢, — 0 and there is Ny
satisfying [x, +1—al < Ny |xp—a|
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