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Introduction

One of the most outstanding problems in nuclear physics nowadays is the determination of the
equation of state (EOS) of isospin-asymmetric nuclear matter, i.e., nuclear matter in which the
number of neutrons exceeds the number of protons. In particular, it is of paramount importance to
constrain the properties of the symmetry energy, which is an estimate of the energy cost to convert
a proton into a neutron in symmetric nuclear matter. Knowledge of the nuclear symmetry energy,
and in particular of its density dependence, is essential for solving many problems in nuclear
physics, such as the dynamics of heavy-ion collisions and the structure of exotic nuclei (their
masses, neutron and proton density distributions, mean radii, collective excitations). Besides, the
symmetry energy deeply influences a number of important issues in astrophysics, such as the mass-
radius relation of neutron stars, the nucleosynthesis during pre-supernova evolution of massive
stars, the cooling of proto-neutron stars and the fractional moment of inertia of the neutron star
crust [LCK08, SPL+05].

Recently, two kinds of tools have been identified to constrain the properties of the symmetry
energy. The first includes the study of the isospin effects in heavy-ion reactions with different
entrance/exit channels. The second, instead, is related to the main features of giant resonances,
which are a prime example of nuclear collective modes. In fact, even though the nucleus, to a
first approximation, can be described as composed by independent particles moving in an average
potential generated by all nucleons, it is a well-known fact that the residual interaction terms can
give rise to collective excitations, that is, vibrations of the nucleus as a whole in which almost all the
particles participate. As an example, the isovector giant dipole resonance (IVGDR) is an extremely
collective mode in which neutrons and protons oscillate out of phase with a dipole pattern, and
whose constrained energy is qualitatively found to be related to the symmetry energy at a certain
subsaturation density. Recently, it has been claimed the pygmy dipole resonance (PDR), a low-
energy peak which is found in the dipole response of several neutron-rich nuclei, to be a good
constraint for the density dependence of the symmetry energy [K+07, C+10]. In fact, since this
mode is thought to correspond to a resonant oscillation of the weakly bound neutron skin against
the isospin-saturated proton-neutron core, one expects the total strength of the PDR to be closely
related to the neutron skin thickness, i.e., the difference between the neutron and proton r.m.s.
radii [Pie06]. The latter quantity is very important for the constraint of the symmetry energy
since it has been empirically found to be closely related to the slope of the symmetry energy at
the saturation density. The latter, in fact, directly affects the pressure of neutron rich matter and
so, as a consequence, the thickness of the outermost neutron skin around the core. This picture
holds if the PDR is confirmed to be a true collective mode: in recent years, great efforts have been
devoted to the analysis of the collective character of the pygmy resonance and opposite conclusions
were drawn [RN10], leaving the problem open and unsolved.

The interest in the present work stems from some recent Coulomb-excitation experiments at
GSI (Darmstadt) which provided experimental data about the features of the PDR in 68Ni and
neighboring nuclei [W+09]. A preliminary analysis of the recorded experimental data has claimed
the pygmy dipole centroid in the odd nucleus 67Ni to be at least 1 MeV lower than the centroid
of the neighboring even-even 68Ni. A similar result had been found in the Sn region, since the
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INTRODUCTION

centroid of the PDR for the odd nucleus 131Sn was found to be lower than that of its even-even
neighbor, 132Sn [K+07].

Although many self-consistent microscopic theoretical models have been developed to describe
collective multipole excitations in nuclear systems, such as the random phase approximation (RPA)
model, these all are able to deal only with even-even nuclei, i.e., nuclei with an even number of
protons and neutrons. Self-consistent theoretical tools able to describe also odd nuclei, although
not available so far, are then needed.

This thesis is intended to give a first theoretical model able to describe microscopically the mul-
tipole excitations in odd nuclei. In particular, because of its implications for the density dependence
of the symmetry energy, our goal is to provide a consistent explanation for the experimentally ob-
served shift in the pygmy dipole strength. Our interest is also associated with testing the model
predictions for the collective or non-collective character of this resonance.

For simplicity, we restrict to odd nuclei near doubly-magic closed-shell configurations in order
to neglect the effect of nuclear deformations and pairing correlations. The simplest possible picture
of such an odd nucleus is that of an even-even core plus an odd-nucleon, which can be either a
particle or a hole. If the core and the odd-nucleon were completely independent, the excitation
spectrum would be just the sum of the vibrational spectrum of the core plus the single-particle
excitation spectrum of the odd-nucleon. In a realistic picture, nonetheless, the core and the odd-
nucleon are not independent. The following problem has to be dealt with: how the excitation
energies and the wave functions of the even-even core (i.e. of the phonons) and the odd-particle
(or hole) are mutually affected. For this reason, the interaction between the even-even core and the
odd-nucleon is treated in the framework of microscopic particle-vibration coupling. In order to get
the excitation spectrum of the odd nucleus, instead of separating explicitly the collective from the
single-nucleon excitations, we consider states obtained by linear combinations of the two modes.
The model is then applied to dipole response in 67Ni and 69Ni, and the results are compared to
experimental findings.

In Chapter 1 the general properties of the equation of state of nuclear matter are exposed,
focusing, in particular, to its isospin-asymmetric part and on the implications on exotic nuclei and
neutron stars. In Chapter 2, we review the main properties of nuclear giant resonances, focusing in
particular on the relationship between collective modes and density dependence of the symmetry
energy. Besides, a microscopic original analysis of the pygmy dipole resonance in 68Ni is reported.
In Chapter 3, fundamental microscopic nuclear theories are exposed: the Hartree-Fock method with
effective Skyrme interaction (SHF), the random phase approximation and the particle-vibration
coupling theory (PVC). Our model, named odd-particle-vibration model (OPVC), is discussed in
Chapter 4. Finally, in Chapter 5, the results of the calculations for 67Ni and 69Ni are presented.
In Appendix A we report a brief resume of angular momentum theory and, in Appendix B, we
expose the details of the calculation of the transition matrix element in the OPVC model.
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Chapter 1
Equation of state of nuclear matter

Besides the many radioactive beam facilities that already exist in the world, a number of next-
generation installations are being constructed or planned. At these facilities, nuclear reactions
involving nuclei in which the number of neutrons exceeds that of protons can be studied, thus
providing a great opportunity to study both the structure of rare isotopes and the properties of
isospin-asymmetric nuclear matter. This has stimulated much interest and a lot of activity in a
new research direction in nuclear physics, namely isospin physics. Complementary to the nuclear
structure studies in this field are, thus, reaction studies with radioactive beams, and expecially
heavy-ion reactions induced by neutron-rich beams at intermediate energies.

The ultimate goal of isospin physics is to determine the isospin dependence of the in-medium
nuclear effective interaction, the equation of state (EOS) of isospin-asymmetric nuclear matter
and, in particular, the density dependence of the nuclear symmetry energy. The latter has been
identified as one of the most outstanding problems in nuclear physics nowadays.

Knowledge of the nuclear symmetry energy is essential for understanding not only many prob-
lems in nuclear physics, such as the dynamics of heavy-ion collisions induced by radioactive beams
and the structure of exotic nuclei (their masses, neutron and proton density distributions, mean
radii, collective excitations), but also a number of important issues in astrophysics, such as the
mass-radius relation of neutron stars and the cooling of proto-neutron stars.

The trend of the symmetry energy as a function of the density is poorly known, expecially
at supra-normal densities, that is, at densities beyond the saturation value. This is in constrast
to our knowledge of the symmetric part of the nuclear EOS. As an example, through the efforts
of both the nuclear structure and the heavy-ion reaction community for over three decades, the
incompressibility of symmetric nuclear matter at its saturation density, ρ0 = 0.16 fm−3, has been
determined to be K∞ = 240± 20 MeV from nuclear giant monopole resonances [Col08]. The EOS
of symmetric nuclear matter around the saturation density has been constrained by measurements
of collective flows and of subthreshold kaon production in relativistic nucleus-nucleus collisions,
while bigger uncertainties remain at higher densities.

1.1 Equation of state of isospin-asymmetric nuclear matter

1.1.1 Microscopic and phenomenological many-body approaches

Theoretical studies of the EOS of isospin-asymmetric nuclear matter go back to the late 1960s.
Since them, various approaches involving different physical approximations and numerical tech-
niques have been developed to deal with the many-body problem of isospin-asymmetric nuclear
matter [LCK08]. In this work we will mainly deal with microscopic effective models, which are
based on effective density-dependent nuclear forces or effective interaction Lagrangians. In these
approaches, a number of parameters are adjusted to fit the properties of many finite nuclei and
nuclear matter. This type of models mainly includes the relativistic mean field (RMF) and the
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CHAPTER 1. EQUATION OF STATE OF NUCLEAR MATTER

non-relativistic Hartree-Fock theories. These approaches allow the most precise description of the
properties of finite nuclei and nuclear matter. In particular, the non-relativistic Hartree-Fock with
Skyrme forces, i.e., the Skyrme-Hartree-Fock method (see Section 3.1), and the RMF model con-
stitute two main methods in the self-consistent mean-field approach to nuclear structure studies.

The RMF model has been very successful in describing many nuclear phenomena. For example,
it provides a novel saturation mechanism for nuclear matter, an explanation of strong spin-orbit
interaction in finite nuclei, a natural energy dependence of the nucleon optical potential, and so on.
The RMF approach is based on effective interaction Lagrangians with the nucleons interacting via
exchanges of mesons. In this approach, a number of parameters are adjusted to fit the properties of
many nuclei and thus allow the most precise description of the properties of finite nuclei. Because
this approach contains parameters that are fixed by nuclear properties around the saturation
density, it thus usually gives an excellent description of the nuclear properties around or below the
saturation density.

The non-relativistic Hartree-Fock approach has a very long history. In particular, those with
Skyrme or Gogny forces have been very successful in describing the ground state and low-energy
excitation properties of finite nuclei and nuclear matter. As a self-consistent mean-field, the SHF
method is based on effective energy-density functionals formulated in terms of effective density-
dependent nucleon-nucleon interactions with parameters of the functional adjusted to fit experi-
mental data.

1.1.2 The nuclear equation of state and its isospin dependence

In the following, we review some typical results for the nuclear matter EOS and its isospin de-
pendence from microscopic effective approaches. We shall point out the most obvious qualitative
differences among the model predictions.

Fig. 1.1 shows typical predictions for the EOS, i.e., the energy per nucleon versus density, of
asymmetric nuclear matter from the non-relativistic SHF model using the parameter set SIII and
the RMF model using the parameter set TM1 [LCK08]. Isospin-asymmetry is indicated for each
curve by the ratio ρp/ρn of the proton density (ρp) to that of neutrons (ρn).

Figure 1.1
The equation of state of asymmetric nuclear matter from the Skyrme-Hartree-Fock (left panel) and relativistic
mean field (right panel) model calculations [LCK08]. The solid curves correspond to proton-to-neutron ratios
of 0, 0.2, 0.4, 0.6, 0.8 and 1 (from top to bottom). The dashed lines interpolate the minimums of the solid
curves.

A common prediction from these studies is that the asymmetric nuclear matter is less stiff
and bound at saturation. The minimum in the equation of state disappears before the pure
neutron matter limit is reached, and the compressibility at saturation thus decreases as nuclear
matter becomes more neutron-rich. Also, the saturation density is generally reduced with in-
creasing neutron-to-proton ratio or isospin-asymmetry. For the phenomenological SHF and RMF
approaches, although they give correct saturation properties for symmetric nuclear matter, their
predictions for the EOS of asymmetric nuclear matter, such as the saturation density, are quanti-
tatively different. In the SHF model the saturation density depends weaky on isospin-asymmetry,
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1.1. EQUATION OF STATE OF ISOSPIN-ASYMMETRIC NUCLEAR MATTER

while in the RMF model the dependence is much stronger. These different behaviors, which are
related directly to the slope parameter of the symmetry energy and the incompressibility of sym-
metric nuclear matter, result in significant differences in the predicted nucleon density profiles and
neutron skin thickness in radioactive nuclei.

1.1.3 The nuclear symmetry energy and its empirical parabolic law

For asymmetric nuclear matter, various theoretical studies have shown that the energy per nucleon
can be well approximated by

E(ρ, α) = E(ρ, α = 0) + Esym(ρ)α2 +O(α4), (1.1)

in terms of baryon density ρ = ρn + ρp, isospin-asymmetry α = (ρn− ρp)/ρ, energy per nucleon in
symmetric nuclear matter E(ρ, α = 0) and bulk nuclear symmetry energy

Esym(ρ) =
1
2
∂2E(ρ, α)
∂α2

∣∣∣∣
α=0

(1.2)

In Eq.(1.1) there are no odd-order α terms due to the exchange symmetry between protons and
neutrons in nuclear matter (the charge symmetry of nuclear forces). Higher order terms in α are
generally negligible for most purposes. Eq.(1.1) is known as the empirical parabolic law and it
is considered to be valid only at small isospin-asymmetries. However, many relativistic and non-
relativistic calculations have shown that it is actually valid up to α = 1, at least for densities up
to values of interest.

The saturation density ρ0 is defined in correspondence to the minimum of the energy per particle
in symmetric nuclear matter. The curvature of E(ρ, α = 0) around this minimum is simply related
to the nuclear matter incompressibility,

K∞ = 9ρ2
0

∂2E(ρ, α = 0)
∂ρ2

∣∣∣∣
ρ=ρ0

. (1.3)

Using the empirical parabolic law, one can easily extract the symmetry energy Esym(ρ) from
microscopic calculations. In Fig. 1.2 the density dependence of the nuclear symmetry energy from
several SHF and RMF calculations is shown [LCK08].

Figure 1.2
Left window: density dependence of the nuclear symmetry energy Esym(ρ) from SHF with 21 sets of Skyrme
interaction parameters [LCK08]. Right window: same as left panel from RMF model from several parameter
sets in the nonlinear RMF model (solid curves), in the density dependent RMF model (dashed curves) and in
the point coupling RMF model (dotted curves) [LCK08].

According to Eq.(1.1), the bulk symmetry energy Esym(ρ) can be evaluated approximately from
the two extreme cases of pure neutron matter and symmetric nuclear matter via

Esym(ρ) ' E(ρ, 1)− E(ρ, 0), (1.4)
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CHAPTER 1. EQUATION OF STATE OF NUCLEAR MATTER

which implies that the symmetry energy Esym(ρ) is an estimate of the energy cost to convert a
proton into a neutron in symmetric nuclear matter at the fixed density ρ. Furthermore, around the
symmetric nuclear matter saturation density ρ0, the nuclear symmetry energy can be expanded to
second order in the density as

Esym(ρ) = Esym(ρ0) +
L

3

(
ρ− ρ0

ρ0

)
+
Ksym

18

(
ρ− ρ0

ρ0

)2

, (1.5)

where L and Ksym characterize the density dependence of the nuclear symmetry energy around
normal nuclear matter density, and thus provide important information on the behavior of the
nuclear symmetry energy at both high and low densities.

The symmetry energy at normal nuclear matter density from various theoretical models is
usually tuned to reproduce the empirical liquid-drop mass value, which has a value around 30
MeV. For example, in the non-relativistic SHF approach, the predicted values for Esym(ρ0) are
between 26 and 35 MeV depending on the nuclear interactions used in the calculation, while the
RMF theory usually gives higher values of Esym(ρ0), in the range from 30 to 44 MeV.

The neutron skin thickness ∆R of a nucleus is defined as the difference between the root-mean-
square radii of neutrons, 〈r2n〉1/2, and of protons, 〈r2p〉1/2, i.e.,

∆R ≡ 〈r2n〉1/2 − 〈r2p〉1/2. (1.6)

S. Typel and B.A. Brown [TB01] noted that the thickness of the neutron skin is linearly correlated
with P (0.1), that is, the pressure of neutron-rich matter at the density 0.1 fm−3. Besides, it has
been shown that ∆R is sensitive to the slope parameter L at the normal nuclear matter density
[CRV+02]. In fact, for the pressure P at the saturation density,

P (ρ0) = ρ2 ∂E(ρ, α)
∂ρ

∣∣∣∣
ρ0

= ρ2
0

∂E(ρ, α = 0)
∂ρ

∣∣∣∣
ρ0

+ρ2
0

∂Esym(ρ)
∂ρ

∣∣∣∣
ρ0

α2 = 0 + ρ2
0

L

3ρ0
α2 =

Lρ0

3
α2, (1.7)

and thus, if ∆R is correlated with P , it must be correlated with L, as well. As an example, we
show in Fig. 1.3 the correlations between the neutron skin thickness of 208Pb with L, Ksym and
Esym(ρ0) calculated using the SHF model with 21 Skyrme interactions [LCK08]. As it is seen from
this figure, there exist an approximate linear correlation between ∆R and L, while the correlations
of ∆R with Ksym and Esym(ρ0) are less strong and even exhibit some irregular behavior.

Figure 1.3
Neutron skin thickness (here indicated as S) of 208Pb as a function of (a) L, (b) Ksym and (c) Esym(ρ0) for
21 sets of Skyrme interaction parameters. The line in panel (a) represents a linear fit [LCK08].

The extracted L value from isospin diffusion data (see below) allows to extract, from the linear
fit of Fig. 1.3, a neutron skin thickness ∆R = 0.22± 0.04 fm for 208Pb. The experimental data for
∆R in 208Pb have large uncertainties, since it ranges from 0.10 to 0.28 fm [K+04].

The proposed parity radius experiment (PREX) at the Jefferson Laboratory aims to measure
the neutron radius in 208Pb via parity violating electron scattering. Parity violation is sensitive to
the neutron density because the Z0 boson couples primarily to neutrons [HPS+01]. The result of
this purely electroweak experiment could be both accurate and model independent. In contrast, all
previous measurements of bulk neutron densities used hadron probes that suffer from controversial
uncertainties in the reaction mechanism. PREX should provide a unique observational constraint
(within 0.05 fm) on the thickness of the neutron skin in a heavy nucleus.
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1.2. ISOSPIN EFFECTS IN HEAVY-ION REACTIONS AS PROBES OF THE NUCLEAR
SYMMETRY ENERGY

1.2 Isospin effects in heavy-ion reactions as probes of the
nuclear symmetry energy

Heavy-ion reactions provide a unique opportunity to investigate the EOS of isospin-asymmetric
nuclear matter. For a wider review of these topics, one can consult [LCK08] and references therein.

To extract information on the EOS of neutron-rich matter, expecially the density dependence of
the nuclear symmetry energy, from heavy-ion reactions induced by neutron-rich beams, one needs
reliable theoretical tools. For this purpose, it has been expecially useful to have transport models
that include explicitly the isospin degrees of freedom and thus the isospin-dependent physical
quantities, such as the isovector potential and the isospin-dependent in-medium nucleon-nucleon
cross section and Pauli blocking. Significant progress has been made during the last two decades in
developing semi-classical transport models for nuclear reactions. The application of these models
have enabled us to learn a great deal of interesting physics from heavy-ion reactions, expecially
the EOS of nuclear matter.

Also, identification of experimental observables that are sensitive to the density dependence of
the nuclear symmetry energy is required to extract the properties of isospin-asymmetric nuclear
matter from heavy-ion reactions induced by neutron-rich nuclei. Since the symmetry potential
for neutrons and protons have opposite signs and are generally weaker than the nuclear isoscalar
potential at the same density, most isospin sensitive observables are usually based on differences or
ratios of isospin multiplets of baryons, mirror nuclei and mesons, such as the neutron-to-proton ratio
of emitted nucleons, the neutron-proton differential flow, the neutron-proton correlation function,
the π−/π+, Σ−/Σ+ and K0/K+ ratios, etc.

Among many exciting results, it is of particular interest to mention the recent isospin diffusion
experiments at the National Superconducting Cyclotron Laboratory (NSCL) at Michigan State
University and the associated theoretical analysis that have led to a relatively stringent constraint
on the nuclear symmetry energy at subnormal densities. These results mostly agree with recently
obtained data from the isoscaling analysis of isotope ratios in intermediate-energy heavy-ion colli-
sions. These different but complementary studies have provided so far the best phenomenological
constraints on the symmetry energy at sub-normal densities.

The most important achievements in isospin physics obtained by the heavy-ion reaction com-
munity include: [LCK08]

� a symmetry energy of Esym(ρ) ' 31.6(ρ/ρ0)γ with γ=0.69-1.05 was extracted for densities
between 0.1ρ0 and 1.2ρ0;

� the slope parameter of the symmetry energy at normal density was found to be L = 88± 25
MeV;

� at extremely low densities, below 0.05ρ0, nuclear clustering was found to be important.

Unfortunately, essentially no experimental information about the symmetry energy at higher
densities is available at present. Nevertheless, high energy radioactive beam facilities under con-
truction at the CRS (China), FAIR (Germany), RIKEN (Japan) and SPIRAL2/GANIL (France)
give us the great hope that the high density behavior of the symmetry energy can be studied
experimentally in the near future.

1.3 Giant resonances as probes of the nuclear symmetry
energy

Giant resonances, i.e., nuclear collective modes in which the nucleus vibrates as a whole, have
recently been proved to be a fundamental tool to constrain several parameters of the equation of
state of nuclear matter. This topic will be discussed in Chapter 2, where fundamental properties
of GRs will be widely exposed.
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CHAPTER 1. EQUATION OF STATE OF NUCLEAR MATTER

1.4 Astrophysical implications of the EOS of neutron-rich
matter

Understanding the EOS of neutron-rich matter, expecially the density dependence of the nuclear
symmetry energy, is important not only for nuclear physics, but also for many critical issues in
astrophysics, such as the mechanism of supernova explosions and the properties of neutron stars.
For a wider review of these topics, one can consult [SPL+05] and references therein.

Various studies have indicated that the symmetry energy mainly affects the chemical compo-
sition of neutron stars. Other properties, such as the cooling mechanism of proto-neutron stars,
the possibility of kaon condensation in the cores of neutron stars, lepton profiles and neutrino flux,
which all depend on the chemical composition of stars, are therefore also affected. For example,
the prompt shock invoked to understand the explosion mechanism of a type II supernova requires
a relatively soft EOS. The presence of protons in neutron stars affects not only the stiffness of its
EOS, including whether a kaon condensation through the process e− → K− + νe can be formed,
but also its cooling mechanism. If the proton concentration is larger than a critical value of about
15%, the direct URCA process (n→ p+e−+νe, p+e− → n+νe) becomes possible and would then
enhance the emission of neutrinos, making it a more important process in the cooling of neutron
stars [SPL+05].

Besides those properties related to the proton fraction, there are also properties of the neutron
stars that are directly related to the magnitude and density slope of the symmetry energy [LP00].
Among these properties, the most known example is probably the mass-radius relation of a neutron
star. While many neutron star properties depend on both isospin symmetric and asymmetric parts
of the equation of state, the mass-radius relation is primarily determined by the slope L of the
symmetry energy in the density range of 1 to 2ρ0 [HP01]. Since there exist a strong correlation
between ∆R and L, one expects the neutron skin thickness to be a unique tool to investigate the
properties of neutron stars. In addition, the transition density and pressure from the liquid core
to the solid crust and the fractional moment of inertia of the neutron star crust are also directly
affected by the symmetry energy.
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Chapter 2
Giant resonances

A powerful method to study the properties of a system is to subject it to a weak external per-
turbation and to examine its response. The atomic nucleus, subject to the absorpion of a photon
(electromagnetic perturbation) or to the inelastic scattering of a particle (hadronic perturbation),
can respond, in the energy range approximately below 30 MeV, both through the excitation of
relatively simple states involving only one or a few particles, or exhibiting broad resonances, which
are known as giant resonances [BBB98, HW01].

A giant resonance, which corresponds to a collective motion involving many if not all the
particles in the nucleus, can be viewed as a high-frequency, damped, (nearly) harmonic density or
shape vibration around the equilibrium ground state configuration. The restoring forces for these
resonances are directly related to macroscopic properties of the nucleus and they currently provide
the most reliable information on the bulk properties of nuclear matter such as compression modulus
and symmetry energy (see Chapter 1). Moreover, the investigation of the strength distribution
gives access to the study of the nuclear deformations in the ground state as well as to the shape
evolution of nuclei as a function of spin and temperature of the system.

Like any other resonance, a nuclear giant resonance is described by its energy ER, its width
ΓR, its strength SR and its sum rules. The fact that all nuclear resonances have a width of
the order of 2-5 MeV implies that, within 10−23s, that is, after few periods of vibration, the
resonance is completely damped owing to energy dissipation in favour of other more complex
system configurations or even to the emission of one nucleon or, less probably, a γ ray.

The nuclear random phase approximation (RPA) (see Section 3.2) is the simplest theory able
to predict nicely the main features of giant resonances. This is done depicting the collective motion
of the nucleons as a coherent superposition of particle-hole excitations.

2.1 Classification of giant resonances

Giant resonances can be classified according to their multipolarity L, spin S and isospin T quantum
numbers. If protons and neutrons oscillate in phase, the vibration is called isoscalar, i.e., without
variations in isospin (∆T = 0), whereas, if they oscillate out of phase, the vibration is called
isovector (∆T = 1). As a rule, for the same multipole mode, the isovector one will be at a higher
excitation energy than the isoscalar one since extra energy is required to separate the neutron
and proton distributions. In ∆S = 1 modes (magnetic modes), nucleons with spin up (↑) vibrate
against nucleons with spin down (↓), while, if ∆S = 0 (electric modes), spin vibrations are absent.
Finally, giant resonances are classified depending on their angular momentum ∆L and parity.
Of particular interest for this work will be ∆S = 0, ∆T = 1 modes, i.e., electric isovector (IV)
vibrations in which protons and neutrons oscillate out of phase.

9



CHAPTER 2. GIANT RESONANCES

2.2 Decay of giant resonances

Since most giant resonances are located above the particle-decay threshold, they will mainly decay
by particle emission, that is, neutrons and protons, and in light nuclei also by α particles. In a
heavy nucleus, charged-particle decay is strongly suppressed because of the Coulomb barrier, so
that, for these nuclei, particle decay occurs mainly by neutrons. Even γ-decay, although much
hindered, is possible.

The study of the decay properties of the giant resonances is very interesting because it gives
us insight into the mechanism responsible for the strong damping and allows us to check very
stringently our microscopic descriptions of collective phenomena.

The total width of a giant resonance can be written as a sum of four components

Γ = ∆Γ + Γ↑ + Γγ + Γ↓. (2.1)

Here ∆Γ, the Landau damping, describes the effect of the coupling of the correlated particle-
hole excitations with uncorrelated particle-hole configurations in the same excitation energy range,
causing a fragmentation of the correlated wave function. Γ↑ is the escape width due to the coupling
of the correlated 1p-1h state to the continuum, i.e., the width the resonance acquires by emission
of particles; these processes take place on a very short time scale, typically of the order of 10−22

s. The width Γγ is correlated to the photon emission and in general it is only few percent of
the total width, being of the order of the keV or smaller. At last, Γ↓ is the spreading width
associated with the mixing of the correlated particle-hole state with more complex and numerous
2p-2h configurations. These 2p-2h states act as doorway states for the decay into 3p-3h and
subsequently more complicated states till, finally, a completely equilibated system is reached. At
each intermediate level, particle decay can occur; a typical time scale for this process is of the order
of 10−19 s [HW01].

2.3 Multipole fields

The vibrational states of the nucleus are excited under the action of an external field, which can
be electromagnetic or hadronic. The electromagnetic excitation operator, which can be obtained
as a limit of the spherical expansion of the photon plane wave, reads

F
(EM)
LM = eiL

Z∑
i=1

rL
i YLM (r̂i) (2.2)

where the reasons for inserting the iL terms are treated in Appendix A.2.4. In the case of hadron
inelastic scattering, one arrives at similar excitation operators starting, e.g., from the distorted wave
Born approximation (DWBA) obtaining the following isoscalar (IS) and isovector (IV) operators,
being τz = −1 for protons and τz = +1 for neutrons:

F
(IS)
LM = iL

A∑
i=1

rL
i YLM (r̂i), (2.3)

F
(IV)
LM = iL

A∑
i=1

rL
i YLM (r̂i)τz(i). (2.4)

2.3.1 Dipole operators

The electric dipole interaction of a spatially constant electromagnetic field E with the nucleons can
be written as [BBB98]

H = eE
∑

p

zp = eE
[N
A

∑
p

zp −
Z

A

∑
n

zn + Zz
]

(2.5)
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where p stands for protons, n for neutrons and z =
P

i zi

A denotes the position of the center-of-
mass of the nucleus. The term eEZz corresponds to the interaction of the entire nucleus with the
electric field, whereas the term eE

[
N
A

∑
p zp − Z

A

∑
n zn

]
gives the dipole E1 photo-absorption due

to internal motion inside the nucleus. That is, each proton acts as if it had an effective charge eN
A ,

and each neutron as if it had an effective charge −eZ
A . It is now evident that we can get rid of the

contribution of the center-of-mass motion by using the modified electromagnetic dipole operator

F
(EM)
1M = iL

e

2

A∑
i=1

[N − Z

A
− τz(i)

]
riY1M (r̂i). (2.6)

In the dipole case, the lowest order term of the isoscalar operator does not produce a physical
excitation: in fact, the operator (2.3) with L = 1 induces simply a translation of the whole
system. This mode should in principle lie at zero energy and should be decoupled from the
physical excitations within RPA, as this theory restores the symmetries broken at the HF level
(see Section 3.1). In practice, numerical implementations are not able to realize exactly this
symmetry restoration, resulting in the fact that a part of the spurious state in contained in one
RPA state whose energy is close to, but not identical to zero. This means that the spurious state
is not exactly orthogonal to the other RPA states. To avoid the undesired effects of these overlaps
between the spurious state and the physical states, one way is to employ a modified isoscalar dipole
operator. This modified operator reads

F
(IS)
1M = iL

A∑
i=1

(r3i − ηri)Y1M (r̂i) (2.7)

with η = 5〈r2〉/3.
In the case of isovector dipole, the dipole motion associated with the displacement of the

neutron and proton center-of-mass can be subtracted from the operator (2.4) as we did for the
electromagnetic operator, obtaining

F
(IV)
1M =

iL

2

A∑
i=1

[N − Z

A
− τz(i)

]
riY1M (r̂i). (2.8)

2.4 Sum rules

Intuitively, it is clear that the strength of a collective resonance will depend on the basic properties
of the system, such as the number of particles participating in the response and the size of the
system. This implies that the total transition strength should be limited by a sum rule which
depends only on ground state properties.

In general, a sum rule is related to a Hermitian one-body operator F by

mk =
∑

n

(En − E0)k|〈n|F |0〉|2 (2.9)

and it gives the k-th moment of the distribution of the excitation strength produced by the operator
F . Here, n labels the complete set of eigenstates of the exact Hamiltonian H of energies En, being
|0〉 the ground state of the system of energy E0.

Among all moments mk, the most important is the the energy-weighted sum rule (EWSR) m1,
for which it can be shown that

m1 =
∑

n

(En − E0)|〈n|F |0〉|2 =
1
2
〈0|

[
F,

[
H,F

]]
|0〉. (2.10)

It has been demonstrated by D.J. Thouless [Tho61] that Eq.(2.10) remains valid if the left hand
side is evaluated with RPA wave functions and energies and the right hand side is calculated using
the HF ground state wave function.
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CHAPTER 2. GIANT RESONANCES

For the isoscalar operator (2.3), Eq.(2.10) gives the result

m1 =
~2

2m
A
L(2L+ 1)2

4π

∫
d3rρ(r)r2L−2 =

~2

2m
A
L(2L+ 1)2

4π
〈r2L−2〉. (2.11)

If F is the isoscalar dipole operator referred to the nucleus center-of-mass, Eq.(2.7), the EWSR
(2.10) becomes

m1 =
~2

2m
A

4π
(33〈r4〉 − 25〈r2〉2). (2.12)

Instead, if F is the isovector dipole operator referred to the nucleus center-of-mass, Eq.(2.8), one
obtains the Thomas-Reiche-Kuhn sum rule

m1 =
9
4π

~2

2m
NZ

A
(1 + κ) ' 60

NZ

A
(1 + κ) MeVmb, (2.13)

where κ is the so-called dipole enhancement factor connected with the momentum-dependent part
of the nuclear force [BBB98].

2.5 The isoscalar giant monopole resonance

The isoscalar giant monopole resonance (ISGMR), also called the breathing or compressional mode,
in a macroscopic picture corresponds to a radial oscillation of the nucleus as whole. It was first
discovered in 1977 by means of inelastic α scattering. In nuclei with A ≥ 90 the ISGMR has a
concentrated strength distribution which can be well described by a Gaussian with a tail at the
high-energy side in some nuclei. The centroid energy of the Gaussian is approximately 80A−1/3

MeV, while the width increases from about 2.5 MeV in the Pb region to about 4 MeV for A = 90
[HW01].

It is possible to relate the ISGMR energy EISGMR in a given nucleus to the finite nucleus
incompressibility KA through the relation

KA =
m〈r2〉0

~2
EISGMR, (2.14)

where m is the nucleon mass and 〈r2〉0 is the ground state expectation value of r2. Here the
centroid EISGMR is calculated as

E−1 =
√

m1

m−1
. (2.15)

This relation between KA and EISGMR allows to extract also the value of the nuclear matter
incompressibility K∞, which is constrained in the interval 240± 20 MeV In fact, K∞ and KA are
connected by a relation analogous to the semi-empirical mass formula [SKC06].

2.6 The isovector giant dipole resonance

The isovector giant dipole resonance (IVGDR) was first observed in 1947 in photo-absorption
and photo-fission experiments. For most non-deformed nuclei with A > 50 the measured total
absorption cross section in the energy range 10-20 MeV can be very well fitted by a Lorentzian
curve

σ(E) =
σp

1 + (E2 − E2
p)2/E2Γ2

(2.16)

where subscript p refers to the peak cross section. The systematics show that that the resonance
energy decreases gradually with increasing mass number A, and it is well reproduced by the law
Ep = 80A−1/3 MeV; the width Γ of the resonance is strongly influenced by the shell structure of
the nucleus, since its values range from about 4-5 MeV for closed-shell nuclei up to 8 MeV for
nuclei between closed shells. For axially symmetric deformed nuclei, the cross section is split into
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2.7. THE PYGMY DIPOLE RESONANCE

two parts, corresponding to an IVGDR vibration along or perpendicular to the symmetry axis
[HW01].

Moreover, in the last decades, the main properties of the IVGDR build on excited states
have also been measured, exploring regions of excitation energies between 10 and 500 MeV and
spins up to 60~ through both fusion reactions and inelastic scattering. These experiments have
demonstrated that there is no significant shift of the centroid energy with either temperature or
angular momentum, whereas the width increases both with excitation energy and spin, the latter
becoming important only above 35~ [SB06].

The energy of the IVGDR is strongly connected with the symmetry energy Esym(ρ). In fact,
a strong correlation is found between the centroid (calculated as E−1 ≡

√
m1

m−1
) and the quantity

f(0.1) defined as

f(0.1) ≡
√
Esym(0.1)(1 + κ) (2.17)

where Esym(0.1) is the symmetry energy evaluated at ρ = 0.1 fm−3 and κ is the dipole enhancement
factor. This correlation has been used to extract a constraint on Esym(0.1) which, introducing an
acceptable range for κ, is found to lie in the interval 24.1± 0.8 MeV [TCV08].

2.7 The pygmy dipole resonance

Exotic modes of collective excitation represent unique structure phenomena in nuclei with a pro-
nounced asymmetry in the number of protons and neutrons. A representative example is the pygmy
dipole resonance (PDR), a low-energy mode energetically below the IVGDR, which has recently
been found to be quite common in neutron-rich nuclei, such as 68Ni [W+09], 132Sn [A+05] and
208Pb [R+02]. This mode is thought to correspond to a resonant oscillation of the weakly bound
neutron skin against the isospin saturated proton-neutron core [Pie06]. Consequently, one expects
an increase of the PDR strength approaching isotopes with extreme neutron-to-proton ratios.

A large debate concerning the pygmy dipole resonance and its possible correlations with the
symmetry energy and the parameters of the equation of state has gained great importance in the
last few years.

One of the most debated issues is the collective character itself of the PDR. If the collective
picture holds, it is possible to think of the pygmy dipole resonance to be a good constraint for the
symmetry energy. In this case, infact, since the PDR can be roughly thought as a vibration of the
external neutron crust against the core, we can expect its properties to be closely related to the
neutron skin [Pie06, K+07]. If the picture of a neutron-rich nucleus as an isospin-symmetric core
plus some excess neutrons holds, and the two subsystems are, to some extent, separated in space,
then the matrix elements of the residual interaction between them are small. The dipole response
separate into two peaks. The EWSR in the lowest one is proportional to the number of excess
neutrons and, as the latter scales as the neutron skin, it should scale with L as well.

In particular, in [C+10], a strong correlation has been found between the EWSR exhausted by
the pygmy dipole resonance in 68Ni and 132Sn and the parameter L in SHF and RMF models (in
Fig. 2.1 the case of 68Ni). This has allowed, via the experimental value of the EWSR, to constrain
the values of L in the range 64.6 ± 15.7 MeV, compatible with the result coming from heavy-ion
collision reactions (see Section 1.2). Besides, the linear correlation between L and ∆R, has allowed
to constrain the neutron skin thickness of 68Ni and 208Pb, to, respectively, 0.200±0.015 fm and
0.194±0.024 fm. The latter result is compatible with that reported in Section 1.1.3 and coming
from heavy-ion reactions.

A much different conclusion is drawn in [RN10], where it is claimed the correlation between the
properties of the PDR (centroid and ESWR) and the symmetry energy to be poor. The reason
would be the unreal collective character of the PDR, whose strength would be caused only by shell
effects around the Fermi surface acting on a single particle-hole pair.
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CHAPTER 2. GIANT RESONANCES

Figure 2.1
Correlation between L and the percentage of TRK sum rule exhausted by the PDR in 68Ni. Dots and squares
correspond, respectively, to different sets employed in SHF and RMF calculations. The straight line corresponds
to the result of a linear fit [C+10].

2.7.1 Low-energy dipole response in 68Ni

We present here a brief microscopic theoretical analysis of the low-energy dipole response in 68Ni
[PBR+11]. It has to be noticed that we will anticipate the use of microscopic nuclear structure
theories, such as Skyrme-Hartree-Fock and RPA, which will be widely discussed in Chapter 3.

Method

We solve fully self-consistently the Skyrme-Hartree-Fock (HF) plus random phase approximation
(RPA) equations [CCG+11] in a discrete radial mesh (for further details on the calculation see
Chapter 5). Our first and foremost interest is to analyze the microscopic structure of the PDR and
its model dependence. For this reason, we have selected three different interactions of common use
in nuclear structure calculations and that predict very different isovector properties: SGII (L=37.6
MeV, m∗/m=0.79), SkI3 (L=100.5 MeV, m∗/m=0.57) and SLy5 (L=48.3 MeV, m∗/m=0.70).

The strength function

The RPA strength function of 68Ni for dipole excitation is depicted in Fig. 2.2(a) as a function
of the energy for the three interactions under investigation. The arrow indicates the experimental
value [W+09]; in the inset, the PDR region is enlarged. Although its magnitude varies with the
model, all interactions predict a low-energy peak: the smaller is the effective mass, the closer the
peak in the PDR region appears to the giant dipole one. In addition, the larger the value of L, the
higher the PDR peak lies, in qualitative agreement with [C+10]. To estimate if different states are
contributing coherently to the PDR, we display in Fig. 2.2(b) the reduced transition probability
BIV(E1) in the low-energy region in single-particle or Weisskopf units, which roughly indicate the
number of particles involved in the excitation. In fact, Weisskopf units is a useful scale of the
reduced transition probability for electric single-particle transition [BM69], defined by

BW (Eλ) =
1.22λ

4π
( 3
λ+ 3

)2
A2λ/3e2fm2λ. (2.18)

As one can see from the figure, not all interactions predict RPA states with BIV(E1) as large as
to be considered collective states, i.e., involving a high number of particles.

The isoscalar character of the pygmy dipole strength

We display in Fig. 2.3 the contribution to the strength function of those RPA excited states,
calculated by means of SkI3 force in 68Ni, which are at least 70% isoscalar, i.e., in which the
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Figure 2.2
In panel (a) the strength function of 68Ni for dipole excitation is depicted for SGII, SkI3 and SLy5 interactions.
The low-energy BIV(E1) response in single-particle units in shown in panel (b).

transition densities of neutrons and protons are in phase in at least the 70% of the selected radial
range (see Section 3.2).

We evaluate the isoscalar character of the dipole response by analyzing the neutron and proton
transition densities along three regions: between 0 and R (left panel), 0 and R/2 (middle panel)
and R/2 and R, where R = 1.2A1/3 fm is the nuclear radius. For all the interactions, the PDR is
essentially isoscalar, in agreement with [PNV+09, E+10]. Besides, the dynamics in the outermost
region of the studied nucleus is governed by neutrons, which are very sensitive, in this region, to
the L parameter as it is well known from studies of the neutron skin thickness ∆R. The slope L
of the symmetry energy, in fact, directly affects the pressure of neutron rich matter and so, as a
consequence, the thickness of the neutron-rich crust around the isospin-symmetric core.
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Figure 2.3
We display the contribution to the strength function of those RPA states which are at least 70% isoscalar for
the case of SkI3 in 68Ni along three regions: between 0 and R (left panel), 0 and R/2 (middle panel) and R/2
and R (right panel).

The transition densities

The neutron and proton (Fig. 2.4(a)) and isoscalar and isovector (Fig. 2.4(b)) transition densities
as a function of the radial coordinate of the states displaying largest BIV(E1) are depicted for
all interactions for 68Ni. The position of the proton and neutron r.m.s radii are also depicted.
Qualitatively, the isoscalar character of the surface of the nucleus is confirmed although we see
some model dependence along the radial axis.
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Figure 2.4
The neutron and proton (panel (a)) and isoscalar and isovector (panel (b)) transition densities as a function
of the radial coordinate of the states displying largest BIV(E1) are depicted for all interactions for 68Ni

Conclusions

The smaller the effective mass and the larger the value of L, the closer to the giant dipole peak
and the larger in strength we find the peak in the PDR region. Although some differences appear,
the isoscalar character of the PDR is qualitatively supported by all models and it is basically due
to the outermost neutrons. The collective character of the PDR is not supported by all models.
This indicates that further microscopic studies on the PDR are needed.
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Chapter 3
Microscopic nuclear structure theories

3.1 Hartree-Fock equations with Skyrme interaction

The Skyrme interaction is an effective density-dependent nucleon-nucleon force which has been
widely employed in the past decades by the nuclear-physics community within the non-relativistic
Hartree-Fock framework. Hartree-Fock calculations with this interaction have been performed over
a wide range of the periodic table, providing results compatible to the experimental values for total
binding energies, nuclear radii, deformations and single-particle level ordering. For a wider review
one can consult [BHR03].

3.1.1 The Skyrme interaction

The Skyrme interaction is a zero-range density-dependent interaction between two nucleons. Orig-
inally proposed by T.H.R. Skyrme [Sky59], it has been improved and developed in the last years.
At now, its most widely used form is,

Veff(r1, r2) = t0(1 + x0Pσ)δ(r) +
1
2
t1(1 + x1Pσ)[P′2δ(r) + δ(r)P2]

+ t2(1 + x2Pσ)P′ · δ(r)P +
1
6
t3(1 + x3Pσ)ρα(R)δ(r)

+ iW0(σ1 + σ2) · [P′ × δ(r)P] (3.1)

where ri and σi are the space and spin variables of the two nucleons, r = r1 − r2, R = 1
2 (r1 + r2),

P = 1
2i (∇1 −∇2), P′ is the Hermitian conjugate of P (acting on the left) and Pσ = 1

2 (1 + σ1 ·σ2)
is the spin-exchange operator [C+97]. Here, ρ = ρn + ρp is the total nucleon density, and we will
use the notation ρq to distinguish the neutron (q = 0) an proton (q = 1) densities. In Eq.(3.1), t0
and t3 are velocity-independent terms, whereas t1 and t2 are velocity-dependent terms; W0 term
is a two-body spin-orbit force. In the original form given by T.H.R. Skyrme there was no explicit
density-dependent term but a three-body contact term with a strength parameter t3,

v(3)(r1, r2, r3) = t3δ(r1 − r2)δ(r2 − r3)δ(r3 − r1). (3.2)

In the Hartree-Fock approximation, the contribution of this three-body contact term is the same
as that given by the t3 term of Eq.(3.1) when x3 = 1 and α = 1. Such term provides a simple phe-
nomenological representation of many-body effects, and describes the way in which the interaction
between two nucleons is influenced by the presence of others.

Given the effective potential Veff , the total Hamiltonian of the system becomes H = T + Veff

where T is the kinetic term. The parameters t0, t1, t2, t3, x0, x1, x2, x3 and α are free parameters
which can be obtained by fitting, on a restricted number of nuclei, both experimental data, like
binding energies and r.m.s. radii, and theoretical properties of pure neutron matter, such as the
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saturation density ρ0, the incompressibility K∞ and the symmetry energy at saturation density,
Esym(ρ0).

3.1.2 Skyrme energy density functional

In the Hartree-Fock approximation, one supposes that the ground state of a nucleus is represented
by a Slater determinant φ of single particle states φi,

φ(x1, x2, · · · , xA) =
1√
A!

det|φi(xj)|, (3.3)

where x denotes the set of r, σ and q coordinates. The expectation value of the total energy is

E = 〈φ|(T + Veff)|φ〉 =
∫
E(r)d3r. (3.4)

For the Skyrme interaction, assuming that the subspace of occupied single-particle states is
invariant under time reversal, the energy density functional E(r) is an algebraic function of the
nucleon densities ρn and ρp, the kinetic energy τn and τp and spin densities Jn and Jp. This
quantities depend in turn on the single-particle states φi,

ρq(r) =
∑
i,σ

|φi(r, σ, q)|2 (3.5)

τq(r) =
∑
i,σ

|∇φi(r, σ, q)|2 (3.6)

Jq(r) = −i
∑

i,σ,σ′

φ∗i (r, σ, q)[∇φi(r, σ′, q)× 〈σ|σ|σ′〉], (3.7)

and the sums are taken over all occupied single-particle states; besides τ = τn+τp and J = Jn+Jp.
In particular (we drop the dependence on r for simplicity),

E = K + E0 + E3 + Eeff + Efin + Eso + Esg + Ecoul (3.8)

where K is the kinetic energy term, E0 is a zero-range term, E3 is the density-dependent term, Eeff

is an effective mass term, Efin is a finite range term, Eso is a spin-orbit term, Esg is a term due to
the tensor coupling with spin and gradient and Ecoul is a Coulomb term. Their expressions are
[C+97]

K =
~2

2mp
τp +

~2

2mn
τn

E0 =
1
4
t0[(2 + x0)ρ2 − (2x0 + 1)(ρ2

p + ρ2
n)]

E3 =
1
24
t3ρ

α[(2 + x3)ρ2 − (2x3 + 1)(ρ2
p + ρ2

n)]

Eeff =
1
8
[t1(2 + x1) + t2(2 + x2)]τρ

+
1
8
[t2(2x2 + 1)− t1(2x1 + 1)](τpρp + τnρn)

Efin =
1
32

[3t1(2 + x1)− t2(2 + x2)](∇ρ)2

− 1
32

[3t1(2x1 + 1) + t2(2x2 + 1)][(∇ρp)2 + (∇ρn)2]

Eso =
1
2
W0[J · ∇ρ+ Jp · ∇ρp + Jn · ∇ρn]

Esg = − 1
16

(t1x1 + t2x2)J2 +
1
16

(t1 − t2)[J2
p + J2

n]. (3.9)
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3.1. HARTREE-FOCK EQUATIONS WITH SKYRME INTERACTION

The Coulomb potential requires an approximation for the exchange term contributions in order to
keep it local, since the Coulomb force has non-zero range; a local density approximation called the
Slater approximation [Sla51] is then used to obtain

Ecoul(r) =
e2ρp(r)

2

∫
ρp(r′)
|r− r′|

d3r′ − 3e2

4
( 3
π

)1/3
ρp(r)4/3. (3.10)

3.1.3 Skyrme-Hartree-Fock equations

The Hartree-Fock equations for the Skyrme interaction are obtained by writing that the total
energy E is stationary with respect to variations of the single-particle states φi, with the subsidiary
condition that the φi are normalized [VB72]

δ

(
E −

∑
i

εi

∫
|φi(r)|2d3r

)
= 0. (3.11)

From Eq.(3.4) and (3.8),

δE =
∑

q

∫
d3r

[ ~2

2m∗
q(r)

δτq(r) + Uq(r)δρq(r) + Wq(r) · δJq(r)
]

(3.12)

where the coefficients of the variation are, dropping again the dependence on r,

~2

2m∗
q

=
δE
δτq

=
~2

2mq
+

1
8
[t1(2 + x1) + t2(2 + x2)]ρ+

1
8
[t2(2x2 + 1)− t1(2x1 + 1)]ρq (3.13)

Uq =
δE
δρq

=
1
2
t0[(2 + x0)ρ− (2x0 + 1)ρ2

q]

+
1
24
t3αρ

α−1[(2 + x3)ρ2 − (2x3 + 1)(ρ2
p + ρ2

n)]

+
1
12
t3ρ

α[(2 + x3)ρ− (2x3 + 1)ρq]

+
1
8
[t1(2 + x1) + t2(2 + x2)]τ +

1
8
[t2(2x2 + 1)− t1(2x1 + 1)]τq

− 1
16

[3t1(2 + x1)− t2(2 + x2)]∇2ρ+
1
16

[3t1(2x1 + 1) + t2(2x2 + 1)]∇2ρq

− 1
2
W0[∇ · J +∇ · Jq] +

δEcoul

δρq
(3.14)

Wq =
δE
δJq

=
1
2
W0[∇ρ+∇ρq]−

1
8
(t1x1 + t2x2)J +

1
8
(t1 − t2)Jq. (3.15)

Inserting Eq.(3.12) in Eq.(3.11), one concludes that the single-particle wave functions φi have
to satisfy the following set of equations

[
−∇ · ~2

2m∗
q(r)

∇+ Uq(r) + Wq(r) · (−i)(∇× σ)
]
φi(r, σ, q) = εiφi(r, σ, q). (3.16)

These equations, which are known as the Skyrme-Hartree-Fock (SHF) equations, although highly
non linear, involve only local potentials, and therefore can be solved in coordinate space. This is
a major difference with HF equations corresponding to finite range interactions which give rise to
fully non-local potentials. Note that the eigenvalues εi are just the Lagrange multipliers introduced
in Eq.(3.11); they are often called for convenience single-particle energies.

Looking at Eq.(3.16), we recognize the form of a typical Schrödinger equation. We can easily
identify m∗

q(r) as an effective mass, Uq(r) as a central potential and Wq(r) as a spin-orbit potential.
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CHAPTER 3. MICROSCOPIC NUCLEAR STRUCTURE THEORIES

Since m∗
q(r), Uq(r) and Wq(r) can be expressed in terms of the local densities ρq, τq and Jq, they

are known when all the occupied single-particle states are known. It is thus possible to implement
a self-consistent calculation which, starting from an ensemble of trial wave functions (for example
eigenfunctions of a standard Woods-Saxon potential), solves iteratively Eq.(3.16) building up the
potentials with the solutions φi of the previous step until convergence. Once obtained the converged
solutions for occupied states, one can employ the potentials and calculate wave function and single-
particle energies for the unoccupied states as well. Single-particle unoccupied states lying in the
continuum can be calculated either with completely or with a discretizing procedure using box
boundary conditions.

It is important to notice that the kinetic energy part of the of the total energy E is not simply∑A
i p2

i /2m because the kinetic energy of the center-of-mass should be subtracted:

T =
A∑
i

p2
i

2m
−

(
∑A

i pi)2

2mA

=
1

2m
(1− 1

A
)

A∑
i

p2
i −

1
2mA

A∑
i 6=j

pi · pj (3.17)

The first term in the second line is again a one-body kinetic term with a corrected mass m′ =
m(1− 1

A ); this takes care of a large part of the total center-of-mass correction on the total energy.
The second term is a two-body correction much more difficult to incorporate and it is usually
dropped.

In the case of spherical symmetry, the Skyrme-Hartree-Fock equations simplify greatly into a
set of one-dimensional differential equations in the radial coordinate r. Infact, in this case, the
single-particle wave functions can be written as (see Section A.3.1)

φi(r, σ, τ) =
uα(r)
r

[Yl(r̂)χ 1
2
(σ)](l 1

2 )jmχq(τ) (3.18)

where the indexes i and α stands now for the sets of quantum numbers i ≡ q, n, l, j,m and
α ≡ q, n, l, j, whereas χq is the two-component iso-spinor. One can thus easily deduce the SHF
radial equations which read

~2

2m∗
q(r)

[
−u′′α(r) +

l(l + 1)
r2

uα(r)
]
− d

dr

(
~2

2m∗
q(r)

)
u′α(r)

+
{
Uq(r) +

1
r

d

dr

(
~2

2m∗
q(r)

)
+

[
j(j + 1)− l(l + 1)− 3

4
]Wq(r)

r

}
uα(r) = εαuα(r)

(3.19)

where Wq(r) is defined reducing the spin orbit term Wq(r) · (−i)(∇× σ) to the usual form
1
rWq(r)l · σ.

3.2 Particle-hole theories

The basic properties of the ground states of many nuclei can be well explained in the quite simple
framework of independent particle models such as the Hartree-Fock approximation. Besides, anal-
ysis of the spectra of nuclear excitations reveals a series of nuclear excited states which can be very
adequately explained as single-particle independent excitations. But there are also many excited
states with features that cannot be understood in terms of shell model excitations: these modes
can only be explained if we suppose that coherent participation by many nucleons takes place in
the nucleus, resulting in a collective excitation of the system as a whole. Giant resonances (see
Chapter 2) are a major example of such collective states. The Tamm-Dancoff, the random phase
and quasi-particle random phase models, which will be presented in this Section, depict collective
excited states as given by coherent superpositions of single (quasi)particle-hole (ph-) excitations
(see Section A.2.5). For a wider explanation of these topics refer to [RS80] or [Row70].
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3.2. PARTICLE-HOLE THEORIES

3.2.1 Tamm-Dancoff approximation

The simplest microscopic treatment of nuclear excitations is the Tamm-Dancoff approximation
(TDA). It is based on the ansatz of the Hartree-Fock approximation for the ground state and on
the diagonalization of the Hamiltonian in a finite space of excited ph-configurations.

The Hamiltonian is given in the HF representation by

H = H0 + Vres (3.20)

where, apart from an unimportant constant,

H0 =
∑

ν

ενa
†
νaν (3.21)

Vres =
1
4

∑
µνρσ

vµνρσ : a†µa
†
νaσaρ :. (3.22)

Here H0 is a one-body term which accounts for the independent-particle motion (HF Hamiltonian),
whereas vµνρσ is the matrix element of the two-body residual interaction Vres between antisym-
metrized two-particle states, i.e. the part of the effective interaction wich is not taken into account
in the Hartree-Fock mean field. Besides :...: is the normal ordered product.

The HF separation (3.20) was made in such a manner that the ground state |HF 〉 of H0 should
be a good approximation of the ground state of H, but there is no reason why excited states of
H0 should resemble eigenstates of H. In particular, the lowest excited states of H0, namely the
particle-hole excitations

|m(i)−1〉 ≡ a†mb
†
i |HF 〉 ≡ a†maei|HF 〉 (3.23)

are directly coupled to one another by the residual interaction. Note that we use here, for brevity,
the convention that indices m,n are reserved for particles and i, j for holes; furthermore, we use
the definition that creating a hole in a certain state is equivalent to destroy a particle in the time-
reversal of that state and that create (destroy) a particle in the initial state is equivalent to destroy
(create) a particle in the final state (see Appendix A.2.5). Thus

〈m(i)−1|Vres|n(j)−1〉 =
1
4

∑
µνρσ

vµνρσ〈HF |a†eiam : a†µa
†
νaσaρ : a†naej |HF 〉

=
1
4
(vmejein − vejmein − vmejnei + vejmnei)

= vmejein (3.24)

Since v is taken to be antisymmetrized, vmejein contains both direct and exchange matrix elements,

vmejein = vmejein − vmejnei. (3.25)

These terms are displayed in Fig. 3.1 with Feynman graphs.

�n
m

ej

ei

n

m

ej

ei

n

m

ej

ei

vmejein

−

vmejnei

=

vmejein
Figure 3.1
Graphical representation of the matrix element vmejein with the direct term vmejein and the exchange term
vmejnei.
The matrix elements of the full Hamiltonian, between particle-hole states, are

〈m(i)−1|H|n(j)−1〉 = δmnδij(E0 + εmi) + vmejein (3.26)
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where E0 is the ground state energy and εmi = εm − εi is the unperturbed particle-hole excitation
energy.

If we assume that the eigenstates |ν〉 ofH can be expanded in terms of a finite set of particle-hole
states,

|ν〉 =
∑
nj

Xν
nj |n(j)−1〉 (3.27)

we obtain the secular equation∑
nj

〈m(i)−1|H|n(j)−1〉Xν
nj = EνX

ν
mi. (3.28)

Expanding Eq.(3.28) we get ∑
nj

(δmnδijεmi + vmejein)Xν
nj = ΩνX

ν
mi (3.29)

where Ων = Eν − E0 is the excitation energy. Defining Aminj = δmnδijεmi + vmejein, the secular
equation becomes ∑

nj

AminjX
ν
nj = ΩνX

ν
mi. (3.30)

A diagonalization of the matrix Aminj thus permits to find the coefficients Xν
nj and so to determine

the nuclear excited states |ν〉 via Eq.(3.27).
If one has a good quantum number, such as angular momentum, one should naturally exploit

it to reduce the dimensions of the matrix to be diagonalized. Instead of Eq.(3.27), one should
therefore use the expansion (see Appendix A.1.1)

|ν, JM〉 =
∑
jnjj

XνJ
nj |n(j)−1, JM〉, (3.31)

where
|n(j)−1, JM〉 =

∑
mnmj

〈jnmnjjmj |JM〉a†jnmn
a

j̃jmj
|HF 〉. (3.32)

But, for time-reversal properties (see Appendix A.2.5)

a
j̃jmj

= (−1)jj+mjajj−mj
(3.33)

and so we get

|n(j)−1, JM〉 =
∑

mnmj

(−1)jj+mj 〈jnmnjjmj |JM〉a†jnmn
ajj−mj |HF 〉

=
∑

mnmj

(−1)jj−mj 〈jnmnjj −mj |JM〉a†jnmn
ajjmj |HF 〉. (3.34)

The secular equation then becomes∑
nj

(δmnδijεmi + 〈m(i)−1, J |Vres|n(j)−1, J〉)XνJ
nj = ΩνX

νJ
mi (3.35)

where now

〈m(i)−1, J |Vres|n(j)−1, J〉 = vmejein
=

∑
all m

(−1)jj−mj+ji−mi〈jmmmji −mi|JM〉〈jnmnjj −mj |JM〉

× 〈jmmm, jimi|Vres|jnmn, jjmj〉. (3.36)
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Defining
AJ

minj = δmnδijεmi + 〈m(i)−1, J |Vres|n(j)−1, J〉, (3.37)

the secular equation (3.35) takes the simple form∑
nj

AJ
minjX

νJ
nj = ΩνX

νJ
mi . (3.38)

3.2.2 The random phase approximation

In the TDA method, the ground state is purely the HF ground state and thus remains unchanged,
neglecting the effects of the residual interaction in the ground state. One way out is a generalization
of the TDA method in which we take, instead of the HF ground state, one in which a certain class
of correlations has been summed. For example, if the excited states are described as vibrational
excitations, the ground state correlations may be associated with the vibrational zero-point motion.

Historical development of the RPA began with the theory of D. Bohm and D. Pines (1953) for
the plasma oscillations of an electron gas. In their theory, the parameters of the electromagnetic
field, representing the interaction between the electrons, were quantized and treated as the collec-
tive coordinates of the plasma oscillations. The term random phase approximation referred to the
neglect of the coupling between plasma vibrations of different momenta [BP53].

We start with a set of exact eigenstates of the Hamiltonian H,

H|ν〉 = Eν |ν〉. (3.39)

It is possible to define operators Γ†ν and Γν in such a way that

Γ†ν |0〉 = |ν〉 (3.40)
Γν |0〉 = 0, (3.41)

where |0〉 is the exact ground state of H. From the eigenvalue equation (3.39) we get the equation
of motion [

H,Γ†ν

]
|0〉 = (Eν − E0)Γ†ν |0〉. (3.42)

Multiplying from the left with an arbitrary state of the form 〈0|δΓ, we get

〈0|
[
δΓ,

[
H,Γ†ν

]]
|0〉 = (Eν − E0)〈0|

[
δΓ,Γ†ν

]
|0〉. (3.43)

At first we re-derive the TDA equations by approximating the exact ground state |0〉 by the
HF ground state |HF 〉 and the operator Γ†ν by the collective ph-operator

Γ†ν =
∑
nj

Xν
nja

†
naj (3.44)

omitting, for simplicity, the superscripts for time-reversal conjugation. If now we take δΓ = a†iam,
Eq.(3.43) becomes ∑

nj

〈HF |
[
a†iam,

[
H, a†naj

]]
|HF 〉Xν

nj = ΩνX
ν
mi. (3.45)

This is exactly equivalent to the TDA equation (3.35) we derived earlier.
The above procedure has the advantage that it can be generalized in a straightforward way.

If we think of the ground state containing p-h correlations, we can not only create a ph-pair, but
also destroy one. So we can generalize the form of the operator Γ†ν as

Γ†ν =
∑
nj

Xν
nja

†
naj −

∑
nj

Y ν
nja

†
jan. (3.46)
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The RPA ground state |RPA〉 is defined as Γν |RPA〉 = 0. Let now δΓ assume the form a†mai

or a†iam: therefore, from Eq.(3.43), we get the two sets of equations

〈RPA|
[
a†iam,

[
H,Γ†ν

]]
|RPA〉 = Ων〈RPA|

[
a†iam,Γ†ν

]
|RPA〉 (3.47)

〈RPA|
[
a†mai,

[
H,Γ†ν

]]
|RPA〉 = Ων〈RPA|

[
a†mai,Γ†ν

]
|RPA〉 (3.48)

where Ων is the excitation energy of the state |ν〉 in RPA approximation. These equation contain
expectation values which are very complicated to calculate, because we do not know the exact
form of the ground state |RPA〉.

We content ourselves with an approximation usually known as the quasi-boson approximation.
If we assume that the correlated ground state does not differ very much from the HF ground state,
we can calculate all expectation values in the HF approximation, for example

〈RPA|
[
a†iam, a

†
naj

]
|RPA〉 ' 〈HF |

[
a†iam, a

†
naj

]
|HF 〉

= δijδmn. (3.49)

Within the quasi-boson approximation, the amplitudes Xν
mi and Y ν

mi have a very direct meaning:
their absolute squares give the probability of finding the components a†mai|0〉 and a†iam|0〉 in the
excited state |ν〉:

〈0|a†iam|ν〉 ' 〈HF |
[
a†iam,Γ†ν

]
|HF 〉 = Xν

mi (3.50)

〈0|a†mai|ν〉 ' 〈HF |
[
a†mai,Γ†ν

]
|HF 〉 = Y ν

mi. (3.51)

Equations (3.47) and (3.48) can now be written in the compact form(
A B
−B∗ −A∗

) (
Xν

Y ν

)
= Ων

(
Xν

Y ν

)
(3.52)

where the sub-matrices A and B are defined as

Aminj = 〈HF |
[
a†iam,

[
H, a†naj

]]
|HF 〉

= δmnδijεmi + 〈m(i)−1|Vres|n(j)−1〉
= δmnδijεmi + vmjin (3.53)

Bminj = −〈HF |
[
a†iam,

[
H, a†jan

]]
|HF 〉

= 〈m(i)−1, n(j)−1|Vres|HF 〉
= vmnij (3.54)

Here vmjin has the same form of Eq.(3.25), whereas

vmnij = vmnij − vmnji. (3.55)

These terms are displayed, respectively, in Fig. 3.2(a) and 3.2(b).
Once again, diagonalizing the matrix(

A B
−B∗ −A∗

)
we get full knowledge of the excited states of the system via Eq.(3.46).
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Figure 3.2
Graphical representation of (a) the matrix element vmejein with the direct term vmejein and the exchange term

vmejnei and (b) the matrix element vmneiej with the direct term vmneiej and the exchange term vmnejei.

If we have good quantum numbers, such as angular momentum, we can work, as we did in the
TDA case, with an angular momentum coupled representation. Thus, instead of (3.46), we make
the expansion

Γ†ν(JM) =
∑
nj

XνJ
nj A

†
nj(JM)−

∑
nj

Y νJ
nj Anj(J̃M). (3.56)

where A†nj(JM) and Anj(J̃M) are the coupled ph-creation and destruction operators,

A†nj(JM) =
∑

mnmj

〈jnmnjjmj |JM〉a†jnmn
a

j̃jmj

=
∑

mnmj

(−1)jj−mj 〈jnmnjj −mj |JM〉a†jnmn
ajjmj (3.57)

Anj(J̃M) = (−1)J+MAnj(J −M)

=
∑

mnmj

(−1)J+M+jj−mj 〈jnmnjj −mj |J −M〉a†jjmj
ajnmn . (3.58)

The submatrices A and B then become

AJ
minj = δmnδijεmi + 〈m(i)−1J |Vres|n(j)−1J〉 = δmnδijεmi + vmjin (3.59)

BJ
minj = 〈m(i)−1J, n(j)−1J |Vres|HF 〉 = vmnij (3.60)

and now the matrix elements of the two-body residual interaction can be evaluated as in Eq.(3.36).
In the RPA approximation, the reduced transition probability, Eq.(A.38), of going from the

ground state, |0〉, to an excited state |ν〉, becomes

B(Tλ; 0 → ν) =
∣∣∣∣∑

mi

(
Xν

mi + Y ν
mi

)
〈m||Tλ||i〉

∣∣∣∣2. (3.61)

Besides, we define the transition density of the excited state ν, δρν(r), as

δρν(r) =
1√

2λ+ 1

∑
mi

(
Xν

mi + Y ν
mi

)
〈m||Yλ||i〉

um(r)ui(r)
r2

, (3.62)

where we have used Eq.(A.55) for the single-particle wave function. Thus the reduced transition
probability becomes

B(Tλ; 0 → ν) = (2λ+ 1)
∣∣∣∣∫ rλ+2δρν(r)dr

∣∣∣∣2. (3.63)
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3.2.3 The quasi-particle random phase approximation

TDA and RPA can, in principle, be applied to all even-even nuclei; in practice, however, their
usefulness is restricted to doubly-closed shell nuclei. The reason is that, away from closed shells,
pairing correlations become so important that they cannot be neglected in a realistic analysis of
the nuclear states. For superconducting nuclei, the RPA generalizes to the QRPA (quasi-particle
RPA) in the framework of standard BCS theory [Row70, RS80]. In this theory the Hamiltonian is
expressed in the Hartree-Fock-Bogolyubov representation

H = H0 + Vres (3.64)

We define the quasi-particle creation and destruction operators α†ν and αν as

α†ν = uνa
†
ν − vνaν

αν = uνaν − vνa
†
ν , (3.65)

where the normalization condition u2
ν + v2

ν = 1 holds; uν and vν have a direct physical interpre-
tation: the single-particle state ν is unoccupied with probability amplitude u2

ν and occupied with
probability amplitude v2

ν . Then

H0 =
∑

ν

ενα
†
ναν (3.66)

Vres =
1
4

∑
µνρσ

vµνρσ : a†µa
†
νaσaρ : (3.67)

and the normal ordering is now with respect to the quasi-particle vacuum |QRPA〉.
Making the expansion

Γ†ν =
∑
αβ

Xν
αβα

†
αα

†
β −

∑
αβ

Y ν
αβαααβ (3.68)

we obtain a matrix equation identical to (3.52) but with

Aαβγδ = + (Eα + Eβ)δαγδβδ

+ 〈αβ|Vres|γδ〉(uαuβuγuδ + vαvβvγvδ)

+ 〈α(β)−1|Vres|γ(δ)−1〉(uαvβuγvδ + vαuβvγuδ)

− 〈α(β)−1|Vres|δ(γ)−1〉(uαvβvγuδ + vαuβuγuδ) (3.69)
Bαβγδ =− 〈αβ|Vres|γδ〉(uαuβvγvδ + vαvβuγuδ)

+ 〈α(β)−1, γ(δ)−1|Vres|QRPA〉(uαvβuγvδ + vαuβvγuδ)

− 〈α(β)−1, δ(γ)−1|Vres|QRPA〉(uαvβuγvδ + vαuβvγuδ) (3.70)

where Eα and Eβ are the quasi-particle energies and the particle-hole matrix elements are

〈α(β)−1|Vres|γ(δ)−1〉 = 〈αδ|Vres|βγ〉 = vαδβγ

〈α(β)−1, γ(δ)−1|Vres|QRPA〉 = 〈αγ|Vres|βδ〉 = vαγβδ. (3.71)

It is evident that, from Eq.(3.69) and Eq.(3.70), we can obtain the RPA expression for Aminj

and Bminj (Eq.(3.53) and Eq.(3.54)) in the limit

vm = vn = ui = uj = 0
um = un = vi = vj = 1.
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3.3. PARTICLE-VIBRATION COUPLING

3.3 Particle-vibration coupling

The variation in the average nuclear potential associated with the collective vibrations provides a
coupling between the vibrational degrees of freedom and those of the individual particles. In this
Section, we consider the various effects arising from this coupling, such as renormalization of the
properties of the particles and of the vibrational quanta. The original theory, developed in [BM75],
has been widely employed in the last decades (e.g. [BBB+77, Ham74, CSB10]). An alternative
but equivalent formulation, based on the Green’s function method, have been also successfully
developed [RW73, LR06]. For a wider review, one can consult [MBB+85].

3.3.1 Coupling matrix elements

From a macroscopic point of view, the presence of collective vibrations induces shape oscillations
in the nucleus; this modes are, consequently, associated with variations in the total particle density
and in the nuclear average potential.

The leading-order particle-vibration coupling Hamiltonian is linear in the vibrational amplitude
α and can be written in the form

Hint = kαF (x) (3.72)

where F (x) is a one-particle operator describing the dependence of the potential on the nucleonic
variables x, and k is the coupling constant which characterizes the relationship between the po-
tential and the density. Here F depends not only on the space-variables but also on the spin- or
isospin-variables, corresponding to various degrees of freedom of the nucleons. In the following we
confine ourselves to the shape oscillations as examples of possible vibrations. For a shape oscillation
of multipole order λ, R(ϑ, φ), which expresses the shape of the nucleus, will take the form

R(ϑ, φ) = R0

(
1 +

∑
µ

Y ∗
λµ(ϑ, φ)αλµ

)
. (3.73)

where R0 is the mean nuclear radius. The variation δU in the average nuclear potential U induced
by the density oscillation will consequently be

δU = −R0
dU(r)
dr

∑
µ

Y ∗
λµ(ϑ, φ)αλµ. (3.74)

The Hamiltonian of the coupled system will thus be of the form

H = Hsp +Hcoll + V (3.75)

where Hsp =
∑

i εia
†
iai is a single-particle Hamiltonian, Hcoll =

∑
λ ΩλΓ†λΓλ is the collective

vibration Hamiltonian and V is the coupling Hamiltonian which must, so far, coincide with δU .
To first order in deformation, thus, the coupling Hamiltonian is

V = −kλ(r)
∑

µ

Y ∗
λµ(ϑ, φ)αλµ = (−1)λ+1(2λ+ 1)1/2kλ(r)(Yλαλ)λλ(00) (3.76)

where we have defined

kλ(r) = R0
dU(r)
dr

. (3.77)

and made use of the definition of coupling between two angular momenta (see Appendix A.1.1).
The matrix element of the coupling (3.76) for the scattering of a particle with the excitation of

a quantum, is given by [BM75]

γλ
ij ≡ 〈j, λjλ(imi)|V |imi〉

= (−1)i+j(2i+ 1)−1/2(2λ+ 1)−1/2〈j||kλYλ||i〉〈λ||αλ||0〉

= −ili+λ−lj

(
2λ+ 1

4π

)1/2

〈i1
2
λ0|j 1

2
〉
(

Ωλ

2Cλ

)1/2

〈j|kλ(r)|i〉 (3.78)
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CHAPTER 3. MICROSCOPIC NUCLEAR STRUCTURE THEORIES

with the parity selection rule that requires li+λ−lj to be even; here Ωλ is the energy of the phonon
of vibration. For states near the Fermi level, 〈j2|kλ(r)|j1〉 equals approximately the depth of the
mean field potential, which is about 50 MeV [BM69]. Besides Cλ is the restoring force parameter,
which is simply related to the reduced transition probability, B(Eλ), by the relation

B(Eλ; 0 → λ) = (2λ+ 1)
(

3
4π
ZeRλ

)2 Ωλ

2Cλ
. (3.79)

For processes involving the creation of a particle-hole pair, it is possible to obtain the matrix
elements [BM75]

〈i−1, j(i−1j)λµ|V |λµ〉 = −
(

2i+ 1
2λ+ 1

)1/2

γλ
ij (3.80)

〈i−1, j, λ(i−1jλ)00|V |0〉 = −(2i+ 1)1/2γλ
ij . (3.81)

The enhancement of these matrix elements by a factor (2i + 1)1/2, as compared with the matrix
element γλ

ij , expresses the fact that each of the (2i+ 1) particles in the filled shell can be excited
by the interaction with the vibrational field. The basic first order matrix elements are illustrated
by the Feynman graphs in Fig. 3.3.

�i

j λ

γλ
ij

(a)

�
j−1

i−1

λ

−γλ
ij

(b)

�
i−1

λ

j

−
`

2i+1
2λ+1

´1/2
γλ

ij

(c)

�i−1 j

λ

−(2i + 1)1/2γλ
ij

(d)

Figure 3.3
Diagrams illustrating first-order coupling between particle and vibration. Diagram (a) and (b) represent,
respectively, the scattering of a particle and a hole with the excitation of a quantum; diagram (c) represents
the absorbtion of a vibration involving production of a particle-hole pair, whereas diagram (d) illustrates the
virtual excitation of the vacuum with emission of a phonon and of a particle-hole pair.

Wigner-Eckhart theorem (see Appendix A.2.2) allows us to define the reduced matrix element
〈i||γλ||j〉 of γλ

ij for the coupling between a particle and a vibration,

γλ
ij =

1√
2i+ 1

〈imi00|imi〉〈i||γλ||j〉 =
1√

2j1 + 1
〈i||γλ||j〉 (3.82)

where we have defined 〈i||γλ||j〉 ≡ 〈j, λ||V ||i〉.

3.3.2 Evaluation of PVC vertex with Skyrme interaction

In the case of coupling with density modes, the basic vertex 〈i||γnL||j〉 can be calculated starting
from the representation of the phonon nL in RPA approximation

|nLM〉 = Γ†n(LM)|RPA〉, (3.83)
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Γ†n(LM) =
∑
ph

XnL
ph A

†
ph(LM)−

∑
ph

Y nL
ph Aph(L̃M). (3.84)

If the residual interaction Vres, which accounts for the difference between the Hartree-Fock
mean field and the two-body effective interaction, is used at the vertex, one obtains, for the
reduced matrix element [CSB10],

〈i||γnL||j〉 =
√

2L+ 1
∑
ph

XnL
ph VL(ihjp) + (−)L+jh−jpY nL

ph VL(ipjh) (3.85)

where VL is the particle-hole coupled matrix element of the residual interaction,

VL(ihjp) =
∑
all m

(−)jj−mj+jh−mh〈jimijj −mj |LM〉〈jpmpjh −mh|LM〉

× 〈jimi, jhmh|Vres|jjmj , jpmp〉. (3.86)

If we neglect the possibility of having particle-hole pairs made up with two nucleons having
different charge, we can label the residual interaction by V qq′

res , where q and q′ denote the charge
states of two pairs ph and p′h′. Since the Skyrme interaction depends actually on density, the
following general expression holds

V qq′

res =
δ2E

δρqδρq′
(3.87)

where E is the HF energy functional. Thus, residual interaction receives contributions from t0 and
t3 parts of the force (central, velocity-independent), from t1 and t2 parts (velocity-dependent) and
from W0 and Vc parts (spin-orbit and Coulomb terms, respectively).

If we consider the simple case in which we have only t0 and t3 terms of the Skyrme interaction
[CCG+11],

V qq′

res = vqq′

0 (r)δ(r1 − r2) (3.88)

and the detailed expression for the function vqq′

0 (r) is, if q = q′,

vqq′

0 (r) =
1
2
t0(2 + x0) +

1
16
t3(α+ 1)(α+ 2)ρα(r) +

1
12
t3(x3 +

1
2
)ρα(r)

+
1
48
t3α(1− α)(1 + 2x3)ρα−2(r)ρ2

−(r)− 1
12
t3(2x3 + 1)αρα−1(r)ρ−(r) (3.89)

and, if q 6= q′,

vqq′

0 (r) =
1
2
t0(1− x0) +

1
16
t3(α+ 1)(α+ 2)ρα(r)− 1

12
t3(x3 +

1
2
)ρα(r)

+
1
48
t3α(1− α)(1 + 2x3)ρα−2(r)ρ2

−(r) (3.90)

where ρ− stands for ρn − ρp.
In this case the coupled matrix elements reduce to

VL(ihjp) =
i−li−lh+lj+lp

2L+ 1
〈i||YL||j〉〈p||YL||h〉

∫
dr

r2
vqq′

0 (r)ui(r)uj(r)up(r)uh(r) (3.91)

VL(ipjh) = (−1)L+jp−jhVL(ihjp) (3.92)

where the radial part u of the single-particle wave function has been introduced. In this simplified
case,

〈i||γnL||j〉 =
√

2L+ 1
∑
ph

(
XnL

ph + Y nL
ph

)
VL(ihjp). (3.93)
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3.3.3 Effective moments

Because of the large transition moments associated with the vibrational excitations, the particle-
vibration coupling gives rise to important modifications in the effective one-particle moments. As
a result of the coupling, the single-particle states are clothed in a cloud of quanta; to first order in
the coupling, the dressed (or renormalized) single-particle state ĩ is given, in perturbation theory,
by

|̃i〉 = |i〉 −
∑

j

γλ
ij

εji + Ωλ
|j, λ〉 (3.94)

where εji is the single-particle excitation energy (which is equal to εj − εi in the absence of pair
correlations). If we consider the matrix elements of the field operator F between the dressed
single-particle states, the inclusion of the vibrational moment gives a simple renormalization of the
transition moment

˜〈i2|F |i1〉 ≡ 〈̃i2|F |̃i1〉 = (1 + χF )〈i2|F |i1〉 (3.95)

with the coefficient χF given by

χF = −2kα2
0

Ωλ

Ω2
λ − ε2ji

(3.96)

being α0 the zero-point amplitude of the vibrational motion and k the coupling constant defined
in Eq.(3.72). The renormalization of single-particle moments is illustrated by the diagrams in Fig.
3.4.

�
bare moment

F
F

+
F

polarization effect

Figure 3.4
Diagrams illustrating the renormalization of single-particle moment resulting from particle-vibration coupling.

The ratio χF between the induced moment and that of the single-particle is referred to as
the polarizability coefficient. The simple form (3.96) applies to moments that are proportional to
the field coupling; more generally, the polarizability coefficient involves the ratio between the one-
particle matrix elements of the field coupling and of the moment and may thus depend explicitly
on the one-particle states involved.

3.3.4 Self-energies

The particle-vibration coupling acting in second order also gives rise to energy shifts in states
involving a single particle (or hole) or a single quantum, as well as a contribution to the energy of
the closed-shell configuration. The corresponding diagrams are shown in Fig. 3.5.

The energy shift of the closed-shell configuration associated with the virtual excitation of a
particle-hole pair (i−1j) and a quantum λ (Fig. 3.5(a)) can be obtained from the matrix element
(3.81),

δE0(ijλ) = −
(2i+ 1)(γλ

ij)
2

εj − εi + Ωλ
. (3.97)

It is now clear that the total self-energy for a closed-shell configuration is obtained summing over
all particle-hole pairs and quanta:

δE0 =
∑

i<F,j>F,λ

δE0(ijλ) (3.98)
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�λ ji−1

(a)

�i j

λ i

(b)

�i
λ

i

j−1

(c)

�λ

ji−1

λ

(d)

�λ
λ

i−1

j

(e)

Figure 3.5
Self-energy terms. Diagram (a) represents the vacuum self-energy, while (b) and (c) represent, respectively,
the self-energy for a single particle in the case there is a particle or a hole in the intermediate state. Diagrams
(d) and (e), instead, represent the self-energy for a phonon.

The self-energy of a single particle receives contributions corresponding to the two diagrams in
Fig. 3.5(a) and (b), associated with the coupling to orbits j above and below the Fermi level,

Σi(jλ) =


(γλ

ij)
2

εi−εj−Ωλ
εj > εF

− (γλ
ij)

2

εj−εi−Ωλ
εj < εF

(3.99)

The total self-energy for a single-particle, defined as Σi = εi − εi where εi is the energy of the
dressed single-particle state, is thus

Σi =
∑

λ,j>F

(γλ
ij)

2

εi − εj − Ωλ
−

∑
λ,j<F

(γλ
ij)

2

εj − εi − Ωλ
. (3.100)

The one particle self-energy decreases the energy of lowest particle states and increases that of the
highest hole states, and thus acts to reduce the gap between occupied and unoccupied orbits.

The phonon self-energy is represented by the two diagrams in Fig. 3.5(d) and (e),

δΩλ(ij) = − 2i+ 1
2λ+ 1

(γλ
ij)

2

(
1

εj − εi − Ωλ
+

1
εj − εi + Ωλ

)
. (3.101)

The total energy shift is thus
δΩλ =

∑
i<F,j>F

δΩλ(ij) (3.102)

and it represents the change in the phonon frequency arising from the coupling to all possible
particle hole configurations (i−1j).
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Chapter 4
Collective response in odd nuclei: the
OPVC model

A doubly-magic even-even nucleus is spherically symmetric and, consequently, it has a simple
vibrational spectrum. This is no more true for an odd-mass nucleus, since, in the most elementary
interpretation, its ground state will be considered as the state obtained by adding a particle or
a hole to the neighboring even-even nucleus in its lowest energy state. The consequence is that
the symmetries of the doubly-magic even-even nucleus are broken in the neighboring odd nucleus.
The collective excited states of the latter, though, cannot be reproduced by means of simple RPA
calculations as in the even-even case (see Section 3.2).

If the even-even core and the odd-particle or hole were completely independent, the excitation
spectrum of the odd system would be just the sum of the vibrational spectrum of the first plus the
single-particle excitation spectrum of the latter. In a realistic picture, nonetheless, the core and the
odd-particle (or hole) are not independent. One realistic approach developed for the description
of the excitations of odd nuclei was the particle-vibration coupling model (see Section 3.3). The
following problem is dealt with in this model: how are the excitation energies and the wave functions
of the even-even core (i.e., of the phonons) and the odd-particle or hole mutually affected. One
of the problems solved by the PVC is the so-called problem of the splitting of particle-vibration
multiplets in odd nuclei. This problem arises since the coupling between the angular momentum
j of the ground state of the odd nucleus and the spin L of the excitation of the core leads to a
multiplet of states with spin ranging from |L − j| to L + j. If there were no interaction between
the odd nucleon and the core, these states would be degenerate with the same excitation energy
as that of the corresponding states in the neighboring even-even nucleus. Experiments, however,
show deviations from this simple model in regard to the position of the multiplet states.

It is possible to find in the literature several attempts to employ in a consistent way the particle-
vibration coupling theory for the analysis of the excitations of odd nuclei. In [DD65], separating
explicitly the collective from the quasi-particle excitations, a new set of QRPA equations is intro-
duced which is claimed to predict the multiplet splitting. In [KLT01], a consistent generalization of
RPA for odd nuclei is suggested, basing the derivation on the Green’s function method and using
the equation for the three-particle Green’s function. A formula for the response function of the odd
nucleus is derived as the sum of a core, a particle and a coupling contributions. This model gives
the possibility to describe both the single-particle and collective parts of the excitation spectrum,
together with the multiplet splitting for collective states.

Another approach to the odd nuclei problem was worked out within a self-consistent variant
of the theory of finite Fermi systems [BFT95], which treats the degenerate ground state of an odd
nucleus on the average. Essentially this model is equivalent to the RPA with changed occupation
number of the valence level. This makes it possible to calculate the strength function for the
transitions from the odd nucleus ground state into the continuum, but is does not produce any
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multiplet splitting in view of averaged treatment of the ground state.
In this Chapter we will introduce an original consistent microscopic model for the collective

response in odd nuclei. This model will be valid for nuclei near closed-shell configurations, i.e., odd
nuclei obtained by adding a particle (or a hole) to closed-shell even-even cores. This hypothesis
is fundamental because it reduces drastically the complexity of the problem. In fact, dealing
with closed-shell configurations allows one not to consider the pairing correlations, since closed-
shell nuclei are not superfluid. Besides, considering doubly-magic systems makes it possible to
neglect the effects of nuclear deformations. In our model, too, we will deal with the interaction
between the core and the odd-particle (hole) in the framework of particle-vibration coupling: for
this reason, the model will be referred as OPVC model (odd-particle-vibration coupling). Our
model will be basically different from [DD65] and [KLT01] since, instead of separating explicitly
the collective from the (quasi)-particle excitations, we will consider them as states obtained by
linear combinations of the two modes, as it is done in [KS63].

4.1 General features of the OPVC model

Let us consider the case in which an odd nucleus is formed by an even-even closed-shell core plus
an odd-particle (or hole). In the following, we will use the abbreviation odd-nucleon meaning
odd-particle or hole.

If the interaction between the core and the odd-nucleon is completely neglected, the Hamiltonian
of the system is

H0 = Hodd +Hcore. (4.1)

In the previous equation, Hodd is a single-particle Hamiltonian acting on the odd-nucleon,

Hodd =
∑
nljm

εnlj d
†
nljm dnljm, (4.2)

where nljm is a generic odd-nucleon state and d†n′l′j′m′ is a particle (a†n′l′j′m′) creation operator
in the case of odd nuclei consisting in an even-even closed-shell core plus a particle (particle-plus-
core nuclei). Instead, d†n′l′j′m′ is a hole (b†n′l′j′m′) creation operator in the case of odd nuclei
consisting in an even-even closed-shell core plus a hole (hole-plus-core nuclei). Hcore, instead, is a
core Hamiltonian,

Hcore =
∑
ξLM

ΩξL Γ†ξ(LM) Γξ(LM), (4.3)

where ξLM is a generic vibrational core state ξ of angular momentum LM and Γ†ξ(LM) is its
creation operator.

The generic state |νljm〉 of the odd nucleus, i.e., the generic eigenstate of H0, will be, simply,
either a single-nucleon state, i.e., a configuration in which the odd-nucleon is in a given quantum
state and core vibrations are absent,

|νljm〉 =
[
d†nlj ⊗ I

]
jm

|0〉 ≡ |(nlj ⊗ 0)ljm〉 (4.4)

or a nucleus-plus-vibration state, i.e., a configuration in which the odd-nucleon is in a given quantum
state and core vibrates,

|νljm〉 =
[
d†n′l′j′ ⊗ Γ†ξ(L)

]
jm

|0〉 ≡ |(n′l′j′ ⊗ ξL)ljm〉. (4.5)

States of the type (4.4) and (4.5) will be referred as pure states.
The states |νljm〉, defined by Eqs.(4.4) and (4.5), are characterized by three quantum numbers:

the orbital angular momentum l, the total angular momentum j and its projection on the z-axis,
m. The total angular momentum and parity of the states, π = (−1)l, are good quantum numbers
if we request the system to be spherically symmetric.
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In Eqs.(4.4) and (4.5), |0〉 = |0odd〉⊗|0core〉, where |0odd〉 is the single-particle vacuum where the
odd-nucleon can be added, whereas |0core〉 is the exact ground state of the closed-shell core where
multipole vibrations can be excited. |0odd〉 can be well approximated by the Hartree-Fock single-
particle vacuum |HFodd〉 and |0core〉 can be well-accounted for in RPA approximation, |0core〉 '
|RPAcore〉, being |RPAcore〉 the RPA ground state of the core.

From the previous equations, it is evident that d†n′l′j′m′ and Γ†ξ(LM) are operators acting
on different Hilbert subspaces, those, respectively, of the odd-nucleon and of the even core. In
particular, d†n′l′j′m′ acts on |0odd〉, while I and Γ†ξ(LM) are operators acting on |0core〉.

Using the definition of coupling of two angular momenta and the properties of Clebsch-Gordan
coefficients (see Section A.1.1), one can write[

d†nlj ⊗ I
]

jm

=
∑
m′

〈jm′00|jm〉d†nljm′ = d†nljm. (4.6)

Moreover, accounting for Γ†ξ(LM) in RPA approximation,[
d†n′l′j′ ⊗ Γ†ξ(L)

]
jm

=
∑
m′M

〈j′m′LM |jm〉d†n′l′j′m′Γ†ξ(LM) (4.7)

Γ†ξ(LM) =
∑
ph

XξL
phA

†
ph(LM)−

∑
ph

Y ξL
ph Aph(L̃M) (4.8)

A†ph(LM) =
∑

mpmh

(−1)jh−mh〈jpmpjh −mh|LM〉a†pmp
ahmh

(4.9)

Aph(L̃M) =
∑

mpmh

(−1)L+M+jh−mh〈jpmpjh −mh|L−M〉a†hmh
apmp (4.10)

In the previous formulas, the short-hand notation |imi〉 has been introduced to represent the
quantum state |nilijimi〉.

This picture would be quite successful in reproducing the exact eigenstates of odd nuclei if
we could completely neglect the coupling between the core vibrations and the odd-nucleon. In
general, the introduction of a coupling V between the core and the odd-nucleon will modify deeply
the eigenstates of the system with respect to the simple expressions (4.4) and (4.5). In this case,
the nuclear Hamiltonian will become

H = H0 + V. (4.11)

Nevertheless, since the interaction between the core and the odd-nucleon is thought to be weak,
we expect perturbative theory to be a powerful tool to obtain a simple but realistic insight into
the real eigenvectors of the system.

The main assumption of our OPVC model is that the net effect of the interaction between the
odd-nucleon and the core is to linearly mix various pure states of the odd nucleus, resulting in a
more general expression for the eigenstates of the coupled odd system [KS63]. This picture is fully
compatible with first order perturbative theory, where the perturbed states are obtained as linear
combinations of unperturbed states. In the following, we will refer to pure states also as uncoupled
states or naked states, and to mixed states of the odd nucleus as coupled or dressed states.

With this in mind, we define the generic state of the odd nucleus to be, in the OPVC approxi-
mation,

|νljm〉 = c†νljm|0〉 (4.12)

where we suppose that

c†νljm =
∑

n

Aνlj
n

[
d†nlj ⊗ I

]
jm

+
∑

n′l′j′ξL

Bνlj
n′l′j′ξL

[
d†n′l′j′ ⊗ Γ†ξ(L)

]
jm

. (4.13)

In the previous formula, {Ai} and {Bi} are the coefficients of the state mixing referring, respec-
tively, to pure single-nucleon and nucleon-plus-vibration states. For this coefficients, the following
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normalization rule must hold ∑
n

(
Aνlj

n

)2+
∑

n′l′j′ξL

(
Bνlj

n′l′j′ξL

)2= 1. (4.14)

It is important to notice that, since angular momentum and parity are good quantum numbers
of the system in spherical symmetry, there can be a mixing only between states with the same
total angular momentum, j, and parity, π. Since in the second term of the r.h.s. of Eq.(4.13) the
parity is (−1)l′+L, the value of l′ is automatically determined by L.

Before proceeding further, we define a notation which will be used in the following. The i-th
single-particle (or hole) and phonon energies will be always indicated as εi and Ωi, respectively.
The energy of the pure (uncoupled) states will be indicated as Ei, where i is some index of the
state, whereas the energy of the i-th mixed (coupled) state will be referred to as Ei. Besides, as
a short-hand notation, we will indicate as Ci

k the probability of the dressed state i to be found in
the uncoupled state k, i.e., (Ai

k)2 or (Bi
k)2 depending on whether the pure state k is of the type

(4.4) or (4.5).

4.2 Evaluation of the strength function for collective exci-
tations

The main task of this work will be to derive a consistent formula for the strength function char-
acterizing the collective excitations of the odd nucleus under the effect of a multipole external
field.

The total strength function characterizing the excitations induced by a multipole field Fλ on
the state |ν1l1j1〉, S(E), is directly related to the reduced transition probability by Eq.(A.40),

S(E) =
∑

ν2l2j2

B(Fλ; ν1l1j1 → ν2l2j2)δ(E − (E2 − E1)). (4.15)

where
B(Fλ; ν1l1j1 → ν2l2j2) =

1
2j1 + 1

|〈ν2l2j2||Fλ||ν1l1j1〉|2. (4.16)

The interest for the strength function stems in its close relationship with the experimental cross
section, which allows direct comparison between theoretical models and experiments. For dipole
transitions induced by photo-absorption reactions, e.g., this relation reads

σE1(E) =
16π3

9
e2

~c
ES(E). (4.17)

The reduced matrix element 〈ν2l2j2||Fλ||ν1l1j1〉 is, as a consequence of the Wigner-Eckhart
Theorem (see Appendix A.2.2), directly related to the non-reduced matrix element by the relation

〈ν2l2j2||Fλ||ν1l1j1〉 =
1√

2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉〈ν2l2j2m2|Fλµ|ν1l1j1m1〉. (4.18)

The matrix element 〈ν2l2j2m2|Fλµ|ν1l1j1m1〉 is, in the OPVC model,

〈ν2l2j2m2|Fλµ|ν1l1j1m1〉 = 〈0|cν2l2j2m2Fλµc
†
ν1l1j1m1

|0〉. (4.19)

The evaluation of the reduced matrix element 〈ν2l2j2||Fλ||ν1l1j1〉 directly provides a general
formula able to predict the complete multipole response of odd nuclei in the framework of our
OPVC model.

The complete calculation of the transition matrix element is explicitly done in Appendix B;
here we report the result, which is valid both in the case of particle-plus-core and hole-plus-core
nuclei:
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〈ν2l2j2||Fλ||ν1l1j1〉

'
∑
n1n2

Aν1l1j1
n1

Aν2l2j2
n2

〈n2l2j2||Fλ||n1l1j1〉

+
√

2j1 + 1√
2λ+ 1

∑
n2ξ

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξλ(−1)j1+λ−j2

∑
ph

{
Xξλ

ph + Y ξλ
ph

}
〈p||Fλ||h〉

+
√

2j2 + 1√
2λ+ 1

∑
n1ξ

Bν2l2j2
n1l1j1ξλA

ν1l1j1
n1

∑
ph

{
Xξλ

ph + Y ξλ
ph

}
〈p||Fλ||h〉

+
√

2j1 + 1
√

2j2 + 1
∑

n′1l′1j′1

∑
n′2l′2j′2

∑
ξL

Bν1l1j1
n′1l′1j′1ξLB

ν2l2j2
n′2l′2j′2ξL

× (−)j1+λ+j′2+L

{
j′2 j′1 λ
j1 j2 L

}
〈n′2l′2j′2||Fλ||n′1l′1j′1〉

+
√

2j1 + 1
√

2j2 + 1
∑

n′l′j′

∑
ξ1L1

∑
ξ2L2

Bν1l1j1
n′l′j′ξ1L1

Bν2l2j2
n′l′j′ξ2L2

×
√

2L1 + 1
√

2L2 + 1(−)j2+λ+j′

×
{
L1 λ L2

j2 j′ j1

} ∑
p1p2h1h2

(Xξ1L1
p1h1

Xξ2L2
p2h2

+ Y ξ1L1
p1h1

Y ξ2L2
p2h2

)

×
(

(−)jp1+jh1 δh1h2

{
L1 λ L2

jp2 jh1 jp1

}
〈p1||Fλ||p2〉

+ (−)jp1+jh2+L1+L2δp1p2

{
L1 λ L2

jh2 jp1 jh1

}
〈h1||Fλ||h2〉

)
. (4.20)

The transition process represented by the reduced matrix element (4.20) is depicted in terms
of Feynman graphs in Figs. from 4.1 to 4.7. In particular, Fig. 4.1 represents the total transition
process as a sum of six terms, each coming from a different contribution to the total transition
matrix element. These terms are represented in Figs. from 4.2 to 4.7. In these graphs, the
thick black arrows stand for dressed (mixed) states of the odd nucleus, whereas the shaded boxes
represent projectors of the dressed states upon pure odd nucleus states. The thin lines and the
wavy lines stand, on the contrary, for odd-nucleon states and phonon states of the even-even core,
respectively. The thin arrows stand, finally, for particle or hole states in the even-even core.

As we said in the introduction to this Chapter, one of the main tasks in the analysis of the
response of an odd nucleus is the correct interpretation of the multiplet splitting. This aspect
is automatically taken into account in our model, since the expression (4.20) accounts for transi-
tion to a state of definite angular momentum and parity. This allows to separate the multipole
strength function in contributions coming from transitions to different Jπ subspaces, i.e., to split
the components of the multiplet.

4.3 The zero-coupling limit

From Eq.(4.20), one can obtain an expression for the reduced transition probability in the zero-
coupling limit, i.e. in the case that the exact eigenstates of the odd nucleus are the pure states
(4.4) and (4.5).

As one can easily see, the pure single-nucleon states (4.4) can be obtained as a limit of the
general expression (4.13) for the dressed states just setting all the {Bi} and all the {Ai} but one
equal to zero. The normalization condition (4.14) implies the remaining coefficient A to be equal
to 1. On the contrary, the particle-plus-vibration states (4.5) can be obtained from Eq.(4.13) just
setting all the {Ai} and all the {Bi} but one equal to zero. The normalization condition (4.14)
implies the remaining coefficient B to be equal to 1, as well.
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�ν1l1j1

ν2l2j2

=MAA +MAB +MBA +Msp
BB +MXX

BB +MY Y
BBFλ

Figure 4.1
Feynman graph representation of the reduced transition matrix element, Eq.(4.20), as a sum of different
contribution depicted in Figs. from (4.2) to (4.7).

�ν1l1j1

n1l1j1

n2l2j2

ν2l2j2

FλMAA =

Figure 4.2
Feynman graph GAA corresponding to the MAA term (see Appendix B) of the reduced matrix element of
the transition, Eq.(4.20). The corresponding process is the transition from a single-nucleon state to a single-
nucleon state; in this case the external field F interacts only with the odd-nucleon modifying its single-particle
state.

�ν1l1j1

n2l2j2

ξλ

ν2l2j2

p h

ν1l1j1

n2l2j2

ν2l2j2

p h+
Fλξλ

Fλ

MAB =

Figure 4.3
Feynman graph corresponding to the MAB term (see Appendix B) of the reduced matrix element of the
transition, Eq.(4.20). The corresponding process is the transitions from a nucleon-plus-vibration state to a
single-nucleon state; in this case the field F annihilates the vibration without affecting the odd-nucleon.
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�ν1l1j1

n1l1j1

ν2l2j2

p

ξλ

h

ν1l1j1

n1l1j1

ν2l2j2

p h+
Fλ

ξλ

Fλ

MBA =

Figure 4.4
Feynman graph corresponding to the MBA term (see Appendix B) of the reduced matrix element of the
transition, Eq.(4.20). The corresponding process is the transition from a single-nucleon state to a nucleon-
plus-vibration state; the field F interacts with the core inducing a vibration without affecting the odd-nucleon.

�ν1l1j1

n1l1j1

ξλ

ν2l2j2

n2l2j2

FλMsp
BB =

Figure 4.5
Feynman graph corresponding to the Msp

BB term (see Appendix B) of the reduced matrix element of the
transition, Eq.(4.20). The corresponding process is the transition from a nucleon-plus-vibration state to a
nucleon-plus-vibration state. In this case, the external field F interacts only with the odd-nucleon, leaving the
core vibration untouched.

�ν1l1j1

n′l′j′

ξ1L1

ν2l2j2

p1

ξ2L2

h1

p2

ν1l1j1

n′l′j′

ξ1L1

ν2l2j2

p1

ξ2L2

h2

h1

+MXX
BB =

Figure 4.6
Feynman graph corresponding to the MXX

BA term (see Appendix B) of the reduced matrix element of the
transition, Eq.(4.20). The corresponding process is the transition from a nucleon-plus-vibration state to a
nucleon-plus-vibration state. In this case, the field F interacts with the vibration modifying the oscillatory
mode.
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�ν1l1j1

n′l′j′

ν2l2j2

p1

h1

p2

ν1l1j1

n′l′j′

ν2l2j2

h2

h1

+

ξ1L1

ξ2L2

ξ1L1

ξ2L2 p1

MY Y
BB =

Figure 4.7
Feynman graph corresponding to the MY Y

BA term (see Appendix B) of the reduced matrix element of the
transition, Eq.(4.20). The corresponding process is the transition from a nucleon-plus-vibration state to a
nucleon-plus-vibration state. In this case, the field F interacts with the vibration modifying the oscillatory
mode.

In the zero-coupling case, one expects the ground state of the odd nucleus to be simply a
pure single-nucleon state, |gs〉 = |(n0l0j0 ⊗ 0)l0j0m0〉, in which, in the case of particle-plus-core
odd nuclei, the odd-particle is created in lowest possible energy level, whereas, in the case of
hole-plus-core odd nuclei, the odd-hole is created in the highest possible energy level.

If we restrict to transitions from the ground state of the odd nucleus, we obtain two expressions
for the reduced matrix element of the transition, depending on wheter the final pure state is
single-nucleon or not. In the first case, from Eq.(4.20), if the final state is some |f1〉 = |(nf lf jf ⊗
0)lf jfmf 〉, we obtain

〈f1||Fλ||gs〉 = 〈(nf lf jf ⊗ 0)lf jf ||Fλ||(n0l0j0 ⊗ 0)l0j0〉 ' 〈nf lf jf ||Fλ||n0l0j0〉 (4.21)

and the corresponding reduced transition probability becomes

B(Fλ; gs→ f1) =
1

2j0 + 1
〈f1||Fλ||gs〉2 '

1
2j0 + 1

|〈nf lf jf ||Fλ||n0l0j0〉|2. (4.22)

Instead, in the latter case, if the final state is some |f2〉 = |(n′f l′f j′f ⊗ξL)lf jfmf 〉, Eq.(4.20) implies
that

〈f2||Fλ||gs〉 = 〈(n′f l′f j′f ⊗ ξL)lf jf ||Fλ||(n0l0j0 ⊗ 0)l0j0〉

'
√

2jf + 1
√

2λ+ 1
δLλδ0f ′

∑
ph

{
Xξλ

ph + Y ξλ
ph

}
〈p||Fλ||h〉

=

√
2jf + 1

√
2λ+ 1

δLλδ0f ′〈ξλ||Fλ||RPAcore〉. (4.23)

The previous equation implies that we can restrict to states |f2〉 = |(n0l0j0 ⊗ ξλ)lf jfmf 〉. The
corresponding reduced transition probability is, in this case,

B(Fλ; gs→ f2) '
2jf + 1

(2j0 + 1)(2λ+ 1)
|〈ξλ||Fλ||RPAcore〉|2. (4.24)

The total strength function associated with the transitions from the ground state of the odd
nucleus is thus

S(E) '
∑

nf lf jf

1
2j0 + 1

|〈nf lf jf ||Fλ||n0l0j0〉|2δ(E − εf0)

+
∑
jf ξ

2jf + 1
(2j0 + 1)(2λ+ 1)

|〈ξλ||Fλ||RPAcore〉|2δ(E − Ωξλ) (4.25)
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where εf0 = εnf lf jf
− εn0l0j0 and Ωξλ is the energy of the ξ-th phonon of multipolarity λ.

Now, since jf = |j0 − λ|, |j0 − λ|+ 1, . . . , j0 + λ,

� if j0 > λ,∑
jf

(2jf +1) = 2(
∑
jf

jf )+ (2λ+1) = 2
j0 − λ+ j0 + λ

2
(2λ+1)+ (2λ+1) = (2λ+1)(2j0 +1)

(4.26)

� if λ > j0,∑
jf

(2jf +1) = 2(
∑
jf

jf )+(2j0 +1) = 2
λ− j0 + λ+ j0

2
(2j0 +1)+(2j0 +1) = (2λ+1)(2j0 +1)

(4.27)

and so Eq.(4.25) reduces to

S(E) '
∑

nf lf jf

1
2j0 + 1

|〈nf lf jf ||Fλ||n0l0j0〉|2δ(E − εf0) +
∑

ξ

|〈ξλ||Fλ||RPAcore〉|2δ(E − Ωξλ).

(4.28)
The meaning of this result is clear: in the zero-coupling limit, the excited states of the odd

nucleus can be seen either as single-particle excitation of the odd-particle (or hole) or as collective
excitations of the core; thus the resulting strength function must be simply the sum between
the strength function associated with the single-particle excitations and the strength function
associated with core transitions.

4.4 A many-body argument for the state mixing

Until now, we have introduced the interaction between the odd-nucleon and the core and its
global effect on the system, but we have not specified yet its characteristics, which are, although,
fundamental to obtain the correct values for the coefficients {Ai} and {Bi} of the superposition
(4.13). In this Section, we will implement a many-body argument [LR06] to derive an alternative
formulation of particle-vibration coupling theory. In such framework, we will derive, from a rigorous
point of view, the coefficients {Ai} and {Bi} of the mixing between pure states of odd nuclei.

In the many-body theory, one defines the single-particle exact Green’s function as

Gαβ = −i〈0|T{aαa
†
β}|0〉, (4.29)

which describes the propagation of one particle in a nucleus with exact ground state |0〉. In Eq.
(4.29), T is the time ordering operator and the indexes α,β, specifying single-particle creation and
annihilation operators, include space, spin and time coordinates.

The equation of the one-nucleon motion, in the language of Green’s functions, takes the form

[ω −K − Σ(ω)]G(ω) = 1 (4.30)

where G(ω) is the Fourier-transformed Green’s function, K is the kinetic energy and Σ(ω) is the
self-energy, also called mass operator. In general, the mass operator Σ can be written as the sum
of an energy-independent and of an energy-dependent term,

Σ(ω) = Σ0 + Σe(ω) (4.31)

where the index e indicates the energy dependence. Eq.(4.30) takes now the form

[ω − h− Σe(ω)]G(ω) = 1 (4.32)

where h denotes now the single-particle Hamiltonian with an energy independent mean field,
h = K + Σ0, which can be described very well in mean-field theories, such as Hartree-Fock theory.
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We introduce now the Hartree-Fock basis, {|ψk〉}, which diagonalizes the energy-independent
hamiltonian h,

h|ψk〉 = εk|ψk〉 (4.33)

where |ψk〉 is characterized by the set of quantum numbers k = {tk, nk, jk, lk,mk} if we work with
spherical symmetry. In this basis one can rewrite Eq.(4.32) as follows:∑

l

[
(ω − εk)δkl − Σe

kl(ω)
]
Glk′(ω) = δkk′ (4.34)

where the letters k,k′,l denote full sets of the spherical quantum numbers mentioned above.
In the next step we represent the exact single-particle Green’s function entering Eq.(4.32) in

the Lehmann expansion, which has the form

Gkl(ω) =
∑

h

χh0
k χh0∗

l

ω − εh − iη
+

∑
p

χ0p
k χ

0p∗
l

ω − εp + iη
(4.35)

where η → 0+ and the matrix elements are defined as

χh0
k = 〈N − 1|a†k|0〉, (4.36)

χ0p
k = 〈0|a†k|N + 1〉. (4.37)

Here, |0〉 denotes the ground state of the subsystem of N particles in the even-even nucleus,
whereas the states |N − 1〉 and |N +1〉 correspond to the ground state and to excited states of the
subsystems of (N − 1) and (N + 1) particles, respectively.

The most important origin in the energy dependence of Σe is given by the coupling to collective
vibrations. In this framework, we can write Σe as a convolution of the particle-phonon coupling
amplitude Γ and the exact single-particle Green’s function:

Σe
kl(ω) =

∑
k′l′

∫ +∞

−∞

dω′

2πi
Γkl′lk′(ω′)Gk′l′(ω + ω′), (4.38)

where the amplitude Γ has the following spectral expansion:

Γkl′lk′(ω) = −
∑

µ

(
γµ∗

k′kγ
µ
l′l

ω − Ωµ + iη
−

γµ
kk′γ

µ∗
ll′

ω + Ωµ − iη

)
(4.39)

in terms of the phonon frequencies Ωµ and of the phonon verteces γµ. The latter are determined
by the relation

γµ
kl = 〈k|γµ|l〉 =

∑
k′l′

Vkl′lk′δρ
µ
k′l′ , (4.40)

where Vkl′lk′ denotes the matrix element of the residual interaction and δρ is the transition density.
To a first degree of approximation, it is possible to assume that the coupling involves only unper-
turbed phonons. This implies that one can substitute, in Eq.(4.38), the exact Green’s function G
with the mean field Green’s function, defined as G0(ω) = (ω − h)−1. Since the mean field Green’s
function is

G0
kl(ω) =

δkl

ω − εk + iσkη
, (4.41)

where σk = +1 if k is a particle state and σk = −1 if k is a hole state, the mass operator Σe takes
the form:

Σe
kl(ω) =

δjkjl
δlkll

2jk + 1

∑
µ,n

〈k||γµ(σn)||n〉〈l||γµ(σn)||n〉∗

ω − εn − σn(Ωµ − iη)
. (4.42)

Here, we have used the notation

〈k||γµ(σn)||n〉 = δσn,+1〈k||γµ||n〉+ δσn,−1〈n||γµ||k〉∗. (4.43)
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As it was shown in [RW73], it is justified to use the diagonal approximation,

Σe
kl(ω) = δklΣe

k(ω) (4.44)

with

Σe
k(ω) =

1
2jk + 1

∑
µ,n

|〈k||γµ(σn)||n〉|2

ω − εn − σn(Ωµ − iη)
. (4.45)

Thus, within the diagonal approximation of the mass operator, the exact Green’s function G is also
diagonal in the single-particle basis {|ψk〉} and the Dyson equation forms, for each k, a nonlinear
eigenvalue equation

[ω − εk − Σe
k(ω)]Gk(ε) = 1. (4.46)

The poles of the Green’s function Gk(ω) correspond to the zeros of the function

f(ω) = ω − εk − Σe
k(ω). (4.47)

For each quantum number k there exist several solutions ε(λ)
k characterized by the index λ. This

means that, because of the coupling to the collective vibrations, the single-particle state k is
fragmented. In the vicinity of the pole ε(λ)

k , the Green’s function can be represented as follows:

G
(λ)
k (ω) '

S
(λ)
k

ω − ε
(λ)
k + iσkη

, (4.48)

where the residuum, or spectroscopic factor, S(λ)
k has the meaning of the single-particle (hole)

strength of the state λ with single-particle quantum numbers k. Differentiation of Eq.(4.46) with
respect to ω provides the expression for the residuum:

S
(λ)
k =

(
1− dΣe

k(ω)
dω

∣∣∣∣
ω=ε

(λ)
k

)−1

. (4.49)

There are several ways to solve Eq.(4.46). Here we employ the method used in [RW73]: since the
mass operator of the form (4.42) has a simple-pole structure, it is convenient to reduce Eq.(4.46)
to a diagonalization problem of the following matrix:

εk ηµ
kn1

ηµ
kn2

· · ·
ηµ∗

kn1
σn1Ωµ + εn1 0 0

ηµ∗
kn2

0 σn2Ωµ + εn2 0
... 0 0

. . .

 (4.50)

where

ηµ
kni

=
〈k||γµ(σni

)||ni〉√
2jk + 1

. (4.51)

The eigenvalues of the matrix (4.50) are the desired poles ε(λ)
k of the exact Green’s function.

The many body argument just exposed allows a deep understanding of the exact single-particle
Green’s function, which differs from the mean field Green’s function because of the coupling be-
tween single-particles and phonons due to the effect of residual interaction.

The analogies of this situation with the general properties of our OPVC model are evident:
the underlying idea is that, in the odd nucleus, the vibrations in the even-even core interact, i.e.,
couple, to single-particle degrees of freedom of the odd-nucleon, modifying both the core collective
and the single-particle properties. The complete solution of the problem, in odd nuclei, would come
from a suitable generalization of the matrix (4.50) which is able to predict, after diagonalization, all
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the properties of the odd nucleus eigenstates (4.13). The generalization we propose is the following

εk1 0 0 ηµ1
k1n1

ηµ2
k1n2

· · ·
0 εk2 0 ηµ1

k2n1
ηµ2

k2n2
· · ·

0 0
. . . · · · · · · · · ·

ηµ1∗
k1n1

ηµ1∗
k2n1

... σn1Ωµ1 + εn1 0 0

ηµ2∗
k1n2

ηµ2∗
k2n2

... 0 σn2Ωµ2 + εn2 0
...

...
... 0 0

. . .


Jπ

. (4.52)

Since we set at zero-energy the vibration-free configuration of the even-even core, the energy of
the odd nucleus pure states (4.4) will simply coincide with the single-particle energy of the odd-
nucleon, whereas, in the case of the pure states (4.5) it will coincide with the sum of the odd-nucleon
energy plus the phonon vibrational energy. In the matrix (4.52), thus, on the principal diagonal we
find the energies of the pure states from which the odd nucleus dressed state originates after the
mixing. We note that all the involved states must be coupled to the same angular momentum and
parity, Jπ. εki represents the energy of the i-th pure single-nucleon state entering the mix, while
σniΩµi + εni represents the energy of the i-th pure nucleon-plus-vibration state. It is important to
notice that, since the odd-nucleon, for a fixed odd nucleus, is always a particle or a hole, ε must
be a single-particle or single-hole energy throught the all matrix (4.52). Off diagonal we find the
residual interaction between pure states (4.4) and (4.5), which we suppose can be well-accounted
for by expression (4.51). The assumption we make is that the interaction between pure states of
the same type is negligible.

A full diagonalization of the matrix (4.52) allows us a complete insight into the mixed states
(4.13) of the odd nucleus in the OPVC model. In fact, each eigenvector will be one of the final
mixed states: the corresponding eigenvalue will be the energy of that state, whereas its coordinates
will represent its amplitude on each pure state, i.e., its coefficients {Ai} and {Bi}.

All the terms entering the OPVC matrix (4.52) can be evaluated by means of microscopic nu-
clear structure theories exposed in the previous Chapters. In particular, single-particle energies can
be obtained with self-consistent Skyrme-Hartree-Fock calculations, while the phonon frequencies
can be calculated in RPA approximation set up on the even-even closed-shell core. At last, the
residual interaction coupling particles and phonons can be accounted for as the second derivative
of the Skyrme energy functional (see Section 3.3.2). This represents a great element of novelty
with respect to the classical formulation of particle-vibration coupling matrix which employed
macroscopic PVC vertex and energies.

43



Chapter 5
Numerical results for the dipole response
in 67Ni and 69Ni

In this Chapter, the OPVC model described in Chapter 4 will be applied to the calculation of the
collective dipole response in two odd-mass neutron-rich nuclei, 67Ni and 69Ni. They are obtained
by adding a hole and a particle, respectively, to the closed-shell core 68Ni.

The interest in these two nuclei lies in some recent Coulomb-excitation experiments which
provided experimental data about the features of the pygmy dipole resonance in 68Ni and neigh-
boring nuclei [W+09]. In these experiments, the γ decay from Coulomb-excitation of 68Ni at 600
MeV/nucleon on a Au target was measured using the RISING setup at the fragment separator
of GSI (Darmstadt). The 68Ni beam was produced by a fragmentation reaction of 86Kr at 900
MeV/nucleon on a 9Be target and selected by a fragment separator. The γ rays produced at the
Au target were measured with HPGe detectors at forward angles and with BaF2 scintillators at
backward angles. In Fig. 5.1(a) the selected fragments are shown in an A/Q versus Z plot, being
Q the charge of the fragment (which can differ from Z for incomplete-stripping reactions). The
measured spectra, in the case of 68Ni, show a peak centered at approximately 11 MeV, whose
intensity can be explained in terms of an enhanced strength of the dipole response function in the
low-energy region (Fig. 5.1(b)).

A preliminary analysis of the recorded experimental data has claimed the pygmy dipole centroid
in 67Ni to be at least 1 MeV lower than the centroid of the neighboring 68Ni. A similar result was
obtained in [K+07] for the doubly-magic closed-shell nucleus 132Sn and its neighboring hole-plus-
core odd nucleus, 131Sn, using a similar experimental setup. In Fig. 5.1(c) we report the dipole
strength distribution in the low-energy region for the two nuclei. It is evident, from this figure, a
down-shift of about 1-2 MeV of the response of 131Sn with respect to that of 132Sn.

It is then of great importance to provide a theoretical model able to predict and interpret
experimental data on the pygmy dipole resonance in odd-mass nuclei, such as this experimentally
observed shift in the centroid of neighboring nuclei. The interest is also associated with testing
the model predictions for the collective or non-collective character of this resonance. In fact, the
PDR can be be used as a constraint to the parameters of the equation of state of nuclear matter
(see Chapter 2) only if it displays a certain degree of collectivity.

5.1 Equal filling approximation

The numerical analysis of odd nuclei is particularly complicated since the presence of the odd-
particle (or hole) breaks the time-reversal and spherical symmetry of the even-even (closed-shell)
core. This is particularly relevant since the Skyrme-Hartree-Fock equations, Eq.(3.16), are valid
only in presence of time-reversal symmetry, and their radial equivalent, Eq.(3.19), can be used only
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Figure 5.1
In panel (a), the fragments coming from a fragmentation reaction of 86Kr at 900 MeV/nucleon on a 9Be target
are shown in a A/Q versus Z plot [W+09]. In panel (b), the high-energy γ-ray spectrum measured with
BaF2 detectors and Doppler corrected with the velocity of the projectile. The lines are a statistical model
calculations for the target (dotted line) and for the beam (dashed line) nuclei. In the inset, the continuus line
superimposed to the measured data is the result of a GEANT simulation for γ-transitions at 11 MeV [W+09].
In panel (c), the dipole strength distribution in the low-energy region for 131Sn and 132Sn [K+07].

in case of spherical symmetry. Besides, our OPVC, described in Chapter 4, requests the system to
be time-reversal and spherically symmetric, too.

To keep time reversal symmetry when dealing with odd-mass nuclei one is forced to adopt
phenomenological approaches in which the unpaired nucleon is treated in an equal footing with its
time-reversed companion. From a practical point of view, this phenomenological approach amounts
to look at the unpaired nucleon as distributed, with equal probability, in a given orbital and in
the time-reversed partner. In the case of preserving spherical symmetry, where the orbitals have
the 2j + 1 degeneracy the unpaired nucleon is distributed among all possible angular momentum
projections m = −j, . . . , j with equal probability 1/(2j + 1). The above procedure is usually
referred in the literature as the equal (or uniform) filling approximation (EFA) and has been used
quite often in the description of odd nuclei at the mean-field level and with different interactions
(e.g. [BQM07, BCH06]). This intuitive and reasonable procedure has recently been justified in
terms of standard argument of quantum statistical mechanics [PR08].

In the following, we will widely use the EFA and the implications of the use of this approximation
will be underlined.

5.2 Skyrme-Hartree-Fock calculation

We solve the radial Skyrme-Hartree-Fock equations in coordinate space for 67Ni and 69Ni, Eq.(3.19).
We are allowed to do this since the EFA grants time-reversal and spherical symmetry. This gives
us access to the wave functions and energies of all the single-particle states below the Fermi surface
in the two nuclei. Once obtained the single-particle occupied states, the unoccupied states are then
calculated too by using the resulting mean field. This is done discretizing the continuum by using
box boundary conditions. The radial mesh extends up to 15 fm, i.e., ' 3 times the nuclear radius
(given by R = 1.2A1/3fm ' 4.9fm), whereas the radial step equals 0.1 fm. We employ two different
Skyrme interactions, SkI3 and SLy5.

SkI3 [RF95] is one of the Skyrme interactions which better mimic the relativistic mean field
(RMF) calculations. It was originally derived to provide a good explanation of the isotope shifts
in the charge radius in Pb isotopes, which previous Skyrme interactions failed to predict. On the
contrary, these shifts were correctly reproduced in standard RMF calculation. In [RF95] the reason
for this different behavior was found in the different density dependence of the spin-orbit potential.
A new family of spin-orbit-modified interaction, to which SkI3 belongs, was then proposed to
reproduce RMF-like calculation in the Skyrme framework. The effective mass associated with
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SkI3 interaction is m∗/m=0.58, whereas the value of the slope L of the symmetry energy at the
saturation density is L=100.5 MeV.

SLy5 [C+98] is a modern Skyrme interaction widely used for the description of exotic nuclei,
i.e., nuclei far from the stability line. Its parameters have been fitted in order to reproduce the
properties of pure neutron matter, such as its saturation point ρ0, the incompressibility K∞ and
the simmetry energy at the saturation density Esym(ρ0). Besides, a good reproduction of the
binding energies of doubly-magic nuclei (16O, 40,48Ca, 56Ni, 132Sn and 208Pb) as well as their
r.m.s. radii was requested. The effective mass associated with SLy5 interaction is m∗/m=0.70,
whereas L=48.3 MeV.

The results are shown in Fig. 5.2 for SkI3 interaction; for SLy5 interaction we find the same
level ordering and a compatible level spacing. In this pictorial representation, full dots stand for
occupied single-particle states. As we can see from the picture, the odd-hole in the ground state
of 67Ni lies in the 2p1/2 orbital, whereas the odd-particle in 69Ni lies in the 1g9/2 orbital.
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Figure 5.2
Results for single-particle levels in 67Ni and 69Ni obtained as solution of Skyrme-Hartree-Fock equations with
SkI3 interaction. In the picture, full dots stand for occupied single-particle states.

5.3 RPA calculation for the even-even core

General aspects of the calculation

The single-particle levels calculated in the SHF approximation are then employed to build a basis
of particle-hole configurations for dipole excitations, which can be used to solve RPA equations
in their matrix formulation, Eq.(3.52). This allows us to obtain the complete isovector dipole
vibrational spectrum of the core. Consistently with Chapter 4, the RPA response of the core is
calculated supposing the odd-particle (hole) to be in the lowest (highest) possible energy level. In
order to get the correct isovector dipole response, the modified dipole operator (2.8) is used. The
maximum energy of the unoccupied single-particle states included in the RPA model space is set
at 70 MeV, which equals approximately 10 shells over the Fermi surface. This parameter, together
with the dimension of the radial mesh, has been chosen carefully so that the results of the excitation
spectrum are stable enough, i.e., the total calculated EWSR does not change appreciably increasing
the dimension of the box or the energy cutoff. We should also mention that, for self-consistency,
the complete residual interaction has been accounted for as the second derivative of the Skyrme
energy functional (see Section 3.3.2).
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5.3. RPA CALCULATION FOR THE EVEN-EVEN CORE

RPA-EFA equations for the core response

The introduction of the EFA directly affects the results for the RPA response of the even-even core
introducing, in principle, important differences with respect to the response of 68Ni alone. In fact,
the presence of the odd-nucleon will modify the RPA response of the core, since, in the case of
particle-plus-core nuclei, the odd level will be partially-occupied and so only partially accessible to
particle states, whereas, in the case of hole-plus-core nuclei, the odd level will be partially-empty
and so only partially accessible to hole states. We take care of this problems using, instead of RPA
matrices, Eqs.(3.53) and (3.54), the QRPA matrices, Eqs.(3.69) and (3.70), in the zero-pairing
limit. We refer to the consequently modified RPA equations as RPA-EFA equations.

Let us consider first the general case of a particle-plus-core nucleus. The probabilities of finding
a single-particle state i occupied (v2

i ) or unoccupied (u2
i ) below the Fermi surface of the even-even

core are, respectively, 1 and 0. In case of a single-particle state m above the Fermi surface, the
probabilities are v2

m = 0 and u2
m = 1 unless the orbital m is the one in which the odd-particle lies,

say p. In this case u2
m = 2jp/(2jp + 1) and v2

m = 1/(2jp + 1) because of the EFA. The QRPA
matrices A and B in the zero pairing limit then become

Aminj = δmnδij(εm − εi) +


vmjin if m 6= p, n 6= p√

2jp

2jp+1vmjin if m = p, n 6= p or m 6= p, n = p
2jp

2jp+1vmjin if m = p, n = p

(5.1)

Bminj =


vmnij if m 6= p, n 6= p√

2jp

2jp+1vmnij if m = p, n 6= p or m 6= p, n = p
2jp

2jp+1vmnij if m = p, n = p

(5.2)

Consider now the case of an hole-plus-core odd nucleus. The probabilities of finding a single-
particle state m occupied (v2

m) or unoccupied (u2
m) above the Fermi surface of the even-even

core are, respectively, 0 and 1. In case of a single-particle state i below the Fermi surface, the
probabilities are v2

i = 1 and u2
i = 0 unless the orbital i is the one in which the odd-hole lies, say

h. In this case v2
i = 2jh/(2jh + 1) and u2

i = 1/(2jh + 1) because of the EFA. The matrices A and
B now become

Aminj = δmnδij(εm − εi) +


vmjin if i 6= h, j 6= h√

2jh

2jh+1vmjin if i = h, j 6= h or i 6= h, j = h
2jh

2jh+1vmjin if i = h, j = h

(5.3)

Bminj =


vmnij if i 6= h, j 6= h√

2jh

2jh+1vmnij if i = h, j 6= h or i 6= h, j = h
2jh

2jh+1vmnij if i = h, j = h

(5.4)

These new matrices are referred to as RPA-EFA matrices.

Influence of the EFA on the core RPA results

In Fig. 5.3 we plot, with black continuus and red dashed lines, the RPA response of the core,
respectively, with the use of RPA and RPA-EFA equations. This is done for the two nuclei under
investigation, 69Ni and 67Ni, and for the two Skyrme interactions, SkI3 and SLy5. The remaining
plots in the figure will be explained in the following.

47
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As we can see from the figure, SkI3 interaction produces, in the RPA response of 68Ni, a sharp
peak increase in the dipole strength at low energy, well distinguished from the giant dipole resonance
and its tail. The centroid of this resonance is found at about 10.5 MeV, in quantitative agreement
with the recent experimental findings [W+09]. On the contrary, the RPA response produced by
the standard SLy5 interaction does not produce such an evident peak, but two bumps, the bigger
centered at approximately 9.4 and the other at 10.5 MeV, which cannot be well distinguished from
the tail of the GDR. Although its magnitude varies with the model, all interactions predict a low
energy bump: the smaller is the effective mass, the closer the peak in the PDR region appear to
the giant dipole one. In addition, the larger the value of L, the higher the PDR peaks appears,
in qualitative agreement with [C+10]. This fact is quite interesting because it suggests that the
collectivity of the PDR is not supported by all models, but depend on the effective interaction
employed.

The units of the strength functions represented in Fig. 5.3 is [e2fm2MeV−1] since we averaged
the original RPA calculation with a 1 MeV width Lorentzian function. In fact, the total width for
a collective mode, Γ, can be written as the sum of four terms (see Section 2.2). The first is the
Landau width ∆Γ, which can be accounted for by any type of RPA calculation. The Γ↑ and Γγ

widths, instead, can be accounted for only by continuum RPA calculations, i.e., considering exactly
the continuum over the Fermi surface without introducing discretizing box boundary condition.
This is, though, a feature that our discrete calculation cannot provide. The last contribution comes
from the spreading width Γ↓ which no RPA calculation is able to reproduce. Consequently, since
our calculation is able to predict only a small part of the total width, we find useful to provide an
artificial smoothing capable of reproducing a width closer to experimental findings.

As we can see from Fig. 5.3, the RPA-EFA strength is energetically up-shifted both in the case
of 67Ni and 69Ni in the pygmy dipole resonance region (≡ 9-13 MeV of excitation energy). For
simplicity we restrict our considerations to SkI3 interaction, for which the shift is ' 150 keV in the
case of 69Ni and ' 100 keV in the case of 67Ni. In the case of SLy5, in fact, similar considerations
may be held.

The reason for such shift can be qualitatively accounted for referring to the effect of residual
interaction on single-particle states. We consider the neutron particle-hole pairs that contribute
mostly to the PDR of the even-even core, that is, the pairs whose excitation energy is in the
energy range of the PDR. Their excitation energies are listed in Tab. 5.1 together with the relative
contribution of each pair to the total reduced transition probability of the PDR. The weighted
energy of these particle-hole pairs equals 12.5 MeV; this means that, being the centroid of the
pygmy dipole at about 10.5 MeV, the residual interaction down-shifts globally the single-particle
excitation spectrum of 2 MeV. As one can notice, the residual interaction turns out to be attractive
for the pygmy dipole resonance, in opposition to the case of the giant dipole resonance, which is
up-shifted with respect to the unperturbed response.

single-particle transition Energy Weight
2p1/2 → 2d3/2 10.8 MeV 28.2%
2p3/2 → 2d5/2 11.4 MeV 11.7%
2p3/2 → 3s1/2 11.8 MeV 4.1%
1f5/2 → 2d3/2 12.3 MeV 3.5%
1f7/2 → 1g9/2 13.7 MeV 45.8%
1f5/2 → 1g7/2 14.4 MeV 6.5%

Table 5.1
For each particle-hole excitation contributing mostly to the PDR in 68Ni even-even core, the energy and the
relative contribution of each pair to the total reduced probability of the PDR are listed. The latter is evaluated
via Eq.(3.61). The weighted energy of these particle-hole pairs equals 12.5 MeV.

Let us consider, first, the case of 69Ni. In this case, the total contribution of the residual
interaction in less than in the case of 68Ni because of the EFA involving the 1g9/2 orbital. This
means that, since the residual interaction is attractive, the spectrum of the even-even core of 69Ni
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5.4. CALCULATION OF THE DIPOLE RESPONSE IN 67NI AND 69NI IN THE
ZERO-COUPLING LIMIT

will be up-shifted with respect to that of 68Ni. The shift we expect is of the order of 1/10 (the part
of the residual interaction we lose because of the EFA) times 45.8 % (the weight of the interested
particle-hole pair) times 2 MeV. The result is approximately 100 keV, which, in such a qualitative
argument, is compatible with the calculated value of 150 keV.

Consider now the case of 67Ni. We expect again an up-shift, this time of the order of 1/2
times 28.2% times 2 MeV. The result is approximately 300 keV, higher but still of the order of the
calculated value of 100 keV.

5.4 Calculation of the dipole response in 67Ni and 69Ni in
the zero-coupling limit

General features of the zero-coupling limit results

We now calculate the spectrum of dipole excitations in 67Ni and 69Ni in the zero-coupling limit,
Eq.(4.28). The core term in evaluated in RPA-EFA approximation (as in the previous Section),
whereas the single-particle contribution is evaluated by means of Eq.(A.58) by using the single-
particle states calculated within the SHF approximation. In Eq.(4.28), in the case of 69Ni, the
n0l0j0 state is the particle state 1g9/2, whereas the nf lf jf states are all those particle states which
fulfill selection rules of parity and angular momentum for 1− excitations from 1g9/2, i.e., single-
particle states with Jπ = { 7

2

−
, 9

2

−
, 11

2

−}. In the case of 67Ni, n0l0j0 is the hole state in 2p1/2 and
the nf lf jf states are all those hole states allowed by selection rules, i.e., single-particle states with
Jπ = { 1

2

+
, 3

2

+}.
The results for the complete dipole response in the uncoupled model are represented in Fig. 5.3

for 69Ni and 67Ni and for SkI3 and SLy5 interactions. The dashed-dotted green lines represent the
strength function for the two odd nuclei in the zero-coupling limit, whereas the blue bars represent
the single-particle contribution. The latter is measured is [e2fm2] since, for the sake of clarity, we
do not provide here an articial width for single-particle excitations.

As we can see from Fig. 5.3, in the uncoupled dipole response of 69Ni we observe an energy shift
and a clear increase in the total strenght in the PDR region. The reason for the increment in the
pygmy dipole region is that the single-particle excitations from 1g9/2 are intense and mainly located
in that energy range. In the case of 67Ni, the dipole response does not differ very much from that of
68Ni, except for the shift in the PDR region and for a little decrease in intensity in the region on the
PDR and of the IVGDR (mainly due to the EFA). The single-particle excitations do not contribute
very much since their strength is small and they are located in the tail of the IVGDR. In the zero-
coupling limit, as one can imagine, the collective dipole response of the analyzed odd nuclei, and in
particular their strength function, do not show substantial modifications with respect to the same
properties of closed-shell neighboring even-even nuclei. The main source of modification turns out
to be the introduction of the equal filling approximation induced by the odd-nucleon, which causes
an energy shift of the order of 150 keV and 100 keV, respectively, in the case of 69Ni and 67Ni
both for the two Skyrme interactions under investigation. The contribution of the single-particle
transitions, instead, appears to be almost negligible, expecially in the case of 67Ni.

The visible single-particle excitations in Fig. 5.3 can be easily identified. In fact, in the case of
69Ni, we expect the four most intense transitions to correspond to single-particle excitations from
1g9/2 orbital to the four closest particle states allowed by selection rules of angular momentum and
parity for dipole transition. These states are 2f7/2, 1h11/2, 1h9/2 and 2h11/2, whose characteristics
are listed in Tab. 5.2 for SkI3 and SLy5 interactions. Similarly, one can easily recognize the single-
particle transitions in 67Ni, corresponding to hole excitations from the 2p1/2 state to the closest
possible destinations, 2s1/2 and 1d3/2, whose features are listed, too, in Tab. 5.2.

Analysis of the sum rules in the zero-coupling limit

The OPVC model does not predict, so far, any analytical expression for the exact energy weighted
sum rule m1 (see Section 2.4) of each contribution to the total strength function. Nonetheless, we
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Figure 5.3
In panel (a) and (b) ((c) and (d)), respectively, the collective response for dipole excitation in the zero-
coupling limit for 69Ni (67Ni) with SkI3 and SLy5 interactions (green dashed-dotted lines). Black continuus
and red dashed lines represent the RPA response of the core, respectively, with the use of RPA and RPA-EFA
equations. The blue bars represent, finally, the dipole single-particle excitations from the 1g9/2 orbital for 69Ni

and single-hole excitations from 2p1/2 for 67Ni.

nucleus single-particle transition energy (SkI3, SLy5)
69Ni 1g9/2 → 2f7/2 9.2, 9.9 MeV
69Ni 1g9/2 → 1h11/2 11.6, 12.4 MeV
69Ni 1g9/2 → 1h9/2 12.8, 15.3 MeV
69Ni 1g9/2 → 2h11/2 13.6, 15.4 MeV
67Ni 2s1/2 → 2p1/2 17.3, 13.6 MeV
67Ni 1d3/2 → 2p1/2 18.7, 14.3 MeV

Table 5.2
Most important single-particle dipole transitions from the ground state of 69Ni and 67Ni for the two Skyrme
interactions SkI3 and SLy5.
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can evaluate each term and compare them, as an overall check of the calculation.
First of all, we evaluate the EWSR for the RPA contribution of the even-even core. In Tab.

5.3 (a) and (b) we list, for different interactions, m1 coming from RPA (mRPA
1 ) and RPA-EFA

(mRPA−EFA
1 ) calculations of the core, respectively. In panel (a) the percentage of exhausted EWSR

with respect to the double-commutator sum rule, Eq.(2.13), is indicated. In panel (b) the results
are indicated for the two different nuclei since the RPA-EFA calculation is different for 69Ni and
67Ni, differently from the core RPA one. Besides, in panel (b), the percentual ratio between
mRPA−EFA

1 and mRPA
1 is indicated.

mRPA
1

68Ni
SkI3 1135.7(97.7%)
SLy5 1142.9(98.0%)

(a)

mRPA−EFA
1

69Ni 67Ni
SkI3 1129.7 (99.5%) 1114.7 (98.2%)
SLy5 1135.2 (99.3%) 1108.4 (97.0%)

(b)

Table 5.3
In panels (a) and (b) we list, for different interactions, m1 coming from RPA and RPA-EFA calculations of
the core, respectively. In panel (a) the percentage of exhausted EWSR with respect to the DC sum rule,
Eq.(2.13), is indicated. In panel (b) the results are indicated for the two different nuclei. Besides, in panel (b),

the percentual ratio between mRPA−EFA
1 /mRPA

1 is indicated. All m1 are measured in [e2fm2MeV].

As one expects, mRPA−EFA
1 is always lower than mRPA

1 because of the partial screening of some
levels, which naturally causes a slight reduction of the total intensity. Besides, as one can see from
Tab. 5.3, this effect is bigger for 67Ni than for 69Ni.

Similarly, we evaluate the EWSR modd
1 for the single-particle excitations of the odd-particle

(or hole). The results are shown in Tab. 5.4 for the two nuclei and the two interactions under
investigation. Between parenthesis, we indicate the corresponding value of α̂. The latter, defined
as α̂ = Acore ×modd

1 /mRPA−EFA
1 , gives an order of magnitude of the number of nucleons involved

in single-particle transitions and so it should be close to 1.

modd
1

69Ni 67Ni
SkI3 31.8 (1.91) 13.5 (0.82)
SLy5 27.4 (1.64) 11.7 (0.72)

Table 5.4
EWSR modd

1 for the single-particle excitations of the odd-particle (or hole). The results are shown for the two
nuclei and the two interactions under investigation. Between parenthesis, we indicate the corresponding value
of α̂. All m1 are measured in [e2fm2MeV].

As we can see from Tab. 5.4, the value of α̂ is compatible with 1 although it is sistematically
larger for 69Ni and lower for 67Ni.

Here we propose an empirical rule to check the accuracy of the single-particle calculation in
the case of particle-plus-core nuclei. In this case, in fact, the single-particle excitations have fixed
parent level (e.g. 1g9/2 in 69Ni) and variable destination. In the case of hole-plus-core nuclei,
instead, hole excitations from a fixed level are to be interpreted as single-particle excitations to
that level, and so the parent level is variable. For fixed parent level, one can try to evaluate the
expected value of modd

1 by means of a specification of Eq.(2.11) to the dipole (L = 1) case,

modd,DC
1 =

~2

2m∗
odd

9
4π

∫
d3rρodd(r). (5.5)

In the previous equation, A has been substituted with 1 since we are dealing with single-particle
excitations. Besides, ρodd(r) has been defined as the density distribution of the parent orbital for
single-particle transitions,

ρodd(r) =
2jodd + 1

4π
u2

odd(r), (5.6)
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being uodd the radial wave function of that orbital and jodd its angular momentum. Finally, m∗
odd

has been defined as the effective mass of the parent orbital,

m∗
odd ≡

∫
d3rρodd(r)m∗(r) (5.7)

where, in the integral, m∗(r) is the effective mass defined by Eq.(3.13) in the framework of the
Skyrme interaction.

Evaluating the integral in Eq.(5.7) we find that, for 69Ni, m∗
odd/m = 0.75 for SkI3 and

m∗
odd/m = 0.80 for SLy5. In Fig. 5.4 we plot m∗(r)/m and u2

odd(r) for the two interactions
SkI3 and SLy5.
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Figure 5.4
In the upper panel we plot m∗(r)/m in 69Ni for SkI3 and SLy5, whereas u2

odd is represented in the lower panel.
The dot-dashed line highlightens m∗

odd and the corresponding radial position on the wave function; the latter
is compatible with the barycentre of the density distribution.

In 69Ni, the calculated modd
1 comes out to be 98% of modd,DC

1 for SkI3 interaction and 96%
for SLy5 interaction implying a good agreement between expectations and results. These results
have been calculated including all the single-particle states up to 7 shells since we verified that the
exhausted modd

1 does not grow significantly increasing further the energetic range.

In Tab. 5.5 we report, finally, the total calculatedmzc
1 for the two odd nuclei in the zero-coupling

limit obtained as modd
1 +mRPA−EFA

1 .

mzc
1

69Ni 67Ni
SkI3 1161.5 1128.2
SLy5 1162.6 1120.1

Table 5.5
Total calculated mzc

1 for the odd nuclei in the zero-coupling limit obtained as modd
1 + mRPA−EFA

1 . All m1 are
measured in [e2fm2MeV].

52
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5.5 Calculation of the dipole response within the OPVC
model

5.5.1 The OPVC matrices

In order to implement the OPVC model described in Chapter 4, the first necessary step is to set
up the OPVC matrices, Eq.(4.52), and to diagonalize them so as to obtain the coefficients {Ai}
and {Bi} describing the state mixing of the eigenstates of the odd nucleus, Eq.(4.13).

For each of the two nuclei under investigation, 69Ni and 67Ni, one has to build a matrix (4.52)
in the subspace Jπ corresponding to the ground state. These data can be found experimentally:
in the case of 69Ni and 67Ni, the experimental ground states are 9

2

+ and 1
2

−, respectively [NNDC].
The first data is robust, while the latter is confirmed, or not proved wrong, by the β decay of 67Cu.
As one can easily see, both in the case of 69Ni and 67Ni, the subspace Jπ of the experimental
ground state corresponds to that of the ground state in the uncoupled representation, i.e., the
vibration-free state in which the odd-particle (hole) is in the lowest (highest) possible energy level.
In fact, this corresponds to the subspace 9

2

+ for 69Ni, since the lowest possible particle level is
a 1g9/2 orbital, whereas it corresponds to the subspace 1

2

− for 67Ni, since the highest possible
hole level is a 2p1/2 orbital. This happens because the neighboring 68Ni is a spherical closed-shell
doubly-magic nucleus, thus preventing deep level mixing caused by nuclear deformations due to
the odd-nucleon. The OPVC ground states of 69Ni and 67Ni are simply the eigenstates of this
matrices corresponding, respectively, to the lowest and highest eigenvalue. The diagonalization
of these matrices will thus provide the coefficients {Ai} and {Bi} describing completely the state
|ν1l1j1〉 of Eq.(4.20).

Besides, one has to build a matrix for each subspace allowed by selection rules for dipole
transitions from the ground state. The diagonalization of these matrices will provide the complete
set of excited states of the odd nucleus, i.e., the states |ν2l2j2〉 of Eq.(4.20). The possible subspaces
are three for 69Ni

(
7
2

−, 92
−, 112

−)
and two for 67Ni

(
1
2

+, 32
+)

.
In building the matrices, single-particle energies calculated by means of Skyrme-Hartree-Fock

approximation (see Section 5.2) have been employed. Besides, the phonons of multipolarity 0+,
1−, 2+, 3− and 4+ have been included, too. These phonons have been calculated in RPA-EFA
approximation as in Section 5.3. The maximum energy of the unoccupied single-particle states
included in the RPA model space is set at 70 MeV. This parameter, together with the dimension
of the radial mesh, has been chosen carefully so that the results of the excitation spectrum are stable
enough, i.e., the total calculated EWSR does not change appreciably increasing the dimension of
the box or the energy cutoff. Not all the phonons of the selected multipolarities have been used
in the calculation of the OPVC matrices. In fact, only those who exhausted at least 1% of the
isoscalar or isovector non-energy-weighted sum rule m0 were considered in order to exclude from
the calculation non-collective excited states of the core. Besides, an energy cutoff of 50 MeV for
the phonons was introduced.

In Fig. 5.5 we report the low-lying isoscalar response for quadrupole (2+) and octupole (3−)
excitations in the even-even core of 69Ni for SkI3 and SLy5 interactions. The main peaks are
underlined and their characteristics are reported in Tab. 5.6. The same plot for the even-even core
of 67Ni is very similar and is not explicitly shown. We stress here the characteristics of low-lying
vibrations since they will be important in the coupling between the odd-nucleon and the core. As
one can see from Fig. 5.5, the quadrupole pattern is very similar for the two interactions; in the
octupole case, instead, SkI3 shows two distinct peaks whereas SLy5 shows three peaks and a small
bump.

5.5.2 Dipole response in 69Ni

Diagonalization of OPVC matrix

After the diagonalization of the OPVC matrices, one is faced with a number of new states of the
odd nucleus in the coupled representation.
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Figure 5.5
Low-lying response for quadrupole (2+) and octupole (3−) excitations in the even-even core of 69Ni for SkI3
and SLy5 interactions.

SkI3
ξ Ωξ mIS

0 % B(Eλ)EM

2+
1 5.96 16.7 359.8

2+
4 18.01 52.7 437.1

3−1 4.78 42.8 15862.0
3−2 9.02 17.7 5463.2

(a)

SLy5
ξ Ωξ mIS

0 % B(Eλ)EM

2+
1 4.71 16.6 363.1

2+
3 16.31 21.2 186.6

3−1 5.22 21.6 9187.8
3−2 7.51 10.5 3770.5
3−3 9.67 7.6 5987.4

(b)

Table 5.6
Main characteristics of the low-lying response peaks for quadrupole (2+) and octupole (3−) excitations in
the even-even core of 69Ni for SkI3 and SLy5 interactions. For each state ξ, the energy Ωξ (in MeV) and

the percentage of exhausted isoscalar (mIS
0 ) sum rules is indicated. Besides, for each state ξ, the exhausted

electromagnetic sum rule is indicated in units of [e2fm2λ]. Energies are measured in MeV.
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In Fig. 5.6, we plot, for SkI3 and SLy5 interactions, a comparison between pure and mixed
states for 69Ni above the Fermi surface. In the left column we plot single-nucleon levels coming
from Skyrme-Hartree-Fock calculation, whereas, on the right column, we plot those dressed states
i whose Ci

k (see Section 4.1) is bigger than 0.05, being k any single-nucleon state. In this latter
case, the length of the lines is proportional to Ci

k. The colors have been chosen so that states with
the same orbital angular momentum have the same color.
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Figure 5.6
Comparison between pure and dressed levels for 69Ni above the Fermi surface. In the left column we plot
single-nucleon levels coming from SHF, whereas, on the right column, we plot those dressed states i whose Ci

k
is bigger than 0.05, being k any single-nucleon state. In this latter case, the length of the lines is proportional
to Ci

k. The colors have been chosen so that states with the same orbital angular momentum have the same
color.

Single-nucleon level shift

As we can see from Fig. 5.6, the coefficient Ci
k is very close to 1 for states near the Fermi surface,

indicating a limited amount of mixture between a pure single-nucleon state and other pure states.
It is easy, though, to identify the original pure state and the corresponding poorly dressed state,
which will be called dressed single-nucleon state. Besides, some of these states, like 1g9/2 ⊗ 0,
2d5/2 ⊗ 0, 3s1/2 ⊗ 0, 2d3/2 ⊗ 0 and 1g7/2 ⊗ 0 (in SLy5) appear to be down-shifted of 0.5-1 MeV,
while other seem not to be shifted appreciably, like 3p3/2 ⊗ 0 and 3p1/2 ⊗ 0.

This occurrence can be easily explained with a simple model involving a drastic reduction of
the huge OPVC matrix. In fact, one expects, since the considered single-nucleon states are low
in energy, not to be many possible pure states available for the coupling and close to them in
energy. Since one would expect a strong mixing only between states somewhat close in energy,
the dimension of the matrix can be reduced retaining but one single state for the mixing with
the initial single-nucleon state. This picture is of course approximate, but it can give the order of
magnitude of the energy shift caused by the coupling with different states. Let us consider, as an
example, the case of 1g9/2 ⊗ 0, whose unperturbed energy is −4.971 MeV. The closer pure state
available for a mixing is the state 1g9/2 ⊗ 2+

1 , whose energy is 0.993 MeV. The matrix element
of the calculated residual interaction between 1g9/2 ⊗ 0 and 1g9/2 ⊗ 2+

1 is η=−1.284 MeV. The
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reduced OPVC matrix one can write is then of the form(
−4.971 −1.284
−1.284 0.993

)

The eigenvectors of this matrix are
(
−0.979
−0.202

)
with eigenvalue −5.236 MeV and

(
0.202
0.979

)
with

eigenvalue 1.258 MeV. As one can easily see, the first eigenvector coincides, to some extent, with
the single-nucleon state and shows an energy shift of −0.265 keV with respect to the uncoupled
configuration. This simple model accounts, though, for the 27.9% of the total shift of the 1g9/2

state, which is equal to −0.949 MeV.
In Tab. 5.7 we report, for each low single-nucleon state, the uncoupled (εi) and dressed (Ei)

energies. Besides, we provide the closer pure state (with energy Ek), together with the ratio
|ηi

k/(Ek− εi)| and the caused partial shift δεi. The ratio |ηi
k/(Ek− εi)| is an index for the intensity

of the mixing: if it is big, i.e., the residual interaction is of the order of the energy gap, the two
states will be efficiently mixed, while, if it is little, i.e., if the energy gap is big with respect to
residual interaction, the two states will be poorly mixed. We report the results only for SkI3
interaction (with the exception of 1g7/2), since they are similar for SLy5 force.

pure state εi Ei (∆εi) coupl. state (Ek, |ηi
k/(Ek − εi)|, δεi, δεi/∆εi% )

1g9/2 ⊗ 0 −4.971 −5.920 (−0.949) 1g9/2 ⊗ 2+
1 (0.993, 0.323, −0.265, 27.9)

2d5/2 ⊗ 0 −0.009 −1.016 (−1.007) 1g9/2 ⊗ 2+
1 (0.993, 0.930, −0.557, 55.3)

3s1/2 ⊗ 0 0.311 −0.256 (−0.567) 2d5/2 ⊗ 2+
1 (5.955, 0.131, −0.095, 16.7)

2d3/2 ⊗ 0 1.408 0.712 (−0.696) 2d5/2 ⊗ 2+
1 (5.955, 0.147, −0.102, 14.6)

3p3/2 ⊗ 0 2.522 2.489 (−0.033) 1g9/2 ⊗ 3−2 (4.053, 0.049, −0.004, 12.1)
3p1/2 ⊗ 0 2.613 2.577 (−0.036) 2d5/2 ⊗ 3−1 (4.772, 0.079, −0.014, 38.9)
1g7/2 ⊗ 0 3.462 3.394 (−0.068) 2d3/2 ⊗ 2+

1 (7.372, 0.146, −0.082, 120.5)
1g7/2 ⊗ 0 (SLy5) 3.710 2.879 (−0.831) 2d3/2 ⊗ 2+

1 (5.987, 0.234, −0.118, 14.2)
4s1/2 ⊗ 0 4.247 3.773 (−0.474) 2d5/2 ⊗ 2+

1 (5.955, 0.178, −0.053, 11.2)

Table 5.7
Properties of some dressed single-nucleon states in 69Ni. εi is the HF single-nucleon energy, whereas Ei is
the energy of that particle state after OPVC diagonalization (∆εi is the energy shift). In the last column we
list the nucleon-plus-vibration state which contributes most to the coupling, together with its energy Ek, the
ratio |ηi

k/(Ek − εi)|, the caused partial energy shift δεi and its percentage on ∆εi. All energies are measured
in MeV.

As we can see from the table, just one coupling state is sufficient to understand the order of
magnitude of the total shift. For example, in the case of 1g9/2 ⊗ 0, as we have already seen, the
coupling with 1g9/2 ⊗ 2+

1 provides almost 1/3 of the global shift, and almost 1/2 of the shift of
2d5/2 ⊗ 0 is provided by the coupling with the same 1g9/2 ⊗ 2+

1 . In the case of 3p3/2 ⊗ 0, instead,
the most important coupling provides a shift of only 4 keV, explaining qualitatively the absence
of energy shift.

As a general consideration, the coupling between two states lowers the energy of the state with
uncoupled lower energy and raises the energy of the state with higher energy. This consideration
allows to understand why, in the case of 1g7/2 ⊗ 0, the coupling with a 2d3/2 ⊗ 2+

1 state provides
more than the total shift. The reason is that there will be minor couplings with states lower in
energy than 1g7/2 ⊗ 0, which will provide a compensating up-shift.

In Fig. 5.7(a) we plot the coefficients Cα
k as a function of the uncoupled energy Ek, being α

the index of the dressed 1g9/2 ⊗ 0 state (the interaction is again SkI3). As we can see from the
figure, the uncoupled state k which contributes most to the state α is, of course, 1g9/2 ⊗ 0. The
other contributions decrease in importance with energy, as one expects, starting from the closest
state, 1g9/2 ⊗ 2+

1 , and going to 2d5/2 ⊗ 2+
1 , 3p3/2 ⊗ 3−2 , 1g9/2 ⊗ 2+

4 and so on. In Fig. 5.7(b) we
plot, instead, the coefficients Ci

β as a function of the energy of the dressed states. In this case, β
is the index for the uncoupled 1g9/2 ⊗ 0 state. As we can see from this figure, the coefficient is,
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as one expects, close to 1 for the dressed 1g9/2 ⊗ 0 state, while is fastly descreases with increasing
energy starting from 1g9/2 ⊗ 2+

1 , 2d5/2 ⊗ 2+
1 and 1h11/2 ⊗ 3−1 .
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Figure 5.7
In panel (a) we plot the coefficients Cα

k as a function of the uncoupled energy Ek, being α the index of the

dressed 1g9/2 ⊗ 0 state. In panel (b), instead, we plot the coefficients Ci
β as a function of the energy of the

dressed states. In this case, β is the index for the uncoupled 1g9/2 ⊗ 0 state. The Skyrme interaction is SkI3.

Single-nucleon level splitting

The situation is different far from the Fermi surface, where many Ci
k different from 1 can be

identified. This means that the original single-nucleon states do mix appreciably with other pure
states, splitting into many components. This is true for the 2f7/2⊗ 0 orbital for SkI3 force and for
4s1/2⊗0, 3d5/2⊗0 and 2f7/2⊗0 orbitals for SLy5 force. The reason for the fragmentation is quite
clear. Because of the increasing energy, there will be many pure states very close in energy to these
single-nucleon states. These states can participate in the mixing and so the fragmentation, absent
at low energy, will become more and more important. The presence of a large number of mixing
states prevents a simple argument which shows the quantitative origin of the fragmentation. In
Tab. 5.8 we report those states in which the 2f7/2 ⊗ 0 state (for SkI3 force) is split, together with
a weighted average of the dressed 2f7/2 ⊗ 0 energy.

part. state k εk Ei, Ci
k (other imp. state) Ek weighted (∆εk)

2f7/2 ⊗ 0 4.278


4.022 0.261 (1g9/2 ⊗ 3−2 )
4.109 0.556 (1g9/2 ⊗ 3−2 )
4.776 0.135 (2d5/2 ⊗ 3−1 )

4.180 (−0.098)

Table 5.8
Properties of the highly mixed 2f7/2 ⊗ 0 particle states in 69Ni. εk is the HF single-nucleon energy, whereas

Ei is the energy of each fragment in which the original single-nucleon state splits. It is listed together with
its amplitude Ci

k (we list only those states more important than 5%) and with the other important uncoupled

state involved in the mixing to the state i. Ek is the energy of the dressed 2f7/2 ⊗ 0 single-nucleon state after
OPVC diagonalization (obtained as a weighted average of the previous). All energies are measured in MeV
and the interaction is SkI3.

Strength function for dipole response

The complete diagonalization of the OPVC matrices allows the calculation of the matrix elements
(4.20) of the transition between the ground state and any excited state, and so the evaluation
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of the strength function for dipole transitions. In Fig. 5.8 we report the results for the complete
dipole response in the OPVC model for 69Ni for SkI3 (panel (a)) and SLy5 (panel (b)) interactions.
In the same figure, a comparison is made with the response of 68Ni and 69Ni in the zero-coupling
limit.
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Figure 5.8
Results for the complete dipole response in the OPVC model for 69Ni for SkI3 (panel (a)) and SLy5 (panel (b))
interactions. In the same figure, a comparison is made with the response of 68Ni and 69Ni in the zero-coupling
limit.

As we can see from the figure, the strength function of 69Ni in the fully coupled model appears
to be up-shifted of about 950 keV with respect to the two other curves both in the case of SkI3
and SLy5 interactions. This feature turns out to be the greatest modifications, since the shape
remains substantially unhaltered.

The main reason for this (almost rigid) shift is the variation in the single-nucleon level energies
one obtaines introducing the coupling with other single-nucleon and nucleon-plus-vibration states.
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Since the energy of the ground state, in the uncoupled system, is just the energy of the single-
nucleon state 1g9/2 ⊗ 0, and down-shifts of almost 950 keV introducing the coupling, the overall
spectrum up-shifts of about 950 keV.

As we said in Chapter 4, one of the main tasks in the analysis of the response of an odd
nucleus is the correct interpretation of the multiplet splitting. This aspect is authomatically taken
into account in our model, since the expression (4.20) accounts for transition to a state of definite
angular momentum and parity. This allows to separate the dipole strength function in contributions
coming from transitions to different Jπ subspaces, i.e., to obtain the multiplet itself. In Fig. 5.9
we plot the total OPVC strength function for 69Ni and the contributions coming from transitions
to 7

2

−, 9
2

− and 11
2

− subspaces.
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Total OPVC strength function for 69Ni and the contributions coming from transitions to 7
2

−
, 9

2

−
and 11

2

−

subspaces. The plot is depicted for SkI3 and SLy5.

Sum rules for the dipole response

As we said before, there are no rules concerning a conservation of the energy weighted sum rule
in our model nor implying a strict proportionality between the mass number A and the total
exhausted EWSR. A check we can do, nonetheless, is to calculate the EWSR of 69Ni as coming
from the OPVC model, mOPVC

1 , and compare it to the EWSR exhausted by the RPA response of
68Ni, mRPA

1 . In Tab. 5.9 we report the data for mOPVC
1 and mRPA

1 , together with the value of
Â = Acore ·mOPVC

1 /mRPA
1 , which will correspond, almost exactly, to 69 if our model were EWSR

conserving. As we can see, the value one obtaines is greater, spanning from 71.1 in the case of SLy5
to 73.7 in the case of SkI3. It has to be noticed that, for consistency, since the OPVC has been
evaluated considering only the RPA phonons which exhausted at least 1% of the total isoscalar or
isovector sum rule, also mRPA

1 has been evaluated, in this case, considering only those phonons.
This consideration accounts for the difference between mRPA

1 in Tabs. 5.9 and 5.3.
Moreover, one can compare the total EWSR exhausted by 69Ni in the zero-coupling limit, mzc

1 ,
and in the full OPVC calculation, mOPVC

1 . The results are reported in Tab. 5.10. For consistency,
the EWSR in the zero-coupling limit has been evaluated only including the RPA phonons which
exhausted at least 1% of the total isoscalar or isovector sum rule. This consideration accounts for
the difference between mzc

1 in Tabs. 5.10 and 5.5. As one can see from the table, the value of
mOPVC

1 is sistematically larger than that of mzc
1 , as one expects as an effect of the up-shift of the

spectrum.
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interaction mOPVC
1 (mRPA

1 ) Â

SkI3 1122.9 (1035.8) 73.7
SLy5 1106.7 (1058.3) 71.1

Table 5.9
Comparison between the EWSR calculated for 69Ni in the OPVC model, mOPVC

1 , and for the pure even-even

core, mRPA
1 , by means of standard RPA calculation. The value of Â = Acore ·mOPVC

1 /mRPA
1 is also indicated.

All sume rules are measured in [e2fm2MeV].

interaction mOPVC
1 mzc

1 mOPVC
1 /mzc

1 %
SkI3 1122.9 1062.4 105.7
SLy5 1106.7 1078.3 102.6

Table 5.10
Comparison between the total EWSR exhausted by 69Ni in the zero-coupling limit, mzc

1 , and in the full OPVC
calculation, mOPVC

1 . All sume rules are measured in [e2fm2MeV].

As a test of the calculation, one can check that the ESWR scales correctly for the components
of the multiplet. This request means that the total EWSR for transitions to a Jπ subspace must
be proportional to 2J + 1. This is equivalent to ask that, defining J =

∑
J(2J + 1), the EWSR of

each component of the multiplet be compatible with the fraction mOPVC
1 × (2J + 1)/J . In Tab.

5.11 we report the results: mMULT
1 is the EWSR exhausted by each component of the multiplet

and mMULT,EXP
1 is equal to the expected value mOPVC

1 × (2J + 1)/J .

interaction Jπ, mMULT
1 , mMULT,EXP

1 , mMULT
1 /mMULT,EXP

1 %

SkI3


7/2−, 291.6, 299.4, 97.4
9/2−, 361.3, 374.3, 96.5
11/2−, 470.0, 449.2, 104.6

SLy5


7/2−, 288.0, 295.1, 97.6
9/2−, 357.7, 368.9, 97.0
11/2−, 461.1, 442.7, 104.1

Table 5.11
For SkI3 and SLy5 interactions, we list the EWSR mMULT

1 related to dipole transitions from the ground state
9/2+ of 69Ni to all possible final Jπ configurations allowed by angular momentum and parity selection rules.

These data are compared to the expected values mMULT,EXP
1 . All sume rules are measured in [e2fm2MeV].

As one can see from the table, the sum rule calculated for each multiplet is, in each case, fully
compatible with the expected value.

5.5.3 Dipole response in 67Ni

Diagonalization of OPVC matrix

After the diagonalization of the OPVC matrices, one is faced with a number of new states of the
odd nucleus in the coupled representation.

In Fig. 5.10, we plot, for SkI3 and SLy5 interactions, a comparison between pure and dressed
levels for 67Ni below the Fermi surface. In the left column we plot single-nucleon levels coming
from Skyrme-Hartree-Fock calculation, whereas, on the right column, we plot those dressed states
i whose Ci

k (see Section 4.1) is bigger than 0.05, being k any single-nucleon state. In this latter
case, the length of the lines is proportional to Ci

k. The colors have been chosen so that states with
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the same orbital angular momentum have the same color. For the sake of clarity, when two dressed
states are closer in energy than 500 keV they are plotted as one (sum) line.

-30

-25

-20

-15

-10

E
ne

rg
y 

[M
eV

]

HF OPVC

1d
3/2

x0

1f
7/2

x0

2p
3/2

x0
1f

5/2
x0

2p
1/2

x0

2s
1/2

x0

2p
1/2

x0
1f

5/2
x0

2p
3/2

x0

1f
7/2

x0

2s
1/2

x0
1d

3/2
x0

SkI3 SLy5
HF OPVC

-30

-25

-20

-15

-10

Figure 5.10
Comparison between pure and dressed single-nucleon levels for 67Ni. For further comments, see the label of
Fig. 5.6.

Single-nucleon level shift

As we can see from Fig. 5.10, the coefficient Ci
k is very close to 1 for states near the Fermi surface,

indicating a limited amount of mixture between a pure single-nucleon state and other pure states.
It is easy, though, to identify the original pure state and the corresponding poorly dressed state,
which will be called dressed single-nucleon state. Besides, these states, 2p3/2 ⊗ 0, 1f5/2 ⊗ 0 and
2p1/2 ⊗ 0, appear to be up-shifted of about 1 MeV.

This occurrence can be easily explained with a simple model involving a drastic reduction of
the huge OPVC matrix, as done in the case of 69Ni. In fact, one expects, since the considered
single-nucleon states are high in energy, not to be many possible pure states available for the
coupling and close to them in energy. Since one would expect a strong mixing only between states
somewhat close in energy, the dimension of the matrix can be reduced retaining but one single
state for the mixing with the initial single-nucleon state. This picture is of course approximate,
but it can give the order of magnitude of the energy shift caused by the coupling with different
states.

In Tab. 5.12 we report, for each high single-nucleon state, the uncoupled (εi) and dressed
(Ei) energies. Besides, we provide the closer pure state (with energy Ek), together with the ratio
|ηi

k/(Ek− εi)| and the caused partial shift δεi. The ratio |ηi
k/(Ek− εi)| is an index for the intensity

of the mixing: if it is big, i.e., the residual interaction is of the order of the energy gap, the two
states will be efficiently mixed, while, if the energy gap is big with respect to residual interaction,
the two states will be poorly mixed. We report the results only for SkI3 interaction, since they are
similar for SLy5 force.

As we can see from the table, just one coupling state is sufficient to understand the order of
magnitude of the total shift. For example, in the case of 2p1/2 ⊗ 0, the coupling with 1f5/2 ⊗ 2+

1

provides almost 1/7 of the global shift, and almost 1/5 of the shift of 1f5/2 ⊗ 0 is provided by the
coupling with the same 1f5/2 ⊗ 2+

1 .
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hole state εi Ei (∆εi) coupl. state (Ek, |ηi
k/(Ek − εi)|, δεi, δεi/∆εi% )

2p1/2 ⊗ 0 −9.247 −8.433 (+0.814) 1f5/2 ⊗ 2+
1 (−16.485, 0.124, +0.109, 13.4)

1f5/2 ⊗ 0 −10.597 −9.854 (+0.743) 1f5/2 ⊗ 2+
1 (−16.485, 0.157, +0.141, 19.0)

2p3/2 ⊗ 0 −11.360 −10.539 (+0.821) 2p3/2 ⊗ 2+
1 (−17.247, 0.109, +0.070, 8.5)

Table 5.12
Properties of some dressed single-nucleon states in 67Ni. For further comments, see the label of Tab. 5.7.

Single-nucleon level splitting

The situation is different far from the Fermi surface, where many Ci
k different from 1 can be

identified. This means that the original single-nucleon states do mix appreciably with other pure
states, splitting into many components. This is true for the 1d3/2 ⊗ 0, 2s1/2 ⊗ 0 and 1f7/2 ⊗ 0
orbitals for both SkI3 and SLy5. The reason for the fragmentation is quite clear. Because of the
increasing energy, there will be many pure states very close in energy to these single-nucleon states.
These states can participate in the mixing and so the fragmentation, absent at low energy, will
become more and more important. The presence of a large number of mixing states prevents a
simple argument which shows the quantitative origin of the fragmentation. In Tab. 5.13 we report
the properties of some highly mixed single-nucleon states in 67Ni.

part. state k εk Ei, Ci
k (other imp. state) Ek weighted (∆εk)

1f7/2 ⊗ 0 −18.293


−18.307 0.556 (2p3/2 ⊗ 2+

1 )
−16.648 0.175 (1f5/2 ⊗ 2+

1 )
−16.328 0.217 (1f5/2 ⊗ 2+

1 )
−17.547 (+0.746)

2s1/2 ⊗ 0 −26.566



−29.830 0.157 (2p3/2 ⊗ 1−18)
−29.282 0.095 (2p3/2 ⊗ 1−15)
−25.933 0.063 (2p1/2 ⊗ 1−12)
−25.413 0.096 (2p1/2 ⊗ 1−11)
−22.305 0.102 (1f7/2 ⊗ 3−1 )

−26.930 (−0.364)

1d3/2 ⊗ 0 −27.973


−29.719 0.115 (2p1/2 ⊗ 1+

18)
−26.974 0.086 (2p3/2 ⊗ 1+

8 )
−25.592 0.070 (1f5/2 ⊗ 1−5 )
−25.335 0.091 (1f5/2 ⊗ 1−4 )

−27.116 (+0.857)

Table 5.13
Properties of some highly mixed single-nucleon states in 67Ni. For further comments, see the label of Tab. 5.8.

In Fig. 5.11(a) we plot the coefficients Ci
α as a function of the energy of the dressed states i,

being α the index for the uncoupled 1d3/2⊗ 0 state (the interaction is again SkI3). In Fig. 5.11(b)
we plot, instead, the coefficients Ci

β , being β the index for the uncoupled 1f7/2 ⊗ 0 state. As one
can see from the figure, many dressed states i have a significant projection upon 1d3/2 ⊗ 0 and
1f7/2 ⊗ 0, originating in a huge split of the original single-nucleon state.

Strength function for dipole response

The complete diagonalization of the OPVC matrices allows the calculation of the matrix elements
(4.20) of the transition between the ground state and any excited state, and so the evaluation of
the strength function for dipole transitions. In Fig. 5.12 we report the results for the complete
dipole response in the OPVC model for 67Ni for SkI3 (panel (a)) and SLy5 (panel (b)) interactions.
In the same figure, a comparison is made with the response of 68Ni and 67Ni in the zero-coupling
limit.
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Figure 5.11
In panel (a) we plot the coefficients Ci

α as a function of the energy of the dressed states, being α the index
for the uncoupled 1d3/2 ⊗ 0 state. In panel (b), instead, we plot the coefficients Ci

β , being β the index for the

uncoupled 1f7/2 ⊗ 0 state. The Skyrme interaction is SkI3.

As we can see from the figure, the strength function of 67Ni in the fully coupled model appears
to be down-shifted of about 850 keV with respect to the two other curves both in the case of SkI3
and SLy5 interactions. This feature turns out to be the greatest modifications, since the shape
remains again substantially unhaltered.

The main reason for this (almost rigid) shift is the variation in the single-nucleon level energies
one obtaines introducing the coupling with single-nucleon and nucleon-plus-vibration states. Since
the energy of the ground state, in the uncoupled system, is just the energy of the single-nucleon
state 2p1/2 ⊗ 0, and up-shifts of almost 850 keV introducing the coupling, the overall spectrum
down-shifts of about 850 keV.

In Fig. 5.13 we plot the total OPVC strength function and the contributions coming from
transitions to 1

2

+ and 3
2

+ subspaces, which consitute the multiplet in the case of 67Ni.

Sum rules for the dipole response

As we said before, there are no rules concerning a conservation of the energy weighted sum rule
in our model nor implying a strict proportionality between the mass number A and the total
exhausted EWSR. A check we can do, nonetheless, is to calculate the EWSR of 67Ni as coming
from the OPVC model, mOPVC

1 , and compare it to the EWSR exhausted by the RPA response of
68Ni, mRPA

1 . In Tab. 5.14 we report the data for mOPVC
1 and mRPA

1 , together with the value of
Â = Acore ·mOPVC

1 /mRPA
1 , which will correspond, almost exactly, to 67 if our model were EWSR

conserving. As we can see, the value one obtaines is lower, spanning from 60.7 in the case of SLy5
to 62.6 in the case of SkI3. It has to be noticed that, for consistency, since the OPVC has been
evaluated considering only the RPA phonons which exhausted at least 1% of the total isoscalar or
isovector sum rule, also mRPA

1 has been evaluating, in this case, considering only phonons. This
consideration accounts for the difference between mRPA

1 in Tabs. 5.14 and 5.3.

interaction mOPVC
1 (mRPA

1 ) Â

SkI3 953.7 (1035.8) 62.6
SLy5 945.1 (1058.3) 60.7

Table 5.14
Comparison between the EWSR calculated for 67Ni in the OPVC model and for the core in standard RPA.
For further comments, see the label of Tab.(5.14).
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Figure 5.12
Results for the complete dipole response in the OPVC model for 67Ni for SkI3 (panel (a)) and SLy5 (panel (b))
interactions. In the same figure, a comparison is made with the response of 68Ni and 67Ni in the zero-coupling
limit.
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Total OPVC strength function for 67Ni and the contributions coming from transitions to 1
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+
and 3
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+
subspaces.

The plot is depicted for SkI3 and SLy5.

Moreover, one can compare the total EWSR exhausted by 67Ni in the zero-coupling limit, mzc
1 ,

and in the full OPVC calculation, mOPVC
1 . The results are reported in Tab. 5.15. For consistency,

the EWSR in the zero-coupling limit has been evaluated only including the RPA phonons which
exhausted at least 1% of the total isoscalar or isovector sum rule. This consideration accounts for
the difference between mzc

1 in Tabs. 5.15 and 5.5. As one can see from the table, the value of
mOPVC

1 is sistematically smaller than that of mzc
1 , as one expects as an effect of the down-shift of

the spectrum.

interaction mOPVC
1 mzc

1 mOPVC
1 /mzc

1 %
SkI3 953.7 1030.7 92.5
SLy5 945.1 1038.3 91.0

Table 5.15
Comparison between the total EWSR exhausted by 67Ni in the zero-coupling limit, mzc

1 , and in the full OPVC
calculation, mOPVC

1 . All sume rules are measured in [e2fm2MeV].

As a test of the calculation, one can check that the ESWR scales correctly for the components
of the multiplet. This request means that the total EWSR for transitions to a Jπ subspace is
proportional to 2J + 1 or, equivalently, is compatible with the fraction mOPVC

1 × (2J + 1)/J . In
Tab. 5.16 we report the results. As one can see from the table, the sum rule calculated for each
multiplet is, in each case, fully compatible with the expected value.

interaction Jπ, mMULT
1 , mMULT,EXP

1 , mMULT
1 /mMULT,EXP

1 %

SkI3

{
1/2+, 322.8, 317.9, 101.5
3/2+, 630.9, 635.8, 99.2

SLy5

{
1/2+, 316.8, 315.0, 100.6
3/2+, 628.3, 630.1, 99.7

Table 5.16
Check of the correct scaling of EWSR for the multiplet. For further comments, see the label of Tab.(5.11).
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Conclusions

In this work, we have introduced an original microscopic self-consistent model for the multipole
response in odd nuclei, the OPVC model, which is valid for nuclei near closed-shell, doubly-magic
configurations. This hypothesis has allowed us to neglect the effect of nuclear deformations and
pairing correlations.

The simplest possible picture of such an odd nucleus is that of an even-even core plus an odd-
nucleon, which can be either a particle or a hole. If the core and the odd-nucleon were completely
independent, the excitation spectrum would be just the sum of the vibrational spectrum of the
core plus the single-particle excitation spectrum of the odd-nucleon. The states of the uncoupled
system, that is, the limit in which the odd-nucleon and the core are completely independent, can
be either single-nucleon states, i.e., configurations in which the odd-nucleon is in a given quantum
state and core vibrations are absent, or nucleon-plus-vibration states, i.e., configurations in which
the odd-nucleon is in a given quantum state and the core is vibrating.

In a realistic picture, nonetheless, the core and the odd-nucleon are not independent. The
following problem has to be dealt with: how the excitation energies and the wave functions of the
even-even core (i.e. of the phonons) and the odd-particle (or hole) are mutually affected. According
to the OPVC model, the interaction between the even-even core and the odd-nucleon acts on the
states of the uncoupled system introducing a coupling effect. The effect of this coupling is to linearly
mix the simple single-nucleon and nucleon-plus-vibration states, giving rise to a spectrum of more
complicated states for the odd system. The coefficients of the mixing and the energies of the excited
states of the odd nucleus can be obtained via the diagonalization of a matrix including the energies
of single-nucleon and nucleon-plus-vibration states with the same angular momentum and parity,
Jπ, as well as the matrix elements of the reciprocal residual interaction. This matrix represents,
from a qualitative point of view, an extension of the classical particle-vibration coupling matrix
introduced in the 1970s. The element of novelty is that the energies of particles and phonons, as
well as the phonon verteces, are calculated in the microscopic self-consistent framework of Hartree-
Fock (HF), random phase approximation (RPA) and particle-vibration coupling (PVC) theories
based on the effective Skyrme interaction.

The expansion for the eigenstates of the odd nucleus has been employed to extract a complete
expression for the transition matrix element associated with the action of an external multipole
field, and then to provide a formula for the strength function associated with multipole nuclear
transitions in the odd system. This formula takes automatically into account the problem of
the multiplet splitting associated with multipole excitations in odd nuclei. The transition matrix
elements have been written as the sum of four different and independent contributions, for which
a suitable interpretation in terms of Feynman graphs has been provided.

It has to be noticed that our model is valid in the hypothesis of time-reversal and spherical
symmetry. This condition is, in principle, not fulfilled by an odd nucleus, since the odd-particle (or
hole) breaks the symmetries of the even-even core. For this reason we have adopted (in building
the HF-RPA basis for the calculation) the equal filling approximation (EFA), according to which
the unpaired nucleon is distributed among all possible angular momentum projections with equal
probability, thus preserving the symmetries of the system.
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Conclusions

The OPVC model has been implemented to analyze the dipole response in 67Ni and 69Ni. The
nuclear problem has been solved, at the mean field level, with a Hartree-Fock calculation employing
two effective Skyrme interactions: SLy5, which is a standard force fitted on pure neutron matter
properties, and SkI3, which mimics relativistic RMF calculations and, thus, among other things,
predicts a stiffer equation of state (i.e., a larger slope at nuclear saturation). A set of random
phase approximation equations for the even-even core, modified to take care of the equal filling
approximation, have then been solved to obtain the complete core vibrational spectrum. As an
effect of the screening due to the Pauli blocking, the RPA-EFA dipole response of the core has
been found to be up-shifted of about 100 and 150 keV, respectively, in 67Ni and 69Ni, with respect
to the common RPA response.

First, the calculation of the strength function for dipole excitations in 67Ni and 69Ni has been
evaluated in the zero-coupling limit. In this case, the total strength function is just the sum of the
core response and of the single-particle contribution associated to odd-nucleon excitations. We have
found that, as expected, the single-particle contribution is almost negligible with respect to that
of the core, expecially in the case of 67Ni. In the case of 69Ni, a somewhat bigger enhancement has
been found in the low-lying region of the excitation spectrum. The main source of modification
with respect to 68Ni, both in the two nuclei and for the two interactions, turns out to be the
energy-shift related to the EFA.

The complete calculation within the OPVC model provides different results: in the case of
67Ni, the dipole spectrum is down-shifted of about 850 keV with respect to that of 68Ni, while,
in the case of 69Ni, it appears to be up-shifted of about 950 keV. The main reason has been
found in the level shifting caused by the coupling and involving single-nucleon states close to the
Fermi surface. The coupling with different states, in fact, induces a down-shift and an up-shift in
single-nucleon states in 67Ni and 69Ni, respectively. This is a common feature of particle-vibration
coupling calculations, whose effect, as a rule, is to down-shift particle states and to up-shifts hole
states. Moreover, the ground state of the odd nucleus correspond, in the zero-coupling limit, to
single-nucleon states close to the Fermi surface, which are much affected by the level shifting. The
net effect of the coupling for the dipole response is, thus, a modification of the ground state energy
of 67Ni and 69Ni, and, thus, a shift in the excitation spectrum. This result is almost independent of
the choice of the Skyrme interaction. We have also demonstrated that it is possible to predict the
order of magnitude of the single-nucleon level shifting just considering the coupling with low-lying
nucleon-plus-vibration states in which the phonon is a highly collective 2+ or 3− vibration.

The result of our calculation in the case of 67Ni is in good agreement with experimental results.
The pygmy dipole structure shifting in the excitation spectrum of 67Ni is, thus, theoretically
explained as an effect of the coupling between the odd-nucleon and the core vibrations. As our
argument explaining the level shifting is quite general, and not strictly dependent on the odd
nucleus under investigation, we expect a similar shift of the spectrum to be a common feature
of odd nuclei in different mass regions. Thus, we expect that all odd nuclei obtained by adding
a hole to a doubly-magic core will show a down-shift of the excitation spectrum with respect to
that of the core. This conclusion is confirmed by the experimental data in 131Sn and neighboring
doubly-magic 132Sn.

As possible improvements to the present work, it could be of interest to implement the calcu-
lation also for nuclei in other mass regions, for example to odd-neighbors of 132Sn and 208Pb, so as
to check if the energy shift of the spectrum with respect to the even-even core is lower or higher
than that characterizing 67Ni and 69Ni. As further perspectives for the model itself, it would be
useful to determine analytical sum rules which would help to understand the physics underlying
the odd nuclei problem.
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Appendix A
Angular Momentum

In this appendix we briefly expose some important concepts and relations concerning angular
momentum. For a wider review, refer to [BS62] or [VMK88]; phase conventions are consistent with
[BM69] and [BM75].

A.1 Coupling of angular momenta

A.1.1 Coupling of two angular momenta

Clebsch-Gordan coefficients

If two components in the system have angular momenta j1 and j2, the coupling of these two
components may produce states with resultant angular momentum

J = |j1 − j2|, |j1 − j2|+ 1, · · · , j1 + j2. (A.1)

The coupled states JM can be written in the form

|j1j2〉(j1j2)JM =
∑

m1m2

〈j1m1j2m2|JM〉|j1m1, j2m2〉 (A.2)

where the expansion coefficients, 〈j1m1j2m2|JM〉, are referred to as Clebsch-Gordan (CG) coeffi-
cients.

The CG coefficients obey the orthogonality relations∑
m1m2

〈j1m1j2m2|JM〉〈j1m1j2m2|J ′M ′〉 = δJ,J′δM,M ′ (A.3)∑
JM

〈j1m1j2m2|JM〉〈j1m′
1j2m

′
2|JM〉 = δm1,m′

1
δm2,m′

2
(A.4)

and possess several important symmetry properties:

〈j1m1j2m2|j3m3〉 = (−1)j1+j2−j3〈j1 −m1j2 −m2|j3 −m3〉 (A.5)
= (−1)j1+j2−j3〈j2m2j1m1|j3m3〉 (A.6)

= (−1)j1−m1

√
2j3 + 1
2j2 + 1

〈j1m1j3 −m3|j2 −m2〉 (A.7)

= (−1)j2+m2

√
2j3 + 1
2j1 + 1

〈j3 −m3j2m2|j1 −m1〉; (A.8)
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special cases of CG coefficients are

〈j1m1j2m2|00〉 = (−1)j1−m1
1√

2j1 + 1
δj1,j2δm1,−m2 (A.9)

〈j1m100|j2m2〉 = δj1,j2δm1,m2 (A.10)

We have assumed the CG coefficients to be real quantities, as it is implied by the phase con-
vention

RT |jm〉 = |jm〉 (A.11)

where R and T are, respectively, the rotation operator Ry(π) and the time reversal operator (see
below).

Wigner 3-j symbols

Wigner 3-j symbols are defined in relation with CG coefficients as

〈aαbβ|c− γ〉 = (−1)a−b−γ
√

2c+ 1
(
a b c
α β γ

)
. (A.12)

They obey the following orthogonality relations

∑
αβ

(2c+ 1)
(
a b c
α β γ

) (
a b c′

α β γ′

)
= δcc′δγγ′ (A.13)

∑
cγ

(2c+ 1)
(
a b c
α β γ

) (
a b c
α′ β′ γ

)
= δαα′δββ′ (A.14)

and are invariant under interchange of rows and columns (reflection about diagonals), and are
multiplied by (−1)a+b+c upon interchange of two adjacent rows or columns. In particular this
means that (

a b c
−α −β −γ

)
= (−1)a+b+c

(
a b c
α β γ

)
(A.15)

and that the 3-j is invariant under cyclic permutation of its columns and multiplied by (−1)a+b+c

by non-cyclic ones (
a b c
α β γ

)
=

(
b c a
β γ α

)
= (−1)a+b+c

(
b a c
β α γ

)
. (A.16)

A.1.2 Coupling of three angular momenta

Racah coefficients

Three angular momenta j1,j2 and j3 can be coupled in several ways to a resultant J. Thus, we
can first perform the coupling j1 + j2 = J12 and subsequently J12 + j3 = J; another possibility is
j2 + j3 = J23 followed by j1 + J23 = J. The transformation between these two coupling schemes

|j1j2j3〉(j1j2)J12,j3;JM =
∑

m1m2m3M12

〈j1m1j2m2|J12M12〉〈J12M12j3m3|JM〉

× |j1m1, j2m2, j3m3〉

=
∑
J23

〈j1, (j2j3)J23;J |(j1j2)J12, j3;J〉|j1j2j3〉j1,(j2j3)J23;JM (A.17)

involves a set of expansion coefficients referred to as recoupling coefficients or Racah coefficients,
〈j1, (j2j3)J23;J |(j1j2)J12, j3;J〉.
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6-j symbols

The Racah coefficients possess a number of symmetry properties, which are conveniently expressed
in terms of the 6-j symbols defined by

〈j1, (j2j3)J23;J |(j1j2)J12, j3;J〉

= (−1)j1+j2+j3+J
√

2J12 + 1
√

2J23 + 1
{
j1 j2 J12

j3 J J23

}
.

(A.18)

The 6-j symbol is invariant under the interchange of any two columns, and also for interchange
of the upper and lower arguments in each of any two columns. Besides, given the 6-j symbol{
a b c
d e f

}
, four triangular coupling condition have to be satisfied: [abc], [aef ], [dbf ], [dec].

If one of the six angular momenta vanishes, the 6-j symbol reduces to{
j1 j2 j3
j2 j1 0

}
= (−1)j1+j2+j3

1√
(2j1 + 1)(2j2 + 1)

. (A.19)

The following sum rules hold for 6-j symbols:∑
k

(−1)2k(2k + 1)
{
a b k
a b f

}
= 1 (A.20)

∑
k

(−1)a+b+k(2k + 1)
{
a b k
b a f

}
= δf0

√
2a+ 1

√
2b+ 1 (A.21)

∑
k

(2k + 1)(2f + 1)
{
a b k
c d f

} {
a b k
c d g

}
= δfg (A.22)

∑
k

(−1)f+g+k(2k + 1)
{
a b k
c d f

} {
a b k
d c g

}
=

{
a d f
b c g

}
. (A.23)

6-j symbols and Wigner 3-j symbols are related by some contraction rules:∑
αβγα′β′

(−1)A+B+C+α+β+γ

(
A B c
α −β γ′

) (
B C a
β −γ α′

) (
C A b
γ −α β′

) (
a b c1
α′ β′ γ′1

)

=
1

2c+ 1
δcc1δγ′γ′1

{
a b c
A B C

}
(A.24)∑

αβγ

(−1)A+B+C+α+β+γ

(
A B c
α −β γ′

) (
B C a
β −γ α′

) (
C A b
γ −α β′

)

=
(
a b c
α′ β′ γ′

) {
a b c
A B C

}
(A.25)

A.1.3 Coupling of four angular momenta

Recoupling coefficients

Four angular momenta can be coupled in many different ways, such as

j1 + j2 = J12 j3 + j4 = J34 J12 + J34 = J
j1 + j3 = J13 j2 + j4 = J24 J13 + J24 = J

The transformation between these two coupling schemes involves recoupling coefficients depending
on nine angular momenta,

|j1j2j3j4〉(j1j2)J12,(j3j4)J34;JM

=
∑

J23J34

〈(j1j3)J13, (j2j4)J24;J |(j1j2)J12, (j3j4)J34;J〉|j1j2j3j4〉(j1j3)J13,(j2j4)J24;JM (A.26)
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9-j symbols

It is often convenient to express the coefficients associated with the recoupling of four angular
momenta in terms of the 9-j symbols, defined by

〈(j1j2)J12, (j3j4)J34;J |(j1j3)J13, (j2j4)J24;J〉

=
√

(2J12 + 1)(2J34 + 1)(2J13 + 1)(2J24 + 1)

 j1 j2 J12

j3 j4 J34

J13 J24 J

 . (A.27)

The 9-j symbol has a simple permutation symmetry. Thus, any even permutation of rows or
columns, or a transposition (replacement of rows by columns) leaves the 9-j symbol invariant, while
an odd permutation of rows or columns induces a phase factor (−1)Σ, where Σ is the sum of all
the nine angular momenta.

If one of the j values vanishes, the 9-j symbol reduces to a 6-j symbol,j1 j2 j3
j4 j5 j3
j6 j6 0

 = (−1)j2+j3+j4+j6
1√

(2j3 + 1)(2j6 + 1)

{
j1 j2 j3
j5 j4 j6

}
(A.28)

A.2 Spherical tensors and reduced matrix elements

A.2.1 Definition of spherical tensors

Any rotation R through an angle α about an axis n can be represented as a function of the
generator of rotation, the angular momentum operator J:

Rn(α) = e−i(J·n)α. (A.29)

No rotation can change the magnitude of j: starting from a state |jm〉 and applying various finite
rotations we are always confined to the family of states with different m and same j. Thus, any
state |jm〉 transforms under rotation R into a superposition of the states belonging to the same
multiplet of |jm〉. This fact can be written explicitly as

R|jm〉 =
∑
m′

Dj
m′m(R)|jm′〉 (A.30)

where
Dj

m′m(R) = 〈jm′|R|jm〉 (A.31)

are the matrix element of the finite rotation R in a given representation. The unitarity of rotations
implies the unitarity of Dj matrices (Wigner matrices), (Dj)† = (Dj)−1. In algebraic terms, the Dj

matrices give a unitary representation of the rotation group of dimension 2j+1; the representation
Dj is also irreducible: the multiplet |jm〉 does not contain any smaller subset of states that
transform only within this subset under all rotations.

The operators can be classified by their behavior under rotations: the set of 2λ + 1 operators
Tλµ, where λ is an integer of half-integer and µ = −λ,−λ + 1, . . . , λ, is said to form a spherical
tensor of rank λ if the operators of the set are transformed under rotations according to the same
rules (A.30) as the state vectors |jm〉,

RTλµR−1 =
∑
µ′

Dλ
µ′µ(R)Tλµ′ . (A.32)

Equivalently, one can also characterize operators by the amount of angular momentum they transfer
to the state on which they act. In this picture, a spherical tensor of rank λ is a set of operators
Tλµ transferring an angular momentum λ with the different component µ.
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A tensor of rank λ = 0 is a rotational invariant (a scalar); a vector v, instead, is a spherical
tensor of rank λ = 1. Further examples of tensors are the spherical harmonics Yλµ(ϑ, φ), which are
tensors of rank λ. In particular, any operator can be expanded in a series of spherical harmonics:
for example, the electric multipole moments are the tensors resulting from the expansion of the
electric charge density.

A.2.2 Wigner-Eckhart theorem

The Wigner-Eckhart Theorem states that the dependence of the matrix element of an operator
Tλµ between two states |j2m2〉 and |j1m1〉, namely 〈j2m2|Tλµ|j1m1〉, on the magnetic quantum
numbers µ, m1 and m2 is given entirely by a CG coefficient. In particular

〈j2m2|Tλµ|j1m1〉 =
1√

2j2 + 1
〈j1m1λµ|j2m2〉〈j2||Tλ||j1〉 (A.33)

and this expression defines the reduced matrix element 〈j2||Tλ||j1〉. Besides

〈j2||Tλ||j1〉 =
√

2j2 + 1
∑
m1µ

〈j1m1λµ|j2m2〉〈j2m2|Tλµ|j1m1〉 (A.34)

=
1√

2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉〈j2m2|Tλµ|j1m1〉. (A.35)

A.2.3 Reduced probability for nuclear transitions

A nuclear transition j1 → j2 involving the transfer of angular momentum λ can be described in
terms of a transition operator Tλµ, such that the transition amplitudes are proportional to the
matrix element (A.33). The total transition probability, summed over µ and over the polarization
m2 of the final state, is independent of m1 and given by the reduced transition probability

B(Tλ; j1 → j2) =
∑
µm2

|〈j2m2|Tλµ|j1m1〉|2. (A.36)

Averaging over initial states, we get

B(Tλ; j1 → j2) =
1

2j1 + 1

∑
µm1m2

|〈j2m2|Tλµ|j1m1〉|2; (A.37)

applying now the Wigner-Eckhart theorem and the orthogonality relations for CG coefficients, we
obtain

B(Tλ; j1 → j2) =
1

2j1 + 1
|〈j2||Tλ||j1〉|2. (A.38)

For the inverse transition, j2 → j1, we have

B(Tλ; j2 → j1) =
2j1 + 1
2j2 + 1

B(Tλ; j1 → j2) (A.39)

since the absolute value of the reduced matrix element is invariant under the interchange of j1 and
j2 (see Eq.(A.48)); the relation (A.39) expresses detailed balance for reaction rates averaged over
polarization.

The strength function associated with the transitions from the initial state j1 is defined as

S(E) =
∑
j2

|〈j2||Tλ||j1〉|2

2j1 + 1
δ(E − (E2 − E1)) =

∑
j2

B(Tλ; j1 → j2)δ(E − (E2 − E1)) (A.40)
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A.2.4 Transformation under time reversal and Hermitian conjugation

The reduced matrix element is, in general, a complex number. Its phase is related to the trans-
formation of Tλµ under time reversal. Since the time reversal transformation, T , inverts angular
momenta, it transforms Tλµ into a tensor of components λ,−µ. It is thus convenient to con-
sider the combined transformation RT , where R is now the rotation Ry(π). Usually, the tensors
encountered transform into themselves under RT , except for a phase factor

RT Tλµ(RT )−1 = cT Tλµ. (A.41)

Eq.(A.41) is equivalent to
T TλµT = cT (−1)λ+µTλ−µ. (A.42)

The phase factor cT is not an intrinsic property of Tλ, since it depends on the phase of the
operator. Thus, by multiplying Tλ with a suitable phase factor, we can always achieve cT = +1.
For example, in the case of electromagnetic multipoles, cT = +1 is obtained by multiplying electric
moments by iλ and magnetic moments by iλ−1.

If we assume that the nuclear states are phased according to Eq.(A.11), we obtain that

〈j2||Tλ||j1〉∗ = cT 〈j2||Tλ||j1〉. (A.43)

Thus, the phase choice leading to cT = +1 implies that all matrix elements are real.
The symmetry of the reduced matrix element with respect to the interchange of initial and final

states is related to the behavior of Tλµ under Hermitian conjugation. The Hermitian conjugate
T †λµ of a spherical tensor removes the angular momentum λµ from the state on which it acts, and
the operator

THλµ ≡ (−1)λ+µ(Tλ−µ)† (A.44)

is thus again a spherical tensor. From Eq.(A.33), we obtain

〈j1||THλ ||j2〉 = (−1)j1+λ−j2〈j2||Tλ||j1〉∗. (A.45)

If Tλµ is self-adjoint, that is, if
Tλµ = cHT

H
λµ, (A.46)

the relation (A.45) can be written

〈j1||Tλ||j2〉 = cH(−1)j1+λ−j2〈j2||Tλ||j1〉∗. (A.47)

Combining eqs. (A.47) and (A.43), we obtain

〈j1||Tλ||j2〉 = −c(−1)j1+λ−j2〈j2||Tλ||j1〉 (A.48)

where
c = −cT cH. (A.49)

While cT and cH depend on the phase of Tλµ and may take complex values, the product c is
independent on the overall phase of Tλµ and equals +1 or −1. Examples of operators with c = −1
are F (r) and (l · s)F (r), whereas operators with c = +1 are sF (r) or l.

Thus, if Fλ = iλYλ,
〈j1||iλYλ||j2〉 = (−1)j1+λ−j2〈j2||iλYλ||j1〉 (A.50)

A.2.5 Tensor properties of particle and hole creation operators

Let us consider a nuclear system in which the single-particle states jm are labelled by their energy,
εj . In this system we define the normal state (or ground state) as the configuration in which the
particles occupy all the lowest possible energy levels, i.e. the state with lowest total energy. We
can talk about occupation number for a single-particle orbit, that is, if the single-particle states are
occupied or not.
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The states obtained by adding a particle in an unfilled orbit (zero occupancy) are represented
by a†jm|0〉, where a†jm is the particle creation operator, while |0〉 is the ground state of the system;
these states are referred to as particle states. The transformation of a†jm under time reversal is
given by

T a†jmT
−1 = a†fjm

= (−1)j+ma†j−m; (A.51)

the matrix elements of a†jm are real in a representation with the phase convention (A.11).
The Hermitian conjugate of a†jm is the annihilation operator ajm, from which we can construct

the tensor
b†jm ≡ afjm = (−1)j+maj−m. (A.52)

The operator b†jm acts on the ground state removing a particle in the state j−m, that is, creating
a hole in the state jm. The states b†jm|0〉 are referred to as hole states.

From Eq.(A.45) we thus obtain

〈j2||aej ||j1〉 = 〈j2||b†j ||j1〉 = (−1)j2+j−j1〈j1||a†j ||j2〉. (A.53)

From products of a† and a operators, one can form the spherical tensors

Fλµ = a†j2aej1 (j1j2)λµ
= a†j2b

†
j1 (j1j2)λµ

. (A.54)

These are unit tensor operators from which arbitrary one-particle operators can be constructed,
as is the case of phonon creation and destruction operators Γ† and Γ (see Chapter 3.2).

A.3 One-particle wave functions and matrix elements

A.3.1 One particle wave functions

The wave function for a particle with spin s = 1
2 moving in a spherically symmetric and parity-

conserving potential can be written in the form

φi(r, σ, τ) =
uα(r)
r

[ilYl(r̂)χ 1
2
(σ)](l 1

2 )jmχq(τ)

=
uα(r)
r

∑
mlms

〈lml
1
2
ms|jm〉ilYlml

(r̂)χ 1
2 ms

(σ)χq(τ). (A.55)

In the previous equation, the indexes i and α stands for the sets of quantum numbers i ≡ q, n, l, j,m
and α ≡ q, n, l, j: q is the isospin quantum number, n is the principal quantum number, l the
orbital angular momentum, j the total angular momentum and m is the projection of the total
angular momentum upon the z-axis. Finally, χ 1

2 ms
and χq are the two-component spinor and

isospin, respectively. The factor il has been inserted in Eq.(A.55) in order to ensure the standard
transformation under time reversal,

T |nljm〉 = (−1)j+m|nlj −m〉. (A.56)

The radial function may be taken to be real (for a time-reversal invariant potential), and we choose
the phase in such a manner that u is positive for large r (for r greater than the outermost nodal
point).

A.3.2 Evaluation of matrix elements for one-particle operators

A tensor operator depending only on the position r of a particle has the general form

Tλµ = iλf(r)Yλµ(ϑ, φ). (A.57)
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For a self-adjoint tensor (which transforms into itself under Hermitian conjugation), the radial
function f(r) may be taken to be real. We have added the factor iλ so as to obtain the phase
factor cT = cH = 1 for time reversal and Hermitian conjugation and in order the matrix elements
of Tλµ to be real (see Section A.2.4).

The reduced matrix element of Tλµ is

〈n2l2j2||iλf(r)Yλµ||n1l1j1〉 = il1+λ−l2(−1)j1+λ−j2

√
(2λ+ 1)(2j1 + 1)

4π

× 〈j1
1
2
λ0|j2

1
2
〉〈j2|f |j1〉

{
1 if l1 + λ− l2 even
0 if l1 + λ− l2 odd

(A.58)

with the radial matrix element

〈j2|f |j1〉 =
∫ ∞

0

un2l2j2(r)f(r)un1l1j1dr. (A.59)
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Appendix B
Explicit calculation of the OPVC reduced
transition matrix element

In this Appendix we will derive the expression for the OPVC reduced transition matrix element
(4.18) for the odd nucleus in the microscopic Hartree-Fock (see Section 3.1) and Random Phase
Approximation (see Section 3.2) context.

The matrix element from which we have to start, 〈ν2l2j2m2|Fλµ|ν1l1j1m1〉 is, by definition (see
Chapter 4),

〈ν2l2j2m2|Fλµ|ν1l1j1m1〉 = 〈0|cν2l2j2m2Fλµc
†
ν1l1j1m1

|0〉

= 〈0|

{∑
n2

Aν2l2j2
n2

[
d†n2l2j2

⊗ I
]†

j2m2

+
∑

n′2l′2j′2ξ2L2

Bν2l2j2
n′2l′2j′2ξ2L2

[
d†n′2l′2j′2

⊗ Γ†ξ2
(L2)

]†
j2m2

}
Fλµ

×

{∑
n1

Aν1l1j1
n1

[
d†n1l1j1

⊗ I
]

j1m1

+
∑

n′1l′1j′1ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

[
d†n′1l′1j′1

⊗ Γ†ξ1
(L1)

]
j1m1

}
|0〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

〈0|
[
d†n2l2j2

⊗ I
]†

j2m2

Fλµ

[
d†n1l1j1

⊗ I
]

j1m1

|0〉

+
∑
n2

∑
n′1l′1j′1ξ1L1

Aν2l2j2
n2

Bν1l1j1
n′1l′1j′1ξ1L1

〈0|
[
d†n2l2j2

⊗ I
]†

j2m2

Fλµ

[
d†n′1l′1j′1

⊗ Γ†ξ1
(L1)

]
j1m1

|0〉

+
∑

n′2l′2j′2ξ2L2

∑
n1

Bν2l2j2
n′2l′2j′2ξ2L2

Aν1l1j1
n1

〈0|
[
d†n′2l′2j′2

⊗ Γ†ξ2
(L2)

]†
j2m2

Fλµ

[
d†n1l1j1

⊗ I
]

j1m1

|0〉

+
∑

n′2l′2j′2ξ2L2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ2L2

Bν1l1j1
n′1l′1j′1ξ1L1

× 〈0|
[
d†n′2l′2j′2

⊗ Γ†ξ2
(L2)

]†
j2m2

Fλµ

[
d†n′1l′1j′1

⊗ Γ†ξ1
(L1)

]
j1m1

|0〉 (B.1)

≡MAA +MAB +MBA +MBB. (B.2)

Since the Wigner-Eckhart Theorem (see Appendix A.2.2) is additive,

〈ν2l2j2||Fλ||ν1l1j1〉 = Mred
AA +Mred

AB +Mred
BA +Mred

BB (B.3)

and so we can calculate separately four reduced matrix elements and, then, sum them up to obtain
the desired 〈ν2l2j2||Fλ||ν1l1j1〉.
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The operator Fλµ is a one-body operator and so

Fλµ =
∑

imikmk

〈imi|Fλµ|kmk〉a†imi
akmk

. (B.4)

In the case of the odd nucleus, this operator will act separately on the odd-nucleon and on the
even-even core; thus it could be written as

Fλµ =
[
F odd

λ ⊗ Icore
]
λµ

+
[
Iodd ⊗ F core

λ

]
λµ

(B.5)

B.1 Transition matrix elements for particle-plus-core odd
nuclei

Let us consider first the case in which the odd nucleus is formed by an even-even core plus a
particle.

The MAA term of the transition matrix element

The first term in Eq. (B.2) is simply, using Eq. (B.5) for the operator Fλµ,

MAA =
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

〈0odd|a2m2Fλµa
†
1m1

|0odd〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

∑
imikmk

〈imi|Fλµ|kmk〉〈0odd|a2m2a
†
imi

akmk
a†1m1

|0odd〉

'
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

∑
imikmk

〈imi|Fλµ|kmk〉〈HFodd|a2m2a
†
imi

akmk
a†1m1

|HFodd〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

〈2m2|Fλµ|1m1〉 (B.6)

Then, for the reduced matrix element we obtain

Mred
AA =

1√
2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉MAA '
∑
n1n2

Aν1l1j1
n1

Aν2l2j2
n2

〈2||Fλ||1〉. (B.7)

The MAB term of the transition matrix element

The second term in Eq. (B.2) is

MAB =
∑
n2

∑
n′1l′1j′1ξ1L1

Aν2l2j2
n2

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

1M1

〈j′1m′
1L1M1|j1m1〉

× 〈0|a2m2Fλµa
†
1′m′

1
Γ†ξ1

(L1M1)|0〉. (B.8)

Now, because of Eq. (B.5),

〈0|a2m2Fλµa
†
1′m′

1
Γ†ξ1

(L1M1)|0〉 = 〈0odd|a2m2Fλµa
†
1′m′

1
|0odd〉〈0core|Γ†ξ1

(L1M1)|0core〉

+ 〈0odd|a2m2a
†
1′m′

1
|0odd〉〈0core|FλµΓ†ξ1

(L1M1)|0core〉. (B.9)

Since the term 〈0core|Γ†ξ1
(L1M1)|0core〉 is identically zero, just like a term Γξ1(L1M1)|0core〉, one

can write

〈0|a2m2Fλµa
†
1′m′

1
Γ†ξ1

(L1M1)|0〉 = 〈0odd|a2m2a
†
1′m′

1
|0odd〉〈0core|

[
Fλµ,Γ

†
ξ1

(L1M1)
]
|0core〉

' 〈HFodd|a2m2a
†
1′m′

1
|HFodd〉〈RPAcore|

[
Fλµ,Γ

†
ξ1

(L1M1)
]
|RPAcore〉

' δ21′〈RPAcore|
[
Fλµ,Γ

†
ξ1

(L1M1)
]
|RPAcore〉 (B.10)
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MATRIX ELEMENT

Now, in RPA approximation,[
Fλµ,Γ

†
ξ1

(L1M1)
]
=

∑
ph

Xξ1L1
ph

[
Fλµ, A

†
ph(L1M1)

]
−Y ξ1L1

ph

[
Fλµ, Aph(L̃1M1)

]
(B.11)

where [
Fλµ, A

†
ph(L1M1)

]
=

∑
mpmh

(−1)jh−mh〈jpmpjh −mh|L1M1〉
[
Fλµ, a

†
pmp

ahmh

]
=

∑
mpmh

(−1)jh−mh〈jpmpjh −mh|L1M1〉
∑

imikmk

〈imi|Fλµ|kmk〉

×
[
a†imi

akmk
, a†pmp

ahmh

]
. (B.12)

If we make the approximation that the RPA ground state of the core, |RPAcore〉, does not
differ very much from the Hartree-Fock ground state of the core itself, |HFcore〉, one can write, by
means of the quasi-boson approximation,

〈RPAcore|
[
a†imi

akmk
, a†pmp

ahmh

]
|RPAcore〉

' 〈HFcore|
[
a†imi

akmk
, a†pmp

ahmh

]
|HFcore〉 = δihδkp, (B.13)

and thus

〈RPAcore|
[
Fλµ, A

†
ph(L1M1)

]
|RPAcore〉

'
∑

mpmh

(−1)jh−mh〈jpmpjh −mh|L1M1〉〈hmh|Fλµ|pmp〉. (B.14)

Similarly,

〈RPAcore|
[
Fλµ, Aph(L̃1M1)

]
|RPAcore〉

' −
∑

mpmh

(−1)jh−mh+L1+M1〈jpmpjh −mh|L1 −M1〉〈pmp|Fλµ|hmh〉. (B.15)

Writing down the reduced matrix element Mred
AB with the previous approximations, we obtain

Mred
AB =

1√
2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉MAB

' 1√
2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉
∑
n2

∑
ξ1L1

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξ1L1

∑
M1

〈j2m2L1M1|j1m1〉

×
∑
ph

{
Xξ1L1

ph

∑
mpmh

(−1)jh−mh〈jpmpjh −mh|L1M1〉〈hmh|Fλµ|pmp〉

+ Y ξ1L1
ph

∑
mpmh

(−1)jh−mh+L1+M1〈jpmpjh −mh|L1 −M1〉〈pmp|Fλµ|hmh〉

}
.

(B.16)
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Now we substitute the particle-hole matrix elements with their reduced expression to obtain

Mred
AB '

1√
2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉
∑
n2

∑
ξ1L1

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξ1L1

∑
M1

〈j2m2L1M1|j1m1〉

×
∑
ph

{
Xξ1L1

ph

∑
mpmh

(−1)jh−mh〈jpmpjh −mh|L1M1〉

× 1√
2jh + 1

〈jpmpλµ|jhmh〉〈h||Fλ||p〉

+ Y ξ1L1
ph

∑
mpmh

(−1)jh−mh+L1+M1〈jpmpjh −mh|L1 −M1〉

× 1√
2jp + 1

〈jhmhλµ|jpmp〉〈p||Fλ||h〉

}
. (B.17)

The Clebsch-Gordan simmetries (Eqs. (A.5) to (A.8)) allow us to write

〈j1m1λµ|j2m2〉 =
√

2j2 + 1√
2λ+ 1

(−1)j1−m1〈j1m1j2 −m2|λ− µ〉 (B.18)

〈j2m2L1M1|j1m1〉 =
√

2j1 + 1√
2L1 + 1

(−1)j2−m2〈j2m2j1 −m1|L1 −M1〉

=
√

2j1 + 1√
2L1 + 1

(−1)j2−m2(−1)j2+j1−L1〈j1 −m1j2m2|L1 −M1〉

=
√

2j1 + 1√
2L1 + 1

(−1)j2−m2(−1)j2+j1−L1(−1)j2+j1−L1〈j1m1j2 −m2|L1M1〉

=
√

2j1 + 1√
2L1 + 1

(−1)j2−m2〈j1m1j2 −m2|L1M1〉 (B.19)

〈jpmpλµ|jhmh〉 =
√

2jh + 1√
2λ+ 1

(−1)jp−mp〈jpmpjh −mh|λ− µ〉 (B.20)

〈jhmhλµ|jpmp〉 =

√
2jp + 1

√
2λ+ 1

(−1)jh−mh〈jhmhjp −mp|λ− µ〉

=

√
2jp + 1

√
2λ+ 1

(−1)jh−mh(−1)jh+jp−λ〈jp −mpjhmh|λ− µ〉

=

√
2jp + 1

√
2λ+ 1

(−1)jh−mh(−1)jh+jp−λ(−1)jh+jp−λ〈jpmpjh −mh|λµ〉

=

√
2jp + 1

√
2λ+ 1

(−1)jh−mh〈jpmpjh −mh|λµ〉 (B.21)

and so

Mred
AB '

√
2j1 + 1
2λ+ 1

∑
n2

∑
ξ1L1

1√
2L1 + 1

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξ1L1

∑
m1m2µ

∑
M1

(−1)j1−m1+j2−m2

× 〈j1m1j2 −m2|λ− µ〉〈j1m1j2 −m2|L1M1〉

×
∑
ph

{
Xξ1L1

ph

∑
mpmh

(−1)jh−mh+jp−mp〈jpmpjh −mh|L1M1〉

× 〈jpmpjh −mh|λ− µ〉〈h||Fλ||p〉

+ Y ξ1L1
ph

∑
mpmh

(−1)L1+M1〈jpmpjh −mh|L1 −M1〉〈jpmpjh −mh|λµ〉〈p||Fλ||h〉

}
. (B.22)
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The Clebsch-Gordan coefficients of the previous expression imply that m2 − m1 = M1 and
mp −mh = M1; besides, the following orthogonality relations hold (Eq. (A.3))∑

m1m2

〈j1m1j2 −m2|λ− µ〉〈j1m1j2 −m2|L1M1〉 = δλ,L1δ−µ,M1 (B.23)

∑
mpmh

〈jpmpjh −mh|L1M1〉〈jpmpjh −mh|λ− µ〉 = δλ,L1δ−µ,M1 (B.24)

∑
mpmh

〈jpmpjh −mh|L1 −M1〉〈jpmpjh −mh|λµ〉 = δλ,L1δµ,−M1 (B.25)

and so we get

Mred
AB '

√
2j1 + 1

(2λ+ 1)3/2

∑
n2

∑
ξ1

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξ1λ

∑
µ

(−1)j1+j2

×
∑
ph

{
Xξ1λ

ph (−1)jh+jp〈h||Fλ||p〉+ Y ξ1λ
ph (−1)λ+1〈p||Fλ||h〉

}
(B.26)

We now observe that, for reduced matrix elements and operators proportional to iλ, Eq. (A.50)
implies that

〈h||Fλ||p〉 = (−1)jh−jp+λ〈p||Fλ||h〉. (B.27)

Besides the sum over µ is now mute and so we can obtain finally the following result

Mred
AB '

√
2j1 + 1√
2λ+ 1

∑
n2

∑
ξ1

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξ1λ(−1)j1+λ−j2

∑
ph

{
Xξ1λ

ph + Y ξ1λ
ph

}
〈p||Fλ||h〉. (B.28)

The MBA term of the transition matrix element

The third term in Eq. (B.2) is

MBA =
∑

n′2l′2j′2ξ2L2

∑
n1

Bν2l2j2
n′2l′2j′2ξ2L2

Aν1l1j1
n1

∑
m′

2M2

〈j′2m′
2L2M2|j2m2〉

× 〈0|Γξ2(L2M2)a2′m′
2
Fλµa

†
1m1

|0〉 (B.29)

We proceed exactly as for the previous term:

〈0|Γξ2(L2M2)aα′2m′
2
Fλµa

†
α1m1

|0〉 ' δ12′〈RPAcore|
[
Γξ2(L2M2), Fλµ

]
|RPAcore〉 (B.30)

[
Γξ2(L2M2), Fλµ

]
=

∑
ph

Xξ2L2
ph

[
Aph(L2M2), Fλµ

]
−Y ξ2L2

ph

[
A†ph(L̃2M2), Fλµ

]
(B.31)

[
Aph(L2M2), Fλµ

]
'

∑
mpmh

(−1)jh−mh〈jpmpjh −mh|L2M2〉〈pmp|Fλµ|hmh〉 (B.32)

[
A†ph(L̃2M2), Fλµ

]
' −

∑
mpmh

(−1)jh−mh+L2+M2〈jpmpjh −mh|L2 −M2〉〈hmh|Fλµ|pmp〉 (B.33)
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Mred
BA ' 1√

2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉
∑
ξ2L2

∑
n1

Bν2l2j2
n1l1j1ξ2L2

Aν1l1j1
n1

∑
M2

〈j1m1L2M2|j2m2〉

×
∑
ph

{
Xξ2L2

ph

∑
mpmh

(−1)jh−mh〈jpmpjh −mh|L2M2〉

× 1√
2jp + 1

〈jhmhλµ|jpmp〉〈p||Fλ||h〉

+ Y ξ2L2
ph

∑
mpmh

(−1)jh−mh+L2+M2〈jpmpjh −mh|L2 −M2〉

× 1√
2jh + 1

〈jpmpλµ|jhmh〉〈h||Fλ||p〉

}
(B.34)

〈j1m1λµ|j2m2〉 =
√

2j2 + 1√
2λ+ 1

(−1)j1−m1〈j1m1j2 −m2|λ− µ〉 (B.35)

〈j1m1L2M2|j2m2〉 =
√

2j2 + 1√
2L2 + 1

(−1)j1−m1〈j1m1j2 −m2|L2 −M2〉 (B.36)

〈jhmhλµ|jpmp〉 =

√
2jp + 1

√
2λ+ 1

(−1)jh−mh〈jpmpjh −mh|λµ〉 (B.37)

〈jpmpλµ|jhmh〉 =
√

2jh + 1√
2λ+ 1

(−1)jp−mp〈jpmpjh −mh|λµ〉 (B.38)

Mred
BA '

√
2j2 + 1

(2λ+ 1)3/2

∑
ξ2

∑
n1

Bν2l2j2
n1l1j1ξ2λA

ν1l1j1
n1

∑
µ

×
∑
ph

{
Xξ2λ

ph 〈p||Fλ||h〉+ Y ξ2λ
ph (−1)jp+jh+λ+1〈h||Fλ||p〉

}
(B.39)

We finally obtain the following result

Mred
BA '

√
2j2 + 1√
2λ+ 1

∑
ξ2

∑
n1

Bν2l2j2
n1l1j1ξ2λA

ν1l1j1
n1

∑
ph

{
Xξ2λ

ph + Y ξ2λ
ph

}
〈p||Fλ||h〉 (B.40)

The MBB term of the transition matrix element

The fourth term in Eq. (B.2) is

MBB =
∑

n′2l′2j′2ξ2L2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ2L2

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

2M2

∑
m′

1M1

〈j′2m′
2L2M2|j2m2〉

× 〈j′1m′
1L1M1|j1m1〉〈0|Γξ2(L2M2)a2′m′

2
Fλµa

†
1′m′

1
Γ†ξ1

(L1M1)|0〉 (B.41)
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Because of Eq. (B.5),

〈0|Γξ2(L2M2)a2′m′
2
Fλµa

†
1′m′

1
Γ†ξ1

(L1M1)|0〉

= 〈0odd|a2′m′
2
a†1′m′

1
|0odd〉〈0core|Γξ2(L2M2)FλµΓ†ξ1

(L1M1)|0core〉

+ 〈0odd|a2′m′
2
Fλµa

†
1′m′

1
|0odd〉〈0core|Γξ2(L2M2)Γ

†
ξ1

(L1M1)|0core〉

= 〈0odd|a2′m′
2
a†1′m′

1
|0odd〉〈0core|

[
Γξ2(L2M2),

[
Fλµ,Γ

†
ξ1

(L1M1)
]]
|0core〉

+ 〈0odd|a2′m′
2
Fλµa

†
1′m′

1
|0odd〉〈0core|Γξ2(L2M2)Γ

†
ξ1

(L1M1)|0core〉

' 〈HFodd|a2′m′
2
a†1′m′

1
|HFodd〉〈RPAcore|

[
Γξ2(L2M2),

[
Fλµ,Γ

†
ξ1

(L1M1)
]]
|RPAcore〉

+ 〈HFodd|a2′m′
2
Fλµa

†
1′m′

1
|HFodd〉〈RPAcore|Γξ2(L2M2)Γ

†
ξ1

(L1M1)|RPAcore〉

= δ1′2′〈HFcore|
[
Γξ2(L2M2),

[
Fλµ,Γ

†
ξ1

(L1M1)
]]
|HFcore〉

+ 〈HFodd|a2′m′
2
Fλµa

†
1′m′

1
|HFodd〉δξ1ξ2 . (B.42)

By definition,

〈HFcore|
[
Γξ2(L2M2),

[
Fλµ,Γ

†
ξ1

(L1M1)
]]
|HFcore〉

=
∑

p1h1p2h2

{
Xξ2L2

p2h2
Xξ1L1

p1h1
〈HFcore|

[
Ap2h2(L2M2),

[
Fλµ, A

†
p1h1

(L1M1)
]]
|HFcore〉

−Xξ2L2
p2h2

Y ξ1L1
p1h1

〈HFcore|
[
Ap2h2(L2M2),

[
Fλµ, Ap1h1(L̃1M1)

]]
|HFcore〉

− Y ξ2L2
p2h2

Xξ1L1
p1h1

〈HFcore|
[
A†p2h2

(L̃2M2),
[
Fλµ, A

†
p1h1

(L1M1)
]]
|HFcore〉

+ Y ξ2L2
p2h2

Y ξ1L1
p1h1

〈HFcore|
[
A†p2h2

(L̃2M2),
[
Fλµ, Ap1h1(L̃1M1)

]]
|HFcore〉

}
. (B.43)

For the first commutator we have,

〈HFcore|
[
Ap2h2(L2M2),

[
Fλµ, A

†
p1h1

(L1M1)
]]
|HFcore〉

=
∑

mp1mh1mp2mh2

(−1)jh1−mh1+jh2−mh2

× 〈jp1mp1jh1 −mh1 |L1M1〉〈jp2mp2jh2 −mh2 |L2M2〉

×
∑

imikmk

〈imi|Fλµ|kmk〉〈HFcore|
[
a†h2mh2

ap2mp2
,

[
a†imi

akmk
, a†p1mp1

ah1mh1

]]
|HFcore〉

(B.44)

but, for Wick’s Theorem,

〈HFcore|
[
a†h2mh2

ap2mp2
,

[
a†imi

akmk
, a†p1mp1

ah1mh1

]]
|HFcore〉 = δp1p2δh2kδh1i + δh1h2δp1kδp2i

(B.45)
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and so

〈HFcore|
[
Ap2h2(L2M2),

[
Fλµ, A

†
p1h1

(L1M1)
]]
|HFcore〉

=
∑

mp1mh1mp2mh2

(−1)jh1−mh1+jh2−mh2

× 〈jp1mp1jh1 −mh1 |L1M1〉〈jp2mp2jh2 −mh2 |L2M2〉

×
{
〈h1mh1 |Fλµ|h2mh2〉δp1p2 + 〈p2mp2 |Fλµ|p1mp1〉δh1h2

}
. (B.46)

Similarly we obtain also that

〈HFcore|
[
Ap2h2(L2M2),

[
Fλµ, Ap1h1(L̃1M1)

]]
|HFcore〉 = 0 (B.47)

〈HFcore|
[
A†p2h2

(L̃2M2),
[
Fλµ, A

†
p1h1

(L1M1)
]]
|HFcore〉 = 0 (B.48)

〈HFcore|
[
A†p2h2

(L̃2M2),
[
Fλµ, Ap1h1(L̃1M1)

]]
|HFcore〉

=
∑

mp1mh1mp2mh2

(−1)jh1−mh1+jh2−mh2+L1+M1+L2+M2

× 〈jp1mp1jh1 −mh1 |L1 −M1〉〈jp2mp2jh2 −mh2 |L2 −M2〉

×
{
〈h2mh2 |Fλµ|h1mh1〉δp1p2 + 〈p1mp1 |Fλµ|p2mp2〉δh1h2

}
. (B.49)

Equations from (B.41) to (B.49) imply that

MBB 'Ms.p.
BB +MXX

BB +MY Y
BB (B.50)

and so, because of the additivity of the Wigner-Eckhart Theorem,

Mred
BB 'Msp,red

BB +MXX,red
BB +MY Y,red

BB . (B.51)

We start with Msp,red
BB , which comes from the second term in Eq. (B.42):

Msp,red
BB ' 1√

2j2 + 1

∑
n′2l′2j′2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

2

∑
m′

1M1

∑
m1m2µ

× 〈j1m1λµ|j2m2〉〈j′2m′
2L2M2|j2m2〉〈j′1m′

1L1M1|j1m1〉〈j′1m′
1λµ|j′2m′

2〉

× 1√
2j′2 + 1

〈2′||Fλ||1′〉. (B.52)

Using the definition of 3-j symbols and their properties (Eqs. (A.12),(A.15),(A.16),(A.24)), we
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have

Msp,red
BB ' 1√

2j2 + 1

∑
n′2l′2j′2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

2

∑
m′

1M1

∑
m1m2µ

× (−1)j1+m1+j′2−m′
2+1(2j2 + 1)

√
2j1 + 1

√
2j′2 + 1

×
(
j1 λ j2
m1 µ −m2

) (
j′2 L1 j2
m′

2 M1 −m2

) (
j′1 L1 j1
m′

1 M1 −m1

) (
j′1 λ j′2
m′

1 µ −m′
2

)
× 1√

2j′2 + 1
〈2′||Fλ||1′〉

'
√

2j1 + 1
√

2j2 + 1
∑

n′2l′2j′2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

2

∑
m′

1M1

∑
m1m2µ

× (−1)j1+j2+L1+m1+m2+M1(−1)−j1−L1−m2−M1+j′2−m′
2+λ

×
(
j1 j2 λ
m1 −m2 µ

) (
j2 L1 j′2
m2 −M1 −m′

2

) (
L1 j1 j′1
M1 −m1 m′

1

) (
j′2 j′1 λ
−m′

2 m′
1 µ

)
× 〈2′||Fλ||1′〉

'
√

2j1 + 1
√

2j2 + 1
∑

n′2l′2j′2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

2

∑
m′

1M1

∑
m1m2µ

× (−1)j1+j2+L1+m1+m2+M1(−1)j1+L1+j′2+λ

×
(
j1 j2 λ
m1 −m2 µ

) (
j2 L1 j′2
m2 −M1 −m′

2

) (
L1 j1 j′1
M1 −m1 m′

1

) (
j′2 j′1 λ
−m′

2 m′
1 µ

)
× 〈2′||Fλ||1′〉

'
√

2j1 + 1
√

2j2 + 1
∑

n′2l′2j′2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

∑
µ

(−1)j1+L1+j′2+λ

×
{
j′2 j′1 λ
j1 j2 L1

}
1

2λ+ 1
〈2′||Fλ||1′〉 (B.53)

Since the sum over µ is mute, we obtain the final result for the term Msp,red
BB :

Msp,red
BB '

√
2j1 + 1

√
2j2 + 1

∑
n′2l′2j′2

∑
n′1l′1j′1

∑
ξ1L1

Bν2l2j2
n′2l′2j′2ξ1L1

Bν1l1j1
n′1l′1j′1ξ1L1

(−1)j1+L1+j′2+λ

×
{
j′2 j′1 λ
j1 j2 L1

}
〈2′||Fλ||1′〉 (B.54)

Now we calculate the term MXX,red
BB , which comes from the commutator of Eq. (B.46):

MXX,red
BB ' 1√

2j2 + 1

∑
ξ2L2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′1l′1j′1ξ2L2

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

1

∑
M1M2

∑
m1m2µ

× 〈j1m1λµ|j2m2〉〈j′1m′
1L2M2|j2m2〉〈j′1m′

1L1M1|j1m1〉

×
∑

p1h1p2h2

Xξ2L2
p2h2

Xξ1L1
p1h1

∑
mp1mh1mp2mh2

(−1)jh1−mh1+jh2−mh2

× 〈jp1mp1jh1 −mh1 |L1M1〉〈jp2mp2jh2 −mh2 |L2M2〉

×
{

1√
2jh1 + 1

〈jh2mh2λµ|jh1mh1〉〈h1||Fλ||h2〉δp1p2

+
1√

2jp2 + 1
〈jp1mp1λµ|jp2mp2〉〈p2||Fλ||p1〉δh1h2

}
(B.55)

By means of the definition of 3-j symbols and their properties (Eqs. (A.12),(A.15),(A.16),(A.25)),
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we have

MXX,red
BB '

√
2j1 + 1

√
2j2 + 1

×
∑
ξ2L2

∑
n′1l′1j′1ξ1L1

√
2L1 + 1

√
2L2 + 1Bν2l2j2

n′1l′1j′1ξ2L2
Bν1l1j1

n′1l′1j′1ξ1L1

∑
m′

1

∑
M1M2

∑
m1m2µ

× (−1)j1+m1−L1−L2

(
j1 λ j2
m1 µ −m2

) (
j′1 L2 j2
m′

1 M2 −m2

) (
j′1 L1 j1
m′

1 M1 −m1

)
×

∑
p1h1p2h2

Xξ2L2
p2h2

Xξ1L1
p1h1

∑
mp1mh1mp2mh2

×
(
jp1 jh1 L1

mp1 −mh1 −M1

) (
jp2 jh2 L2

mp2 −mh2 −M2

)
×

{
(−1)−mh2+jp1+M1+jp2+M2+jh2

(
jh2 λ jh1

mh2 µ −mh1

)
〈h1||Fλ||h2〉δp1p2

+ (−1)mh1−mh2+M1+jp2+M2+mp2

(
jp1 λ jp2

mp1 µ −mp2

)
〈p2||Fλ||p1〉δh1h2

}
'

√
2j1 + 1

√
2j2 + 1

×
∑
ξ2L2

∑
n′1l′1j′1ξ1L1

√
2L1 + 1

√
2L2 + 1Bν2l2j2

n′1l′1j′1ξ2L2
Bν1l1j1

n′1l′1j′1ξ1L1

∑
m′

1

∑
M1M2

∑
m1m2µ

× (−1)j1+j2+j′1+m1+m2+m′
1(−1)j2+j′1+M2+λ

×
(
j1 j2 λ
m1 −m2 µ

) (
j2 j′1 L2

m2 −m′
1 −M2

) (
j′1 j1 L1

m′
1 −m1 M1

)
×

∑
p1h1p2h2

Xξ2L2
p2h2

Xξ1L1
p1h1

×
{ ∑

mp1mh1mh2

(−1)jp1+jh1+jh2−mp1−mh1−mh2 (−1)jp1+jh2+M2+L1+L2δp1p2

×
(

jp1 jh1 L1

−mp1 mh1 M1

) (
jh1 jh2 λ
−mh1 mh2 µ

) (
jh2 jp1 L2

−mh2 mp1 −M2

)
〈h1||Fλ||h2〉

+
∑

mp1mp2mh1

(−1)jp1+jh1+jp2−mp1−mh1−mp2 (−1)jh1+jp2+M2+L1+L2δh1h2

×
(

jp1 jh1 L1

−mp1 mh1 M1

) (
jh1 jp2 L2

−mh1 mp2 −M2

) (
jp2 jp1 λ
−mp2 mp1 µ

)
〈p2||Fλ||p1〉

}
'

√
2j1 + 1

√
2j2 + 1

×
∑
ξ2L2

∑
n′1l′1j′1ξ1L1

√
2L1 + 1

√
2L2 + 1Bν2l2j2

n′1l′1j′1ξ2L2
Bν1l1j1

n′1l′1j′1ξ1L1

∑
M1M2

∑
µ

× (−1)j2+j′1+M2+λ

×
(
L2 L1 λ
−M2 M1 µ

) {
L2 L1 λ
j1 j2 j′1

} ∑
p1h1p2h2

Xξ2L2
p2h2

Xξ1L1
p1h1

×
{

(−1)jp1+jh2+M2+L1+L2

(
λ L2 L1

µ −M2 M1

) {
λ L2 L1

jp1 jh1 jh2

}
〈h1||Fλ||h2〉δp1p2

+ (−1)jh1+jp2+M2+L1+L2

(
L2 λ L1

−M2 µ M1

) {
L2 λ L1

jp1 jh1 jp2

}
〈p2||Fλ||p1〉δh1h2

}
(B.56)

Using the orthogonality relation Eq. (A.13) and the symmetry relation Eq. (B.27) we then
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obtain the final result

MXX,red
BB '

√
2j1 + 1

√
2j2 + 1

∑
n′1l′1j′1

∑
ξ1L1

∑
ξ2L2

Bν1l1j1
n′1l′1j′1ξ1L1

Bν2l2j2
n′1l′1j′1ξ2L2

×
√

2L1 + 1
√

2L2 + 1(−)j2+λ+j′1

×
{
L1 λ L2

j2 j′1 j1

} ∑
p1p2h1h2

Xξ1L1
p1h1

Xξ2L2
p2h2

×
(

(−)jp1+jh1 δh1h2

{
L1 λ L2

jp2 jh1 jp1

}
〈p1||Fλ||p2〉

+ (−)jp1+jh2+L1+L2δp1p2

{
L1 λ L2

jh2 jp1 jh1

}
〈h1||Fλ||h2〉

)
(B.57)

The term MY Y,red
BB comes from the commutator in Eq. (B.49) and is

MY Y,red
BB ' 1√

2j2 + 1

∑
ξ2L2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′1l′1j′1ξ2L2

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

1

∑
M1M2

∑
m1m2µ

× 〈j1m1λµ|j2m2〉〈j′1m′
1L2M2|j2m2〉〈j′1m′

1L1M1|j1m1〉

×
∑

p1h1p2h2

Y ξ2L2
p2h2

Y ξ1L1
p1h1

∑
mp1mh1mp2mh2

(−1)jh1−mh1+L1+M1+jh2−mh2+L2+M2

× 〈jp1mp1jh1 −mh1 |L1 −M1〉〈jp2mp2jh2 −mh2 |L2 −M2〉

×
{

1√
2jh2 + 1

〈jh1mh1λµ|jh2mh2〉〈h2||Fλ||h1〉δp1p2

+
1√

2jp1 + 1
〈jp2mp2λµ|jp1mp1〉〈p1||Fλ||p2〉δh1h2

}
. (B.58)

The calculation is similar to that for the term MXX,red
BB ; we just report the result

MY Y,red
BB '

√
2j1 + 1

√
2j2 + 1

∑
n′1l′1j′1

∑
ξ1L1

∑
ξ2l2L2

Bν1l1j1
n′1l′1j′1ξ1L1

Bν2j2
n′1l′1j′1ξ2L2

×
√

2L1 + 1
√

2L2 + 1(−)j2+λ+j′1

×
{
L1 λ L2

j2 j′1 j1

} ∑
p1p2h1h2

Y ξ1L1
p1h1

Y ξ2L2
p2h2

×
(

(−)jp1+jh1 δh1h2

{
L1 λ L2

jp2 jh1 jp1

}
〈p1||Fλ||p2〉

+ (−)jp1+jh2+L1+L2δp1p2

{
L1 λ L2

jh2 jp1 jh1

}
〈h1||Fλ||h2〉

)
. (B.59)

B.2 Transition matrix elements for hole-plus-core odd nu-
clei

Let us consider now the case in which the odd nucleus is formed by an even-even core plus a hole.
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B.2. TRANSITION MATRIX ELEMENTS FOR HOLE-PLUS-CORE ODD NUCLEI

The MAA term of the transition matrix element

The first term in Eq. (B.2) is, using Eq. (B.5) for the operator Fλµ,

MAA =
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

〈0odd|b2m2Fλµb
†
1m1

|0odd〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

(−1)j1+m1+j2+m2〈0odd|a†2−m2
Fλµa1−m1 |0odd〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

(−1)j1+m1+j2+m2
∑

imikmk

〈imi|Fλµ|kmk〉

× 〈0odd|a†2−m2
a†imi

akmk
a1−m1 |0odd〉

'
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

(−1)j1+m1+j2+m2
∑

imikmk

〈imi|Fλµ|kmk〉

× 〈HFodd|a†2−m2
a†imi

akmk
a1−m1 |HFodd〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

(−1)j1+m1+j2+m2〈1−m1|Fλµ|2−m2〉

where we have made use of the definition (A.52) for the hole creation operators. Consequently, for
the reduced matrix element we obtain

Mred
AA =

1√
2j2 + 1

∑
m1m2µ

〈j1m1λµ|j2m2〉MAA

=
1√

2j2 + 1

∑
m1m2µ

〈j2 −m2λµ|j1 −m1〉(−1)j1+m1+j2+m2+λ+µ

×
√

2j2 + 1√
2j1 + 1

∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

〈1−m1|Fλµ|2−m2〉.

Now, the Clebsch-Gordan coefficient in the previous equation implies thatm1+µ = m2; besides,
for the Wigner-Eckhart theorem,

〈1||Fλ||2〉 =
1√

2j1 + 1

∑
m1m2µ

〈j2 −m2λµ|j1 −m1〉〈1−m1|Fλµ|2−m2〉,

and so, from Eq. (A.50),

Mred
AA =

∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

(−1)j1+j2+λ+1〈1||Fλ||2〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

(−1)j1+j2+λ+1(−1)j1−j2+λ〈2||Fλ||1〉

=
∑
n2

∑
n1

Aν2l2j2
n2

Aν1l1j1
n1

〈2||Fλ||1〉.

(B.60)

Eqs. (B.7) and (B.60) imply that the contribution to the total transition matrix element coming
from the MAA term is exactly the same both in the cases of particle-plus-core and hole-plus-core
odd nuclei.

The MAB and MBA terms of the transition matrix element

The second term in Eq. (B.2) is

MAB =
∑
n2

∑
n′1l′1j′1ξ1L1

Aν2l2j2
n2

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

1M1

〈j′1m′
1L1M1|j1m1〉

× 〈0|b2m2Fλµb
†
1′m′

1
Γ†ξ1

(L1M1)|0〉. (B.61)
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Now, because of Eq. (B.5),

〈0|b2m2Fλµb
†
1′m′

1
Γ†ξ1

(L1M1)|0〉 = 〈0odd|b2m2Fλµb
†
1′m′

1
|0odd〉〈0core|Γ†ξ1

(L1M1)|0core〉

+ 〈0odd|b2m2b
†
1′m′

1
|0odd〉〈0core|FλµΓ†ξ1

(L1M1)|0core〉.

(B.62)

Since the term 〈0core|Γ†ξ1
(L1M1)|0core〉 is identically zero, just like a term Γξ1(L1M1)|0core〉, one

can write

〈0|b2m2Fλµb
†
1′m′

1
Γ†ξ1

(L1M1)|0〉 = 〈0odd|b2m2b
†
1′m′

1
|0odd〉〈0core|

[
Fλµ,Γ

†
ξ1

(L1M1)
]
|0core〉

' 〈HFodd|b2m2b
†
1′m′

1
|HFodd〉〈RPAcore|

[
Fλµ,Γ

†
ξ1

(L1M1)
]
|RPAcore〉

' δ21′〈RPAcore|
[
Fλµ,Γ

†
ξ1

(L1M1)
]
|RPAcore〉. (B.63)

The third term in Eq. (B.2) is, instead,

MBA =
∑

n′2l′2j′2ξ2L2

∑
n1

Bν2l2j2
n′2l′2j′2ξ2L2

Aν1l1j1
n1

∑
m′

2M2

〈j′2m′
2L2M2|j2m2〉

× 〈0|Γξ2(L2M2)b2′m′
2
Fλµb

†
1m1

|0〉 (B.64)

where

〈0|Γξ2(L2M2)b2′m′
2
Fλµb

†
1m1

|0〉 ' δ12′〈RPAcore|
[
Γξ2(L2M2), Fλµ

]
|RPAcore〉. (B.65)

Since Eq. (B.63) coincides with Eq. (B.10), and Eq. (B.65) with Eq. (B.30), one can easily
conclude that the contribution to the total transition matrix element coming from the MAB and
MBA terms must be exactly the same both in the cases of particle-plus-core and hole-plus-core
odd nuclei.

The MBB term of the transition matrix element

The fourth term in Eq. (B.2) is

MBB =
∑

n′2l′2j′2ξ2L2

∑
n′1l′1j′1ξ1L1

Bν2l2j2
n′2l′2j′2ξ2L2

Bν1l1j1
n′1l′1j′1ξ1L1

∑
m′

2M2

∑
m′

1M1

〈j′2m′
2L2M2|j2m2〉

× 〈j′1m′
1L1M1|j1m1〉〈0|Γξ2(L2M2)a2′m′

2
Fλµa

†
1′m′

1
Γ†ξ1

(L1M1)|0〉 (B.66)

Because of Eq. (B.5),

〈0|Γξ2(L2M2)b2′m′
2
Fλµb

†
1′m′

1
Γ†ξ1

(L1M1)|0〉

= δ1′2′〈HFcore|
[
Γξ2(L2M2),

[
Fλµ,Γ

†
ξ1

(L1M1)
]]
|HFcore〉

+ 〈HFodd|b2′m′
2
Fλµb

†
1′m′

1
|HFodd〉δξ1ξ2 . (B.67)
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Now,

〈HFodd|b2′m′
2
Fλµb

†
1′m′

1
|HFodd〉

= (−1)j′1+m′
1+j′2+m′

2〈HFodd|a†2′m′
2
Fλµa1′m′

1
|HFodd〉

= (−1)j′1+m′
1+j′2+m′

2〈1′ −m′
1|Fλµ|2′ −m′

2〉

= (−1)j′1+m′
1+j′2+m′

2
1√

2j′1 + 1
〈j′2 −m′

2λµ|j′1 −m′
1〉〈1′||Fλ||2′〉

= (−1)j′1+m′
1+j′2+m′

2
1√

2j′1 + 1

√
2j′1 + 1√
2j′2 + 1

〈j′1m′
1λµ|j′2m′

2〉(−1)j′1+λ−j′2〈2′||Fλ||1′〉

=
1√

2j′2 + 1
〈j′1m′

1λµ|j′2m′
2〉〈2′||Fλ||1′〉

= 〈HFodd|a2′m′
2
Fλµa

†
1′m′

1
|HFodd〉. (B.68)

Since Eqs. (B.67) and (B.42) coincide, one concludes that the contribution to the total transi-
tion matrix element coming from the MBB, too, term must be exactly the same both in the cases
of particle-plus-core and hole-plus-core odd nuclei.

B.3 Final result for the transition matrix element

The final result for 〈ν2l2j2||Fλ||ν1l1j1〉 comes from the sum of Mred
AA, Mred

AB, Mred
BA, Msp,red

BB ,
MXX,red

BB and MY Y,red
BB . As we demonstrated, the result does not depend on whether the nu-

cleus is a particle-plus-core or an hole-plus-core one. In its full glory it is

〈ν2l2j2||Fλ||ν1l1j1〉

'
∑
n1n2

Aν1l1j1
n1

Aν2l2j2
n2

〈n2l2j2||Fλ||n1l1j1〉

+
√

2j1 + 1√
2λ+ 1

∑
n2ξ

Aν2l2j2
n2

Bν1l1j1
n2l2j2ξλ(−1)j1+λ−j2

∑
ph

{
Xξλ

ph + Y ξλ
ph

}
〈p||Fλ||h〉

+
√

2j2 + 1√
2λ+ 1

∑
n1ξ

Bν2l2j2
n1l1j1ξλA

ν1l1j1
n1

∑
ph

{
Xξλ

ph + Y ξλ
ph

}
〈p||Fλ||h〉

+
√

2j1 + 1
√

2j2 + 1
∑

n′1l′1j′1

∑
n′2l′2j′2

∑
ξL

Bν1l1j1
n′1l′1j′1ξLB

ν2l2j2
n′2l′2j′2ξL

× (−)j1+λ+j′2+L

{
j′2 j′1 λ
j1 j2 L

}
〈n′2l′2j′2||Fλ||n′1l′1j′1〉

+
√

2j1 + 1
√

2j2 + 1
∑

n′l′j′

∑
ξ1L1

∑
ξ2L2

Bν1l1j1
n′l′j′ξ1L1

Bν2l2j2
n′l′j′ξ2L2

×
√

2L1 + 1
√

2L2 + 1(−)j2+λ+j′

×
{
L1 λ L2

j2 j′ j1

} ∑
p1p2h1h2

(Xξ1L1
p1h1

Xξ2L2
p2h2

+ Y ξ1L1
p1h1

Y ξ2L2
p2h2

)

×
(

(−)jp1+jh1 δh1h2

{
L1 λ L2

jp2 jh1 jp1

}
〈p1||Fλ||p2〉

+ (−)jp1+jh2+L1+L2δp1p2

{
L1 λ L2

jh2 jp1 jh1

}
〈h1||Fλ||h2〉

)
. (B.69)
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