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Abstract: In the field of astrophysics, the study of neutron stars is often conducted to improve
nuclear models. This work evaluates the composition of the outer crust of a cold non-accreting
neutron star. The standard approach to the outer crust is considered: nuclei are fixed in a Coulomb
lattice surrounded by a Fermi gas of free and degenerate electrons. It is shown that considering
electrons as ultra-relativistic is a reasonable accurate approach for our purposes (99.98%). The
nuclear composition of the lattice is studied by minimizing the Gibbs energy per baryon using a
custom Python program. Additionally, the effect of the variations of the Liquid Drop Mass formula
parameters on the crust composition is explored by: 1) calibrating the parameters to different
experimental masses; and 2) systematically changing the asymmetry parameter
Keywords: Stable nuclei, ultra-relativistic, binding energy parameters, Gibbs energy
SDGs: This work is related to the UN Sustainable Development Goals 4, 7 and 9.

I. INTRODUCTION

The study of neutron stars (NS) plays a crucial role
in the field of theoretical physics, as it bridges terres-
trial physics with extreme conditions beyond experimen-
tal reach.

There are many types of neutron stars. They are char-
acterized by age, size and other properties that are de-
fined in the formation process of the star.

In a NS, each region (atmosphere, inner and outer
crust, and inner and outer core) needs to be studied
taking into account the different properties that gov-
ern them, thus different approximations can be applied.
This study works with cold non-accreting NS at zero-
temperature without magnetic field using the cold cat-
alyzed matter hypothesis which assumes that the star is
in its most stable, lowest-energy configuration, at zero
temperature and no external forces.

The subject matter of this work is the crust, which
is often studied to improve nuclear models. It is de-
fined as the region with completely ionized atomic nu-
clei. When compared to nuclear saturation density p ~
2,510 gem™3, it can be considered at low density. In
this limit, the nuclei arrange in a lattice form. Through-
out the study, it is assumed that at a given density there
is only one species of nuclei in the lattice.

The nuclei lattice gets richer in neutrons as density
increases, eventually leading to free neutrons forming a
dense neutron gas [1]. While the outer crust has a free
electron gas, the inner crust contains both free neutron
and electron gas. The transition from atomically bound
to unbound neutrons commences at the neutron drip line,
when the Gibbs energy per particle reaches the neutron
rest mass. At this point, S-decay processes produce un-
bound neutrons, releasing neutrons in the electron gas,
transitioning to the inner crust of the neutron star [2].
As pressure increases, the neutron gas gets more dense.

II. GIBBS ENERGY FOR A NEUTRON STAR

In order to study the ground state of a neutron star
crust, one must minimize the energy. The Gibbs poten-
tial G is the most suitable as it ensures the continuity of
pressure, thus thermodynamical equilibrium at all points.

G=U+PV-TS, (1)

with U being the internal energy, P the pressure, V' the
volume, T' the temperature and S the entropy.

The average temperature for a neutron star crust does

not exceed T ~ 10°K [6]. The thermal energy for the
electron gas is proportional to the Boltzmann constant,
therefore kT ~ KeV, and the temperature contribution
can be considered negligible (because 1KeV <« 1MeV).
In the following, it will be considered that T=0K.
The approximate range of values for baryon density in
the outer crust is ny ~ 10* — 4 - 10" gecm ™3 before the
neutron drip takes place. Considering that V' ~ n~!, the
Gibbs energy per nucleon can be rewritten as

G P

qT9=¢€ + —_ (2)
where G is divided by the number of nucleons A, € is the
energy per baryon and ny is the baryon density.

The microscopic structure of the crust is rather sim-
ple. At this density range, atoms are completely ionized.
The atomic nuclei are fixed in a lattice structure, sur-
rounded by a free degenerate electron gas. Although the
specific structure is uncertain, many studies suggest that
the most energetically stable structure is the BCC (body-
centered cubic)[3]. Thus, the Gibbs energy per baryon
can be written as a function of the energy per baryon
and pressure of three independent terms: the nuclear (e,
Px), electronic (€., P.) and lattice (¢, P}) terms:

E:6N+Ge+el; (3)
P=Py+P.+R. (4)
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Each expression for the energy terms is defined by the
system physics (sections IT A, IIB, IIC), while the pres-
sure can be found with the first thermodynamic principle
for each contribution,

8E1 2 (9ei

b= =5y =™ ny 5)

In this study, energy is expressed in MeV, n in fm ™2,
and natural units, so c=h = 1.

A. Nucleus

The energy contained in the nucleus is the rest mass in
energy units minus the binding energy B, a strong-force
interaction that maintains it together. Defining Z as the
atomic number, A the atomic mass and N = A — Z:

E A
N ma=m (1-5) ¢

Z  B(AZ)
mPZ - Ta (6)

where m,, = 938.272MeV, m,, = 939.557TMeV , m, =
0.511MeV. The first two terms are trivial, while the
binding energy can be found using different nuclear mod-
els. Here, the liquid drop model is used [5]. The baryon
density ny, is often used without distinguishing protons
and neutrons. Since proton and neutron masses have a
1:1.0037 ratio, the baryon masses can be approximated
as the neutron mass. Moreover, as neutron population
grows when entering the crust, this approximation be-
comes more valid.

Since nuclei are considered point-like, their energy does
not depend on V ~ n~!, meaning the pressure contribu-
tion is zero, Py = 0.

1. Weizsdcker formula

Also known as the semi-empirical masses formula, the
Weizsdcker formula gives an expression of the binding
energy [5].

Z? (N—-2)% apd
+aa ;
Al/3 A Al/2
(7)
The binding energy contains multiple elements, each
scaled by a parameter, a;, which depends on the contri-
bution of each one. The first two terms correspond to the
volumetric and surface contributions respectively. These
two terms do not distinguish the nucleon type and only
depend on the nucleon count. The third term refers to
the Coulombic interactions between protons. The fourth
is the asymmetry term due to the proton-neutron im-
balance. In a NS with a known tendency to generate
neutrons, the asymmetry term is important. The last
term corresponds to the nucleon pairing energy, as a pair
of like nucleons is more strongly bound than two unlike

B(A,Z) = aVA—a5A2/3+ac
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nucleons. The value of § indicates whether the contribu-
tion of this term is positive, negative or zero depending
on the pairing of protons and neutrons.

This is an empirical formula designed to adjust to em-
pirical data, hence its name. Many studies have taken
place to find the most accurate fit of the parameters in
order to adjust them to experimental data. These pa-
rameters often vary and have different applicability de-
pending on restrictions considered for each fit. Generally,
it shows better accuracy for heavy nuclei, as seen later
in Fig.[2].

B. Electron gas

At NS crust densities and zero-temperature condi-
tions, atoms are fully ionized and electrons behave as a
strongly degenerate and relativistic Fermi gas. Electrons
will occupy the lowest energy states possible allowed by
the Pauli exclusion principle, reaching the Fermi energy,
the highest energy possible for an electron gas at zero-
temperature. This way, the expression of the electronic
energy contribution will be found with

E, 1 DF e
Z:%:TTb p2\/p2—|—me4dp. (8)
0

In order to simplify algebra, the adimensional Fermi mo-
mentum and energy are defined as:

PF e

ap = =2, yp =1+ 282, pr,; = (37°0)3 (9)

(¢}

After changing variables, integration gives the following

expression, where the constant comes from treating it as
an ideal, relativistic and degenerate gas of fermions.

E. met

- e 2 2
1 = € = g lwrye(er® +ye’) —In(ar +yr)]. (10)

Using n, = ny, (%) and Eq. (9), a dependence of €, on
pr,b(np) is found, therefore electrons have a contribution
to the pressure of the crust:

5 O xp O(€emne)

b 6nb N 3 8171:* Colte
me 3 3 2 2
=~ |zr’yr — Zlzryr(zr” +yr”) — In(zr + yr))

3 8
(11)

P.=n

1. Ultra-relativistic approach

In order to find an expression for the Fermi momen-
tum pg as a function of pressure, the expression P(pp)
must be inverted. This is needed because energy and
pressure expressions for electrons and the lattice depend
on pr, and P is the independent variable. However, Eq.
(11) cannot be inverted analytically. Under the condi-
tions of a NS, the electron gas can be considered as ultra-
relativistic, so pg > m. and yg = xp, This assumption
simplifies the expression for P, and makes it invertible,

4
e

8m2ny,

mt 1,
— .
3m2ny 4

€c,UR R 2zp%,  Peur & (12)

Barcelona, June 2025



Composition of a Neutron Star’s Outer Crust

Laiba Igbal Kousar

C. Lattice

The energy contained in the lattice is due to Coulombic
interaction. Since working in cartesian coordinates com-
plicates the algebra, it is wiser to employ the Wigner-
Seitz approximation [3]. Now, the lattice is considered
to be formed by spheres of radius 7, so that the volume
is the same as that of the unitary cell of a BCC. This
sphere contains one ion at the center and an electron gas
around it. The three Coulombic interactions that consti-
tute the energy of a unitary cell are: ion-ion, electron-ion
and electron-electron.

Ecell = Ei—i + Ee—i + Ee—e- (13)

With only one nucleus at the center, there is no ion-ion
interaction. The other two terms can be easily found
using the Coulombic interaction theory of a nucleus with
Z protons and Z electrons.

B = [ Zodatr)+ [ W aq(r

—37%% 37%?
2 To ’

(14)

57"0

The dependence on ry can be derived into a depen-
dence on ny, using the volume definition of the sphere and
the unitary cell of a BCC, and then can be expressed in
terms of pr (= pr) using Eq. (9). To retrieve back the
BCC structure from the Wigner Seitz approximation, the
9/10 factor is replaced by 0.89593 [1].

Ecell -9 Z2€2 C Z2

= €fg = — = — [
AT 00 Arg et
where C| = 3.40665 - 1072. Now the expression for the
lattice pressure can be easily found:

_p20a _ oy 27
P = 3 A4/3PF

(15)

P

(16)

D. Final Gibbs expression

The final expression for the Gibbs energy can be rewrit-
ten doing another change of variables to simplify it. The
new variables are defined as 2 = A'/3 and y = Z/A.
With this, prp. = prpy'/® = ppy!/3, and it is obtained
finally that:

B(x,y) as 3 9 9 apd
T:a\/*;+ac($ y)+aa(l—y )+W’
Bz,
en = ymp + (1 —y)my, — %, (17)

and the thermodynamic variables are
e(x,y,pr) = ex + Zy“/?’pp - Ci’y’pr,  (18)
P(x,y,pr) = %y‘*/?’pp - %ClxzyQPF, (19)
9(z,y,pr) = ex + y*/*pr — Cé:v?y%p (20)

Treball de Fi de Grau

III. RESULTS
A. UR approximation

Considering the electron gas of a NS as ultra-
relativistic may help with the algebra, but is it accurate?
This approximation can be verified comparing how much
P changes with and without UR approximation.

1e=5 UR approximation comparison

201 — P
=== Pur

0o 5 10 15 2 25 30 35 40
Pre [MeV]
FIG. 1: Comparison of pressure with and without UR ap-
proximation.

Fig. [1] shows that the difference between Egs. (11)
and (12) is negligible. The accuracy of the UR approxi-
mation is about 99.98%. Finding the values for pr with-
out this approximation is possible, but complicates the
computation process and gives room for more errors dur-
ing the minimization of the Gibbs energy. Once the UR
approximation is verified, P, yr will be used to minimize
the Gibbs energy and find the stable nuclei in the crust.

B. NS outer crust composition

Minimizing Eq.(20) involves finding  and y that give
its lowest value for a given pressure. Pressure is implicit
in the pr(P) expression that comes from inverting Eq.
(19). The first step is to find the parameters of the bind-
ing energy.

10
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ABexp —fit [MeV]
o

rrrrrrrrr All nuclei
rrrrrrr Heavy Nuclei
Light nuclei

0 50 100 150 200 250
Atomic number A
FIG. 2: Difference between experimental data of the binding
energy and Eq. (7) for different ranges of data: all data, light
nuclei and heavy nuclei.

Fig. [2] shows the difference between experimental
data and Eq. (7) for each atomic number. Values for
lighter nuclei fluctuate considerably, meaning that the
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Weizsdcker formula works better for heavy nuclei. This
is because the formula is based on the liquid drop model,
and light nuclei do not resemble a spherical drop as
much. Additionally, since neutron stars are expected to
have heavier nuclei (Fe and above), the fit used will be
that of heavy nuclei. The parameters used to minimize
the Gibbs energy are: ay = (15.49 + 0.03)MeV, as =
(16.74 + 0.10)MeV, ac = (0.700 &+ 0.002)MeV, ap =
(22.77 + 0.09)MeV, ap = (0.46 & 0.03)MeV.

For a baryon density range n, ~ 10* — 10! gem ™3,
Table. [I] shows the stable nuclei that minimize the Gibbs
energy found with a custom Python algorithm, reaching
neutron drip with %*Cd.

PMeVfm ) [n (g cm™*)[Z| N [Element
1.00-10~ ™2 8.71-10% [26] 31 °TFe
1.04-1077 1.63-107 [26] 32 *SFe
9.73-107° 5.01-10° [28]36 | °*Ni
1.84-107° 4.78-10° [30] 42| ™Zn
1.27-107° 2.16-10™ [32] 49 TGe
4.44107° 5.81-10™ [36] 60 | "°Kr
1.71.107 7% 1.76-10™" [40] 77| ""Zr
2.97-10~* 2.82-10"" [44] 92| ™°Ru
3.79-1077 3.45-10™" [46] 99 | ™ Pd
4.35-1077 3.91-10™" [48]106] ™?Cd
4.67-10~" 4.17-10™" [48]108] ™*Cd

TABLE I: Stable nuclei for different values of pressure. For
densities closer to the drip line, the number of neutrons grows
faster, suggesting neutron richness near the inner crust.

Stable nuclei
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FIG. 3: Number of protons and neutrons that minimize the
Gibbs energy. Nuclei get heavier and become neutron-rich for
higher pressure.

Fig. [3] shows the number of protons and neutrons
that minimize the Gibbs energy for a given pressure. For
lower pressures, the stable nuclei are near °'Fe, but as
pressure rises, nuclei tend to get heavier and richer in
neutrons, reaching the neutron drip point with %4Cd.
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C. Parameter variation

Most of the terms used in the Gibbs energy are found
through theoretical deductions, which makes it hard to
vary them to get different results and study from a dif-
ferent perspective, but some terms are based on compu-
tational calculations, like the precise contribution of the
BCC lattice or the parameters of B(x,y). Although the
lattice approximation is hard to specify more accurately
without a thorough calculation (and has a small contri-
bution to the Gibbs energy, therefore would not make
a big difference), changing the parameters for the bind-
ing energy is a more tangible study and could lead to
interesting results.

Fig. [3] uses the parameters fitting for heavy nuclei.
The same can be done using all nuclei or just light nuclei.
As result, for changes in just one term of the total Gibbs
energy (Eq. (20)), the stable nuclei evolution changes
considerably, as later seen in Table [II]. This raises the
question of which parameters of B(z,y; P) affect most in
the minimization of the Gibbs energy for a NS.

Proton fraction (y = Z/A) reduces when pressure rises
(see Fig. [A5]), meaning that the difference between pro-
tons and neutrons becomes larger with pressure. While
other terms may not directly take this into account, the
asymmetry term, aa (N;Z)Q, affects the contribution of
proton fraction in the Gibbs energy. Therefore, studying
how the asymmetry parameter can alter the stable nuclei
will possibly take an impact on neutron richness.

D. Asymmetry parameter

To analyze different for values of aa, it is be held con-
stant, and the data is used to fit the remaining parame-
ters. While doing so, two key aspects must be considered:
the fit should maintain enough accuracy to properly de-
scribe nuclei (therefore should not deviate too much from
the data fitted values) and evaluating how does the fit
impact on the evolution of the stable nuclei.

FitA// for ap=18

ABexp —fit [MeV]

-20
rrrrrrrrr Fitay for aa =19
=304 Fitay exp aa = 21.898
| FitA// for ap =23
—40 rrrrrrrrr Fitay for aa = 24
0 50 100 150 200 250

Atomic number A
FIG. 4: A comparison for the different fits and their adjust-
ment to all experimental data.
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Fig. [4] shows the fitting of B(x,y; P) using all nuclei
data and fixing different values of as. The parameter
that fits best corresponds to ap = 23MeV and is closer
to the parameters obtained by fitting for heavy nuclei.

This was found by comparing the variance of B for
each parameter evaluation (See Table. [AIIT]).

This emphasizes that the Weizsécker formula works
better for heavier nuclei. This result also suggests that
the semi-empirical mass formula (Eq. (7)) may have a
more accurate expression, since the parameters that fit
data the best are not the ones found by doing a direct
fitting.

Computing to find the stable nuclei for these fixed pa-
rameters, they can be compared to see how their values
affect neutron-richness at the drip line, see the next Ta-
ble for the nuclei at the outer layer of the crust and at
the drip line.

Fit aa |Initial element NDrip Drip element
(MeV)| (n=8.65-10*) |(10"'gem™?)

All 18 BT 5.86 ™0Sn

All 19 BT 5.33 828

All 23 °°Mn 4.56 T82Cqd

All 24 °Fe 4.12 PIAg

All | 21.89 5Mn 4.34 158Cd
Large A| 22.82 "TFe 4.17 5Cd
Small A| 20.81 ""Fe 4.62 16451

TABLE II: Values of the stable nuclei for initial density and
the neutron drip one, also the value of the density when the
neutron drip is reached can vary. These values are found using
all nuclei data.

Table. (II) contains the nuclei obtained for the low-
est pressure considered, and the nuclei obtained at the
neutron drip line. Smaller values for ap are related to
fitting for lighter nuclei and give very neutron rich nuclei
near the drip line and higher drip pressure, but the fit
of these parameters describes B(z,y;ny,) with less accu-
racy. Fitting for heavier nuclei results in a higher value
for au, but if exceeded too much, it also starts to show
inaccuracy. For these parameters, the neutron drip line
is achieved with smaller nuclei and less pressure.

IV. CONCLUSIONS

This article investigates the stable nuclei present in
a neutron star crust using recent binding energy mea-
surements. The evolution of these nuclei stops when the
neutron drip line is reached. First, the ultra-relativistic
approximation was validated, proving that it simplifies
expressions while maintaining a 99.98% accuracy.

Then, the evolution of stable nuclei was mapped start-
ing at 5"Fe for the outer crust, and finishing with '**Cd
at the drip line with n;, = 4.17-10''g em~3. Beyond this
point, the inner crust begins, where neutron drip will
continue until ny, ~ 2.5 - 10'gem=3 [1].

Lastly, the impact of the binding energy fit on the re-
sults for stable nuclei was analyzed using two different
approaches:

i. adjusting the data range for the fitting of the bind-
ing energy: we find that different ranges give differ-
ent parameters that have an impact on the values of
the stable nuclei, lighter nuclei give more neutron-
rich nuclei at the drip line, but fit the binding en-
ergy worse than heavy nuclei,

ii. fixing the asymmetry parameter: for values near
parameter ap derived from the experimental data,
the impact of the variation of the proton-neutron
asymmetry term in the finding of stable nuclei in
the crust is analyzed. Obtaining different nuclei
from the initial parameters is possible but it rapidly
compromises the accuracy of the fit.
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Resum: En el camp de 'astrofisica, 1'estudi de les estrelles de neutrons es realitza per millorar
els models nuclears. Aquest treball avalua els nuclis estables que es troben a ’escor¢a d’una estrella
de neutrons sota una série de suposicions. L’enfocament ultrarelativista s’utilitza amb freqiiéncia en
estudis d’aquesta naturalesa. En aquest treball s’avalua la precisié de I’aproximacié ultra-relativista
comparant els resultats obtinguts en considerar I’enfocament com a valid i com a invalid. La
composicié nuclear de l'estrella de neutrons s’estudia minimitzant ’energia de Gibbs utilitzant
un programa Python personalitzat. A més, s’explora 'efecte de les variacions del parametre de
Ienergia de lligam. Els resultats destaquen la sensibilitat de I’escorga de les estrelles de neutrons al
canvi de parametres del model nuclear, aixi com la precisié de I’enfocament ultra-relativista.
Paraules clau: Nuclis estables, ultrarrelativistic, parametres, energia de lligam, energia de Gibbs
ODSs: Aquest TFG esta relacionat amb els Objectius de Sostenibilitat 4, 7 i 9 de les Nacions
Unides.

Objectius de Desenvolupament Sostenible (ODSs o SDGs)

1. Fi de la es desigualtats 10. Reduccié de les desigualtats

2. Fam zero 11. Ciutats i comunitats sostenibles
3. Salut i benestar 12. Consum i produccié responsables
4. Educacié de qualitat X[13. Accié climatica

5. Igualtat de geénere 14. Vida submarina

6. Aigua neta i sanejament 15. Vida terrestre

7. Energia neta i sostenible X |[16. Pau, justicia i institucions solides
8. Treball digne i creixement economic 17. Alianga pels objectius

9. Industria, innovacid, infraestructures|X

Aquest treball s relaciona amb els ODS 4 (Educacié de qualitat) concretament amb les fites 4.3 i 4.c perque promou
I'educacié en 'ambit universitari i promou la formacié de docents formats en I'ambit del treball. També es vincula
amb I’ODS 7 (Energia neta i assequible), a la fita 7.a perque facilita i promou I’accés a informacié rellevant per poder
avancar en eficiéncia energetica. Finalment, es relaciona amb I’ODS 9 (Industria, innovacid, infraestructures), fites
9.4 1 9.5 per fer aportacions que permetran utilitzar recursos nuclears amb major eficacia i fomentar en la innovacié i
desenvolupament cientifics al seu voltant.
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Appendix A: SUPPLEMENTARY MATERIAL

This appendix contains figures regarding the article
that may be useful to understand some results.

1. Proton fraction

Proton fraction in nuclei

0.450 1

0.425 1

0.400 1

0.375 1

y=Z/A

0.350 1

0.325 1

10711 1079 107 1075 1073
P [MeVfm~—3]

FIG. 5: Evolution of the proton fraction with rising pressure
in the crust. The pressure axis is in logarithmic scale.

Fig. (5) shows the evolution of the proton fraction for
the heavy nuclei fit. As pressure increases, the propor-
tion of protons within the nuclei decreases. Initially, the
proton fraction is slightly above 0.45, and gradually de-
creases to almost 0.30. This shows a tendency of nuclei
to get rich in neutrons. With the increase of pressure,
the neutron enrichment rate accelerates.

Treball de Fi de Grau

2. Parameter fitting

Fit aa <ABexp—fit> oB
(MeV)| (MeV)
Large A| 18 3.991 3.286
Large A| 19 3.438 2.850
Large A|21.898 2.314 2.047
Large A| 23 2.263 2.020
Large A| 24 2.482 2.110
All 18 4.510 3.538
All 19 3.850 3.074
All 21.898 2.608 2.619
All 23 2.586 2.917
All 24 2.861 3.325
All  ]21.898 2.608 2.619
Large A|22.767 2.245 1.993
Small A|20.808 2.380 2.250

TABLE III: Values of the different fits considered in the arti-
cle, with their respective mean values and standard deviation
op. The mean values and and op are calculated with the ab-
solute value of the difference between the experimental data
and the fit.

To determine the most accurate fit, several factors were
considered. To begin, for each fixed aa value, two fit-
ting approaches were done, one with all the data, and
one with large nuclei data (Fe and above). The third
column presents the mean deviation between experimen-
tal and fitted binding energy values. A small value of
the mean deviation is an indicative of a better fit. The
fourth column is the standard deviation of ABegp— fit
further checking accuracy.

The same analysis was done to the 5-parameter fit-
ting in the three cases: using all data, light nuclei and
heavy nuclei data. The fit with ay = 22.767TMeV shows
the smallest deviations for both calculations, similarly for
ap = 22.767MeV in respect to the other values.
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FIG. 6: Binding energy fit using different values for the fixed
parameter, aa, plotted separately.

Fig. (7) shows how the evolution of the stable nuclei
in the crust varies depending on the dataset used to
fit the parameters. This happens because the dataset
choice affects the values of the parameters, which has a
high impact on the Gibbs energy.

Treball de Fi de Grau

Fig.(6) shows the variation of the fit accuracy when
using different values for the asymmetry parameter. For
aa = 21.898,23MeV, the fit has the lowest error values.
When the parameter is below these values, although the
stable nuclei for the neutron star crust get significantly
neutron-rich (Table. II), the fit fail to describe the bind-
ing energy, therefore any result obtained with these pa-
rameters would not be realistic. The same happens with
values that are much higher, the fit shows bigger devia-
tions and wider discrepancies with the experimental data.
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FIG. 7: Comparison of the nuclei that minimize de Gibbs
energy for each data fit considered. The heavier the nuclei
considered for the fitting of the parameters reach the drip
line earlier, while fitting for lighter nuclei allows to have more
neutron-richness in the atomic structure before reaching the
drip line.
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