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Introduction

The nuclear many-body problem can be approached using many different techniques.
All the methods which have been developed in nuclear physics rely on specific approxi-
mations which allow to simplify the problem. Although different in formalism, some of
these methods seems to be related in spirit, if not completely equivalent. It is hard to
understand these similarities in physical system which are usually characterized by many
degrees of freedom.

A way to check the validity of the approximation methods is to use a solvable model
as a testing ground [2, 3]. Such models should be simple enough to be solved exactly,
yet not too trivial, since their aim is to mimic real systems. By comparing the results
of the approximated techniques with the exact values, an estimate of the quality of the
approximations can be made. Also, this procedure can suggest the situation in which
each approximation method works best.

In this thesis, we will focus on one of these simple solvable models, which has been
introduced by Lipkin, Meshkov and Glick in 1965 [4]. The model can be solved exactly
using the angular-momentum representation, and it offers non-trivial features. In his
original formulation, it is a two-level model with nucleons of one type which interact
through constant potentials. The model assumes two kinds of potentials: a particle-
particle (pairing) force and a particle-hole force. Despite this first formulation, since the
Hamiltonian of this system is diagonal in the angular-momentum basis, the model is also
suitable to describe a set of interacting spins. Indeed, due to its variety of configurations,
the Lipkin model have been extensively applied in many areas of physics. Its applications
include the study of quantum phase transitions [5], quantum metrology [6], the non
equilibrium dynamic of the Ising model [7], etc. In nuclear physics, the Lipkin model have
been intensively used to test many-body approximations. The literature on the subject
is extensive, and we will cite a few here to illustrate: the Operator Boson Expansion
(OBE) [8], Extended Coupled Cluster techniques (ECC) [9], the Density Functional
Theory (DFT) [10], etc.

Mean-field theories, in particular, represent one of the most successful theoretical
approaches to the study of nuclear structure [11]. Indeed, they are the only techniques
which are able to explore all nuclei (except the lightest ones). Within this picture, the
Hartree-Fock (HF) and the Random Phase Approximation (RPA) have been largely
applied to the Lipkin model [1, 12, 13]. The tests show the overall good behavior of
the mean-field in reproducing the energy levels of the system as the number of particle
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increases. Furthermore, they prove the effectiveness of the RPA over the simplest shell
model methods. Nevertheless, for some values of the parameters of the model, the Hartree-
Fock ground state fails in reproducing the energy of the system. The correct result can
be retrieved if a different Hartree-Fock state is assumed for these specific configurations.
This feature of the Lipkin model has already been noted in the original paper [4], in which
the phenomenon is described as the “insability of the Hartree-Fock state against collective
excitations”. Same problems affects the RPA, due to the fact that it is still based on the
Hartree-Fock ground state.

The RPA has been successful in the calculation of nuclear excitations, particularly for
the collective vibrational excitations [14]. Still, the study of the spreading width of giant
resonances asks for theories which include more correlations.

The aim of this work is to use the Lipkin model as a testing ground for the theories
which go beyond the level of approximation of RPA. The Second Random Phase Approx-
imation (SRPA), for example, represents a generalization of the RPA which has been
very well documented [15,16], and has been used since decades [17,18]. Unfortunately,
calculations with the SRPA are often computationally challenging, since the dimension
of the RPA matrix here is raised by one order of magnitude. An alternative way to go
beyond RPA is given by the Particle-Vibration Coupling (PVC) theory [19], in which the
vibration is a separated degree of freedom that couples with single-particle excitations.
Although extensively used [20, 21], no attempts have been made to test this technique
and the SRPA on a simple system like the Lipkin model yet. To this aim, an extension of
the Lipkin model will be presented in the following.

In chapter one of this thesis we review three many-body techniques which will by
applied on the Lipkin model: the HF theory, the RPA and the SRPA. The results of
these methods on the model are discussed in chapter two. Here, critical issues concerning
the application of the techniques on the model will be highlighted. In chapter three a
generalization of the Lipkin model will be presented and analyzed with the approximation
methods of the previous chapters. In chapter four we show the results of the PVC
method on the generalization of the Lipkin model. Chapter five reports some of the
interesting features of the new model, which we believe deserve further studies. Finally,
our conclusion will be drawn.

viii



Chapter 1

The mean field approach

1.1 The static mean field

The Hamiltonian for a system of N non-relativistic particles interacting through
two-body forces is

H = T + V =
N∑
i=1

t(i) +
1

2

N∑
i 6=j

v(i, j), (1.1)

where i represents the set of space, spin and isospin coordinates of the i-th nucleon. t(i)
is the kinetic term, while v(i, j) is the two body potential. Differently from the electronic
many body problem, where an external field exists due to the Coulomb potential of the
nucleus, in the nuclear case the potential term is only due to the interactions among
nucleons.

A full microscopic theory of the nucleus is given by the solution of the many body
Schrödinger equation

HΨ(1, . . . , N) = EΨ(1 . . . N). (1.2)

The simplest way which can be used to deal with such a problem is to describe the
dynamic of the nucleons with an average potential. This approximation means that
we can get rid of the two-body term, and write the Hamiltonian only with the kinetic
operator and a one-body potential U(i), the so called “mean field”:

N∑
i=1

(t(i) + U(i)) Ψ(1, ..., N) = EΨ(1...N). (1.3)

It follows that nucleons are independent from one another. This allows to write the
total wavefunction of the system as the anti-symmetrized product of single particle
wavefunctions, so that the problem is completely factorized as

(t(i) + U(i))ψi = εiψi, (1.4)

where E = ε1 + ...εA. This procedure has originally been called “shell model”, and despite
its simplicity has been widely used to obtain energy levels for closed shell nuclei. The

1



2 CHAPTER 1. THE MEAN FIELD APPROACH

mean field must be built up by the action of all the nucleons interacting with each other.
An analytic ansatz which yields reasonable density distributions and energy levels is the
Woods-Saxon potential:

UWS(r) = − U0

1 + e
r−R
a

, (1.5)

where R = r0N
1/3, with r0 ≈ 1.2 fm. Commonly U0 = −50 MeV and a = 0.5 MeV.

Experimental findings shows that to obtain level ordering, one should correct the average
field with the contribution of a two body interaction called "spin-orbit", which couples
the spin angular momentum with the angular momentum of the nucleon itself.
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1.2. THE HARTREE-FOCK THEORY 3

1.2 The Hartree-Fock theory

Ideally, the mean field should be obtained from the two body interaction among
nucleons. A way to do that is within the independent particle approximation thanks to
the Hartree-Fock (HF) method.

There are many ways to obtain the Hartree-Fock equations, each of them giving a
different point of view of the theory. We will discuss one of the most used derivation, which
is based on the variational principle. The fundamental assumption of the Hartree-Fock
theory is to take the ground state of the system as the anti-symmetric product of unknown
single particle wave functions. The idea of the variational approach is to find the single
particle wavefunctions as the ones which minimize the total energy of the system in this
state. The derivation of the Hartree-Fock equation can also be developed in Fock space,
with the aid of the Wick theorem, and it will be discussed later. Another different but
highly instructive derivation of the HF equations which involves the Green’s function
formalism can be found in [22].

1.2.1 Variational method in configuration space

In order to provide a general picture of how Hartree-Fock methods works, we present
an intuitive derivation in configuration space. The starting point is a set of N orthonormal
trial single-particle states |ui〉. The Hartree-Fock state is defined as their antisymmetric
product:

|HF 〉 =
√
N ! A(N) |u1...uN 〉 . (1.6)

A(N) is the antysimmetrizer operator, which is defined as

A(N) =
1

N !

∑
σ

(−1)σPσ, (1.7)

where σ specify the permutation and Pσ is the coordinates permutation operator. The
simplest possible permutation is the exchange of two particles, which is realized by the
exchange operator Pij . It’s easy to see that P 2

ij = 1 so that it is idempotent and hermitian.
Since every permutation can be written as product of exchange of particles, also Pσ is
Hermitian and idempotent and so it is A(N). Note that a transformation of the single
particle states by means of a unitary matrix preserves the orthogonality, and the Slater
state build with the new states is equivalent to the old one.

Consider (1.1) as the Hamiltonian for the system. It can be shown that the antisym-
metrizer operator commutes with it. The expectation value of Hamiltonian in this state



4 CHAPTER 1. THE MEAN FIELD APPROACH

can be obtained with the following steps:

〈HF|T |HF〉 = N ! 〈u1...uN |A(N)TA(N) |u1...uN 〉

=
∑
σ

A∑
i

〈uσ1 ...uσN |u1...tui...un〉

=
N∑
i

∑
σ

δσ1,1... 〈uσj |tui〉 ..δσN ,N

=
N∑
i

〈ui| t |ui〉 ,

(1.8)

and

〈HF|V |HF〉 = N ! 〈u1...uN |A(N)V A(N) |u1...uN 〉

=
1

2

∑
σ

N∑
i 6=j
〈uσ1 ...uσN | v(i, j) |u1...ui...un〉

=
1

2

∑
σ

N∑
i 6=j

δσ1,1... 〈uσiuσj | v |uiuj〉 ..δσN ,N

=
1

2

N∑
i 6=j

(〈uiuj | v |uiuj〉 − 〈ujui| v |uiuj〉)

=
1

2

N∑
i 6=j
〈uiuj | v |uiuj − ujui〉 ,

(1.9)

giving

〈HF|H |HF〉 =
N∑
i

〈ui| t |ui〉+
1

2

N∑
i 6=j
〈uiuj | v̄ |uiuj〉 . (1.10)

Here, the potential is antisymmetrized, namely

v̄ = v(1− P1,2), (1.11)

where P1,2 is the exchange operator. Note that the expression involves one or two particles
at a time, the other being spectators. The interaction term contains both a direct term
and an exchange one. The single particle states are defined by minimizing the total energy
(1.10). The procedure must be carried out enforcing orthogonality and normalization, so
that the quantity to be minimized is the functional:

EHF[u1 . . . uN ] = 〈HF|H |HF〉 −
∑
ij

εij (〈ui|uj〉 − δij) , (1.12)
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where εij are the Lagrange multipliers.

δEHF = EHF[u1 . . . uk + ηk . . . uN ]− EHF[u1 . . . uN ]

= 〈ηk| t |uk〉+
∑
j

〈ηkuj | v̄ |ukuj〉 −
∑
j

εkj 〈ηk|uj〉+

〈uk| t |ηk〉+
∑
j

〈ukuj | v̄ |ηkuj〉 −
∑
j

εkj 〈uj |ηk〉 .

(1.13)

The minimization condition is δEHF = 0. It can be shown that if 〈η|u〉+ 〈η|u〉∗ = 0 for
all η, then |u〉 = 0. Furthermore, as we already noted, since the Slater determinant is left
unchanged by a unitary transformation, there is a degeneracy in the solution. We may
pick that one for which εij :

∑
j εij |uj〉 = εi |ui〉. Then we obtain the set of N Hartree-Fock

equations:
t |ui〉+

∑
j

〈 · uj | v̄ |uiuj〉 = εi |ui〉 . (1.14)

The presence of the exchange term replaces the N single Hartree equations (1.4) with a
system of N coupled equations, which is computationally much more difficult. This is
more clear when (1.14) is written in position representation:

−~2∇2

2m
ui(r)+

∑
j

∫
d3r′|n(r′)|2v̄(r, r′)ui(r)+

∑
j

∫
d3r′u∗j (r

′)v̄(r, r′)uj(r)ui(r
′) = εiui(r).

(1.15)

One can see that the potential term depends itself by the single-particle wavefunction.
As a consequence, to solve these equation one needs to start with an ansatz for the single-
particle density. The solution of the equations is a new density which can be inserted again
in the Hartree-Fock equations. The cycle stops when convergence is obtained, namely
when the resulting density does not change appreciably when repeating the procedure.

The obtained single particle states allows the total Hartree-Fock energy (1.10) to be
computed. Projecting (1.14) on the solution |ui〉 gives εi, which have the significance of
the single particle HF energy

εi = tii +
∑
j

v̄ijij , (1.16)

which allows to write the total HF energy of the system as

EHF =
∑
i

εi −
1

2

N∑
i 6=j

v̄ijij .

=
1

2

∑
i

(tii + εi) .

(1.17)

The HF determinant is constructed selecting the lowest single-particle states obtained
by the minimization procedure. The occupied levels form the “Fermi sea”, which shows
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a sharp “Fermi surface”. The variational derivation in configuration space do not make
clear how the approximation is good, and cannot describe the existence of excited states.
In the following section a different derivation is presented.

1.2.2 Wick theorem method in Fock space

The advantage of using second quantization is to incorporate the anti-symmetric nature
of fermions and Pauli principle directly in the definition of creation and annihilation
operators. Fermion operators must obey the following commutation relations

{aµ, a†µ′} = δµµ′

{aµ, aµ′} = {a†µ, a
†
µ′} = 0.

(1.18)

In second quantization, the Hamiltonian (1.1) takes the form:

H =
N∑
νν′

tνν′a
†
νaν′ +

1

4

∑
µνµ′ν′

v̄µνµ′ν′a
†
µa
†
νaν′aµ′ , (1.19)

whereas the analog of the Slater determinants is

|HF〉 =
∏
i

a†i |0〉 , (1.20)

where i denotes the states inside the Fermi surface and |0〉 is the particle vacuum state.
The single-fermion basis for which |HF〉 is a good approximation of the ground state is
still to be chosen. To this aim, we can use the Wick theorem (see [22]) in order to write
the two-body interaction in normal order with respect to the |HF〉 state 1:

H =

N∑
νν′

(
tνν′ +

1

4

∑
µ

v̄µνµν′

)
a†νaν′

− 1

2

∑
µν

v̄µνµν +
1

4

∑
µνµ′ν′

v̄µνµ′ν′ : a†µa
†
νaν′aµ′ :

(1.21)

The Hartree-Fock approximation consists in choosing a single particle basis which diago-
nalize the one-body term:

tνν′ +
1

4

∑
µ

v̄µνµν′ = δνν′εν . (1.22)

This is the Hartree-Fock equation in the Fock space and corresponds to (1.14) in matrix
form. The self-consistent nature lies in the fact that the HF states depends itself on the

1The HF state is here regarded as a particle-hole vacuum, see Appendix A
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single particle states. Substituting this in the many-body Hamiltonian (1.19) gives

H =

N∑
ν

ενa
†
νaν −

1

2

∑
ij

v̄ijij +
1

4

∑
µνµ′ν′

v̄µνµ′ν′ : a†µa
†
νaν′aµ′ :

= H0 +
1

4

∑
µνµ′ν′

v̄µνµ′ν′ : a†µa
†
νaν′aµ′ :

(1.23)

where i and j refer to states below Fermi and where H0 is the one-body Hamiltonian
which is usually written in terms of the single-particle Hamiltonian h:

H0 =
N∑
ν

ενa
†
νaν −

1

2

∑
ij

v̄ijij

=
∑
ν

hνν .

(1.24)

This reveals the nature of the HF determinant as the ground state for the one-body
Hamiltonian H0. This formulation also enlightens the form of the residual interaction,
which is the term in the Hamiltonian which is not diagonalized in the HF approximation.
The HF energy is thus

〈HF|H0|HF〉 =

N∑
i

εi −
1

2

∑
ij

v̄ijij , (1.25)

as in (1.10). It is instructive to consider the HF equation (1.22) when ν refers to a state
above the Fermi (m) surface and ν ′ to a state below (i). It reads:

tmi +
1

4

∑
µ

v̄µmµi = 0, (1.26)

It tells us that the one-body Hamiltonian is characterized by 0 matrix element connecting
particles above and below the Fermi surface. We will see in the next sections how in
the simplest theory for excited states this feature of the HF determinant forbids any
correlations between the ground and the excited states.

1.3 Equation of motion method

In the following, we shall develop the equation of motion method [23] since it will
be useful in order to derive the RPA and SRPA equations. We start from a set of exact
eigenvalues and eigenvectors of our Hamiltonian

H |ν〉 = Eν |ν〉 . (1.27)

It is possible to define construction and destruction operator such as

Q†ν |0〉 = |ν〉 and Qν |0〉 = 0. (1.28)
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From this we have:

[H,Q†ν ] |0〉 = ωνQ
†
ν |0〉

[H,Qν ] |0〉 = 0,
(1.29)

where ων = Eν − E0 is the excitation energy. In order to find an equation which is not
only operatorial, these equations must be projected on a state. This state can be written
by means of a generic operator R, must can be written in terms of Qν in order to be left
with nonzero expectation values:

〈0|R[H,Q†ν ] |0〉 = ων 〈0|RQ†ν |0〉
〈0|R†[H,Qν ] |0〉 = 0.

(1.30)

Adding an equation to the Hermitian conjugate of the other gives

〈0| [R, [H,Q†ν ]] |0〉 = ων 〈0| [R,Q†ν ] |0〉
〈0| [R†, [H,Qν ]] |0〉 = −ων 〈0| [R†, Qν ] |0〉 .

(1.31)

Another possible choice would have been to subtract one of the (1.30) to the other, which
would have given anti-commutators instead of commutators. Since one equation is the
complex conjugate of the other, it is actually necessary to solve only one of the two. The
equation of motion we want to solve is thus

〈0| [R, [H,Q†ν ]] |0〉 = ων 〈0| [R,Q†ν ] |0〉 . (1.32)

In practice, one needs to use some approximations for the ground state |0〉. Un-
fortunately, the hermiticity of the equation is no more guaranteed, and to retain that
sometimes one needs to consider an alternative form of the equation of motion [23]:

〈0|[R,H,Q†ν ]|0〉 = ων 〈0|[R,Q†ν ]|0〉 , (1.33)

where we define

[R,H,Q†ν ] =
[R, [H,Q†ν ]] + [[R,H], Q†ν ]]

2
. (1.34)

Equation (1.33) is completely equivalent to the previous equation of motion for the exact
ground state, in fact, for a state that is stationary:

〈0|[[R,Q†], H]|0〉 = i
d

dt
〈0|[R,Q†]|0〉

= 0.
(1.35)

When using an approximate ground state, though, this relation may not hold exactly. This
version of the equation of motion is preferable in real calculations, because it maintains
exact orthogonality relations among its solution [14].
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1.4 The dynamical mean-field

Using independent particle models and a suitable effective interaction the basic
proprieties of the spectra of many nuclei can be explained. Nevertheless, there exist
many excited states with features that cannot be easily reproduced within the framework
of shell model excitations. For example, in 16O we see around 22 MeV a 5 MeV broad
resonance usually called the “giant dipole”. There are many states like that. These “Giant
Resonances” lie in the energy range of ≈ 10-30 MeV and emerge on the background
of other excited states. It turns out that these excitations can only be explained if we
suppose that many nucleons can behave collectively inside the nucleus, in a similar fashion
as vibrations in the liquid drop model [1].

This behavior can be achieved microscopically if one consider correlations between the
excited states, or “configurations”. The Tamm-Dancoff Approximation (TDA) represents
the first step in this directions, and it is based on a HF basis. Ground state correlations
are taken into account if a more general basis is adopted, and this is done within the
Random Phase Approximation (RPA). A larger basis is taken in the Second Random
Phase Approximation (SRPA).

1.4.1 The Tamm-Dancoff Approximation

We have seen that the HF state is built filling with nucleons the single particle states
up to the Fermi level. Actually, the HF one-body Hamiltonian (1.24) can also be used
with a basis which contains excited states. Nonetheless, this is not satisfactory since it
still leaves apart the residual interaction completely. We want now to incorporate excited
states inside the theory and also include correlations between them.

The first excitation is the promotion of a particle outside the Fermi level, and it’s
called 1p-1h excitation. We can construct it in second quantization as

a†mai |HF〉 . (1.36)

where from now on m,n,p and q refers to state above Fermi, while i,j,k and l below. Each
the 1p-1h, 2p-2h, 3p-3h, . . . , Np-Nh excitations is a complete set which is orthogonal to
the others and that can be used to expand the many-body wave functions of the ground
or the excited states. We can write, thus

|HF〉 = X0
0 |HF〉+

∑
mi

X0
mia
†
mai |HF〉+ . . .

|ν〉 = Xν
0 |HF〉+

∑
mi

Xν
mia
†
mai |HF〉+ . . .

(1.37)

The exact diagonalization of the Hamiltonian in the whole space of Np-Nh is a formidable
task which cannot be solved. To deal with this situation, the standard way is to truncate
the problem to a finite space. The simplest choice is to consider only 1p-1h excitation,
which are the lowest configurations in energy, and therefore most important for low-lying
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states. Using this approximation (Tamm-Dancoff), the ground state remain |HF〉, while
the excited state is given retaining only the second term:

|HF〉 = |HF〉

|ν〉 =
∑
mi

Xν
mia
†
mai |HF〉 . (1.38)

Of course, this means that no correlations are not taken into account for the ground state.
This is a consequence of the HF condition discussed previously, see (1.26). Once the basis
where the Hamiltonian is diagonal is defined, we can project the Schrödinger equation on
a generic state

〈HF|R†H|ν〉 = Eν 〈HF|R†|ν〉 , (1.39)

where R is be written in terms of (1.38), as explained before for the TDA. In this case,
R = a†mai, so that:∑

nj

Xν
nj 〈HF | a

†
iamHa

†
naj |HF 〉 =

∑
nj

Xν
njEν 〈HF| a

†
iama

†
naj |HF〉 , (1.40)

which can be written in a more convenient form using the Wick theorem:∑
nj

AminjX
ν
nj = ωνX

ν
mi, (1.41)

where
Aminj = 〈HF| a†iam[H, a†naj ] |HF〉 . (1.42)

Here, ων = Eν − EHF is the excitation energy. If we consider a general Hamiltonian
composed by a kinetic term and a two-body interaction like (1.19), the commutators in
Aminj can be calculated. Using Wick theorem, one gets:

Aminj = (εm − εi)δmnδij + v̄mjin, (1.43)

where the matrix element of the interaction comes from the diagonalization of a part
of the residual interaction. For many purposes it turns useful to represent the matrix
elements of the interaction graphically. In many body calculations, this is usually done in
the particle-hole representation, and the procedure is described in detail in Appendix A.
The graphical representation of v̄mjin in Fig. 1.2 shows the annihilation of a particle-hole
pair into another particle-hole pair. For this reason, we refer to this matrix element as
1p-1h → 1p-1h.

1.4.2 The Random Phase Approximation

The RPA is the simplest theory of excited states which allows to include correlations
inside the ground state. This is in contrast with the TDA, whose ground state, as we
have seen, has a pure independent-particle character. Both TDA and RPA equations can
be derived using the equation of motion method, namely from (1.32). TDA equations
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Figure 1.2: Direct and exchange part of the 1p-1h interaction matrix element of (1.43)

follows taking |0〉 = |HF〉 and writing Q†ν as the simplest possible excitation operator,
that is the operator which creates a particle above Fermi and destroys a particle below
Fermi, namely:

Q†ν =
∑
mi

Xν
mia
†
mai. (1.44)

In this theory, R = a†mai. The RPA theory represents the most straightforward general-
ization to this choice. Here we take as excitation operator

Q†ν =
∑
mi

Xν
mia
†
mai −

∑
mi

Y ν
mia
†
iam. (1.45)

This new operator leads a different ground state, which is defined by

Qν |RPA〉 = 0.

Q†ν |RPA〉 = |ν〉 .
(1.46)

This represents a more general ground state than |HF〉. Now, we have two kinds of
operators R, one for each term in the definition of Q†ν . Starting from the equation of
motion (1.33) we get two set of equations:

〈RPA| [a†iam, H,Q
†
ν ] |RPA〉 = ων 〈RPA| [a†iam, Q

†
ν ] |RPA〉

〈RPA| [a†mai, H,Q†ν ] |RPA〉 = ων 〈RPA| [a†mai, Q†ν ] |RPA〉 .
(1.47)

Next steps can be made within the “quasi-boson approximation” (QBA), which consists
in taking all the expectation values on HF states. The name comes from the fact that
the approximation would be an exact relation if particle-hole operators obeyed the boson
commutation relation 2. The approximation reads:

〈RPA| [a†iam, a
†
naj ] |RPA〉 ' 〈HF| [a

†
iam, a

†
naj ] |HF〉

= δijδmn
(1.48)

2This also explains the choice of taking commutators instead of anti-commutators when writing the
equation of motion, which allows simple evaluation of the commutators on RHS of the equations of
motion [14].
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Note that with this approximation for the ground state, the condition (1.35) is still satisfied,
thus the simpler equation of motion (1.32) can be used for our calculations. This result is
a consequence of the HF equations, which can also be expressed as 〈HF|[a†µaν , H]|HF〉 = 0,
and applies since the commutator of two one-body operator is also a one-body operator.
If we use the definition of the excitation equation (1.45) in the equation of motion we
end up with ∑

pk

(
Ami,pkX

ν
pk +Bν

mi,pkY
ν
pk

)
= ωνX

ν
mi∑

pk

(
−B∗mi,pkY ν

pk −A∗mi,pkXν
pk

)
= ωνY

ν
mi.

(1.49)

Here we have exploited the anti-commutation relations at the r.h.s. and we have defined

Ami,pk ≡ 〈HF| [a†iam, [H, a
†
pak]] |HF〉

Bmi,pk ≡ −〈HF| [a†iam, [H, a
†
kap]] |HF〉 ,

(1.50)

and

A∗mi,pk = 〈HF| [a†mai, [H, a
†
kap]] |HF〉

B∗mi,pk = −〈HF| [a†mai, [H, a†pak]] |HF〉 .
(1.51)

We can easily see that
Ami,pk = A∗pk,mi (Hermitian)

Bmi,pk = Bpk,mi (symmetric).
(1.52)

Eventually one can write the equations all together in matrix form:(
A− ω B
B∗ A∗ + ω

)(
X
Y

)
= 0, (1.53)

This is called “RPA equation”. We get back to the TDA approximation by putting Y = 0,
which leaves us with AX = ωX. Using a general Hamiltonian composed by a kinetic
term and a two-body interaction like (1.19), the commutators in (1.50) can be computed.
With the Wick theorem we obtain:

Aminj = (εm − εi)δmnδij + v̄mjin

Bminj = v̄mnij ,
(1.54)

where ε are here the HF single particle energies and the matrix elements of the two body
force are antisymmetrized. As expected, A is the TDA matrix. The novelty in RPA is
represented by the presence of v̄mnij matrix element, which is displayed graphically in
Fig. 1.3 in particle-hole representation. Here, the interaction create two particle-hole
pairs from the vacuum, and this is why sometimes the interaction is referred as virtual
2p-2h [1]. It must be emphasized, though, that the excitations space is still given by
1p-1h states.
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m i n j

Figure 1.3: Direct part of the 1p-1h interaction matrix element of the B matrix of (1.54). The
exchange part is obtained substituting j with i.

The diagonalization of the RPA matrix gives the excitation energy ων and the
amplitudes Xν

mi and Y
ν
mi. It is easy to demonstrate that

X∗νmi = 〈ν| a†mai |0〉

Y ∗νmi = 〈ν| a†iam |0〉 ,
(1.55)

which means that they represent the overlap of the excited state ν, called RPA phonon,
with a particle-hole pair acting on a ground state. They are a measure of how much the
excited state is built by means of a particular particle-hole excitation. The values of Xmi

and Ymi define completely the excitation operator Q†ν as the phonon creation operator.
Consider now a general perturbing external field

F =
∑
µµ′

fµµ′a
†
µaµ. (1.56)

The transition matrix element for this operator in RPA is given by

〈ν|F |0〉 =
∑
mi

(X∗νmif
∗
mi + Y ∗νmif

∗
im) . (1.57)

The probability for the excitation to occur at a given energy is given by the strength
function. It is defined as the sum over all transition probability which contribute to a given
energy excitation. It describes the response of a nucleus to the external perturbation:

S(ω) =
∑
ν

| 〈ν|F |0〉 |2δ(ω − ων), (1.58)

It is easy to see that for a given energy the strength function is maximum when there are
many amplitudes of roughly equal value. They add constructively, since the magnitude
of the transition probability increases with the number of particle-hole excitation. This
situation can be understood in terms of many particles which contribute in a cooperative
fashion to produce a collective behavior of the nucleus. This particular excited state is
called Giant Resonance (GR).

Higher configuration, like 2p-2h excitation, do not have a dominant part of the
wavefunction in a Giant Resonance state. They would give rise, however, to a spreading
of the transition strength of the GR, whereas in the standard RPA theory it is a discrete
state.
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Formal proprieties of RPA

The formal properties of the RPA equations have been investigated by Thouless [24].
These properties are more general, since they can be obtained from the equation of motion
(1.32) [23]. We simply list them for the case of RPA:

– The solutions appear in pairs having symmetric positive and negative eigenvalues.

– When the Thouless stability condition is satisfied, the RPA solutions have real
energies.

– Center-of-mass motion or rotations of a deformed nucleus are examples of “spurious”
configurations because they do not correspond to real excitation of the nucleus,
since can be removed with a suitable choose of reference system. In RPA, anyway,
center-of-mass momentum or angular momentum commute with the Hamiltonian
and therefore produce a zero-energy solution.

– The RPA solutions are orthonormal.

– The non-spurious solutions form a complete set.

– The matrix element of any operator calculated in RPA preserves the energy-weighted
sum rule.

1.4.3 The Second Random Phase Approximation

As already noted, the standard RPA technique is able to describe the centroid of
giant resonance, but it fails to account for the observed deacay width of heavy nuclei [25].
This is due to the lack of mixing with more complicated nuclear configurations, like
2p-2h, 3p-3h, etc. Since we assume that the nuclear Hamiltonian only contains one-
and two-body parts, an initially excited 1p-1h state can mix directly only with 2p-2h
configuration. The second random phase approximation (SRPA) represents an extension
of the original theory along this line, which accounts for residual coupling to the 2p-2h
subspace.

As in the RPA, the SRPA equations can be derived from the equations of motion,
namely from (1.33). In this case, the excitation operator comprises 2p-2h components in
addition to the familiar 1p-1h components:

Q†ν =
∑
mi

Xν
mia
†
mai −

∑
mi

Y ν
mia
†
iam

+
∑

m<n,i<j

Zνmnija
†
ma
†
najai −

∑
m<n,i<j

W ν
mnija

†
ia
†
janam.

(1.59)

We now assume the HF approximation when evaluating the ground state expectation
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values:

〈SRPA|[a†iam, a
†
naj ]|SRPA〉 ≈ 〈HF|[a

†
iam, a

†
naj ]|HF〉

= δijδnm

〈SRPA|[a†ia
†
jaman, a

†
pa
†
qakal]|SRPA〉 ≈ 〈HF|[a

†
ia
†
jaman, a

†
pa
†
qakal]|HF〉

= δilδjkδmqδnp − δilδjkδmpδnq
+ δikδjlδmpδnq − δikδjlδmqδnp.

(1.60)

While the first equation represents the same approximation made in RPA (1.48), the
second one is not exactly the QBA (see Appendix B). One can repeat the same steps as
in the RPA case with the new excitation operator to get the SRPA equations(

A B
−B∗ −A∗

)(
Xν
Yν

)
= ων

(
Xν
Yν

)
, (1.61)

where

A =

(
Ami,nj Ami,pqkl
Amnij,pk Amnij,pqkl

)
B =

(
Bmi,nj Bmi,pqkl
Bmnij,pk Bmnij,pqkl

)
,

(1.62)

and

Xν =

(
Xν

Zν

)
Yν =

(
Y ν

W ν

)
.

(1.63)

Ami,nj and Bmi,nj are the usual RPA matrices (1.50), while the others reads:

Ami,pqkl = 〈HF|
[
a†iam, H, a

†
pa
†
qalak

]
|HF〉

Amnij,pqkl = 〈HF|
[
a†ia
†
janam, H, a

†
pak

]
|HF〉

Amnij,pqkl = 〈HF|
[
a†ia
†
janam, H, a

†
pa
†
qalak

]
|HF〉 ,

(1.64)

and

Bmi,pqkl = 〈HF|
[
a†iam, H, a

†
ka
†
l aqap

]
|HF〉

Bmnij,pk = 〈HF|
[
a†ia
†
janam, H, a

†
kaq

]
|HF〉

Bmnij,pqkl = 〈HF|
[
a†ia
†
janam, H, a

†
ka
†
l aqap

]
|HF〉 ,

(1.65)
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Figure 1.4: Direct part of the first (left) and second (right) interaction terms in Ami,pqkl of (1.68).

where, this time, the general equation of motion (1.33) must be used in order to preserve
hermiticity. It can be shown that the SRPA exhibits formal properties in analogy with
that listed above for the simple RPA [16], namely

A = A† (Hermitian)

B = BT (symmetric).
(1.66)

As a consequence of the use of |HF〉 as the ground state, for the B matrix we get:

Bmi,pqkl = Bmnij,pk = Bmnij,pqkl = 0. (1.67)

The matrix elements can be calculated explicitly with the general Hamiltonian (1.19). In
addition to the term included in the RPA, we have:

Ami,pqkl = a(kl)v̄kmpqδil − a(pq)v̄klpiδmq

Amnij,pqkl =(εm + εn − εi − εj)a(pq)a(kl)δmpδikδnqδjl + a(kl)v̄mnpqδikδjl

+ a(pq)v̄ijklδmpδnq + a(mn)a(pq)a(pq)a(kl)v̄mkipδjlδnq,

(1.68)

where a(kl) is the antisymmetrizer for the indices k and l. The non-diagonal terms of
the SRPA matrix Ami,pqkl are shown in Fig. 1.4: they are responsible of destroying two
particle-hole pairs and creating one particle-hole pair. Consequently, they are referred as
2p-2h → 1p-1h terms. They include correlations between the well-known 1p-1h subspace
of RPA to the newly introduced 2p-2h subspace. The Amnij,pqkl interaction terms are
drawn in Fig. 1.5: they are the mixing terms in the 2p2h subspace, namely represents
2p-2h → 2p-2h processes.
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Figure 1.5: Direct part of the three interaction terms (from left to right) in Amnij,pqkl of (1.68).
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Chapter 2

The Lipkin model

The Lipkin-Meshkov-Glick (LMG) model [4] is an algebraic model introduced in
1965 which played an important role in nuclear theory. Because of its simplicity, it has
been widely used as a testing ground for many-body approximations, with the aim of
characterizing theories which go beyond the original shell model calculations [1]. Due
to its SU(2) structure, the LMG model can also be used to represent a set of spins, and
therefore has also been used in the physics of matter and statistical physics [7].

2.1 The model

The LMG model describes a two level system where one level is situated just below the
Fermi level, the other just above, separated by and energy difference of ε. The levels are
N-fold degenerate, and the system is filled with N fermions. Each state is characterized
by a quantum number σ that assumes the value +1 in the upper level and −1 in the
lower one, and a quantum number p specifying the particular degenerate state within the
shell. A two body interaction which does not change the value of p is considered.

The author proposed the following model Hamiltonian:

H =
∑
pσ

(
1

2
σε

)
a†pσapσ −

V

2

∑
pp′σ

a†pσa
†
p′σap′−σap−σ −

W

2

∑
pp′σ

a†pσa
†
p′−σap′σap−σ, (2.1)

where a†pσ and apσ are the creation and destruction operators for a fermion in the state
p, σ which satisfies the usual fermion anti-commutation relations. The first term of the
Hamiltonian represents the sum of the energy the single particle have due to the external
potential. The term proportional to V scatters a pair of particle from one state to another,
while the term proportional to W scatters one particle up while another is scattered down.

The fact that each particle can stay in only two possible states suggested the author
the use of a “quasi-spin” formulation, in which the spin-up and spin-down configurations
are analogous to the upper and lower level state. In second quantization, the spin operator

19
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in Pauli representation is

Si =
∑
p,α,α′

a†p,αS
i
αα′ap,α′ Siαα′ =

1

2
σiαα′ , (2.2)

where α =↑, ↓ is the spin quantum number and σ is the i-Pauli spin matrix:

σx =

(
0 1
1 0

)
σy =

(
0 −i
−i 0

)
σz =

(
1 0
0 −1

)
. (2.3)

In this representation, the components of the spin operator are

Sx =
1

2

∑
p

(
a†p↑ap↓ + a†p↓ap↑

)
Sy =

1

2i

∑
p

(
a†p↑ap↓ − a

†
p↓ap↑

)
Sz =

1

2

∑
p

(
a†p↑ap↑ − a

†
p↓ap↓

)
.

(2.4)

With the corresponding ladder operator:

S+ = Sx + iSy

=
∑
p

a†p↑ap↓

S− = Sx − iSy

=
∑
p

a†p↓ap↑
(2.5)

Similarly, in the LMG model one can introduce quasi-spin operator. In our case, the up
and down configurations correspond to the upper and lower level and are represented by
the quantum number σ = +,−. To lighten this difference, we will write our “quasi-spin”
operators as K:

K0 =
1

2

N∑
p

(
a†p,+ap,+ − a

†
p,−ap,−

)

K+ =
N∑
p

a†p,+ap,−

K− =
N∑
p

a†p,−ap,+,

(2.6)

which generate an SU(2) algebraic structure. The operator K+ and K− scatter one
particle from one level to the other one. It is easy to see that K− = (K+)†. With these
operators, the LMG Hamiltonian takes the simple form:

H = εK0 −
V

2
(K2

+ +K2
−)− W

2
(K+K− +K−K+). (2.7)

Consider the following particular cases:
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• In the absence of interactions (V = 0 and W = 0), the ground state is the state
where all the particles lie in the lower level. The total energy is thus given by
counting the number of particles in the lower state:

E = −εN/2. (2.8)

• W = 0 and V 6= 0. The interaction term proportional to W does not mix configura-
tions, because its expectation value is non-zero only when final and initial states
are the same, while the term proportional to V does. Since we are interested to test
many body approaches which take care of ground state correlations, this is a useful
simplification. Using the definition of the ladder operator, the Hamiltonian can be
rewritten as

H = εK0 − V (K2
x −K2

y ), (2.9)

which shows that a 180 rotation in quasi-spin space about an axis in the xy plane
at an angle of 45 to the x and y axes change H into −H.

• Taking W = V we lose the rotational symmetry and end up with a compact
formulation of the LMG Hamiltonian:

H = εK0 − 2V K2
x. (2.10)

We are going to develop the LMG model in his full formulation, but initially we will
focus mostly with the behavior of V , which is responsible for mixing the ground state with
the excited states, and which is also interesting due to his “pairing” nature. Nevertheless,
we will consider potential W in the two different configurations listed above, following
the Lipkin procedure. In the following chapters we will adopt a much broader view of the
system, trying to explore other regions of the potentials.

2.2 Solution of the model

Our aim is to find a basis for the LMG Hamiltonian. First, we notice that the quasi-
spin operators satisfies by construction the angular momentum commutation relations.
This can be easily checked using fermion anti-commutation relations:

[K+,K−] = 2K0

[K0,K±] = ±K±.
(2.11)

The Hamiltonian depends on operators K± and K0. If we define

K2 ≡ 1

2
{K+,K−}+K2

0 , (2.12)

it’s easy to check it commutes with K0. This suggests to take a basis where both K0 and
K2 are diagonalized; as in the standard procedure [26], we choose |k,m〉 as an orthogonal
basis for the system and write

K2 |k,m〉 = k(k + 1) |k,m〉
K0 |k,m〉 = m |k,m〉 .

(2.13)
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Here, m correspond to the eigenvalue of the projection of the quasi-spin K0, while k(k+1)
is the total quasi-spin eigenvalue. This leads to the well known eigenvalues for the ladder
operator:

K± |k,m〉 =
√
k(k + 1)−m(m± 1) |k,m± 1〉 . (2.14)

The dimension of this basis can be deduced by the second of (2.13). The maximum
eigenvalue of K0 comes from its definition in (2.6), and corresponds to the situation
where where all the particles stay in the upper level, namely it is N/2. The minimum,
instead, is given by the opposite situation and it is −N/2. Since every eigenvalues differ
by ε, the number of state must be N + 1. Hence, m corresponds to the different energy
configurations the system can have, while k describe the system as a whole. Since k is
equal to the maximum value of m, we must take k = N/2.

We can evaluate the Hamiltonian in this basis. For the diagonal elements, we get

〈k,m|H |k,m〉 = εm− W

2

(
〈k,m|K+

√
k(k + 1)−m(m− 1) |k,m− 1〉+

+ 〈k,m|K+

√
k(k + 1)−m(m+ 1) |k,m+ 1〉

)
= εm− W

2

(√
k(k + 1)−m(m− 1)

√
k(k + 1)− (m− 1)m+

+
√
k(k + 1)−m(m+ 1)

√
k(k + 1)− (m+ 1)m

)
= εm−W

(
k(k + 1)−m2

)
,

(2.15)

while, with similar calculations:

〈k,m|H |k,m+ 1〉 = 0

〈k,m|H |k,m+ 2〉 = −V
2

√
k(k + 1)− (m+ 2)(m+ 1)

√
k(k + 1)− (m+ 1)m.

(2.16)

For what follows, it is convenient scale the potential V and W as

v =
V

ε
(N − 1)

w =
W

ε
(N − 1).

(2.17)

Since the Hamiltonian is manifestly invariant for K± → K∓ transformation, it satisfy
the Hermiticity property. As an example, we write down the explicit Hamiltonian for a
system composed of 3 particles. Here, k = 3/2 and m can assume 4 values. The resulting
Hamiltonian reads:

H3

ε
=



−3
2 −

3
2

w
N−1 0 −

√
3 v
N−1 0

0 −1
2 −

7
2

w
N−1 0 −

√
3 v
N−1

−
√

3 v
N−1 0 1

2 −
7
2

w
N−1 0

0 −
√

3 v
N−1 0 3

2 −
3
2

w
N−1


(2.18)
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Figure 2.1: Ground state energy as a function of v for different number of particles.

As can be seen, the Hamiltonian is nonzero only on three diagonals separated by a set
of zeros. This form is maintained for any N-particles LMG systems. This Hamiltonian
can be diagonalized both analytically and numerically. Since the matrix is of order N+1,
the analytical procedure only works for a small number of particle. Here, a numerical
calculation has always been preferred 1.

In fig. 2.1 the ground state energy for a system composed of different number of
particles is shown. The energy of the system is decreasing due to the choice of attractive
potentials.

We will focus also to the excitation energies of the system. They can be obtained
simply subtracting the ground state to the eigenvalue corrisponding the excitation energy
we need. In 2.2 we show the first two excitation energies of a 20-particle LMG. As can be
seen, the first excited state tend to the energy of the ground state, while the first on is
increasing.

1This involves the use of the Eigen C++ library. More information in http://eigen.tuxfamily.org/
index.php?title=Main_Page

http://eigen.tuxfamily.org/index.php?title=Main_Page
http://eigen.tuxfamily.org/index.php?title=Main_Page
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Figure 2.2: First two excitation energies for the 20-particle LMG model.

2.3 Hartree-Fock approximation

A basis where the LMG Hamiltonian is diagonalizable is already known from (2.13):
each system configuration is represented by a different projection of the total quasi-spin
operator. In this picture the ground state is the state where the projection on the quasi
spin is minimum, and it corresponds to the case where all the particle stay on the lower
energy level.

In order to develop the Hartree-Fock theory, though, we have to construct the Slater
determinant. The obvious choice to this aim is to consider the state given by the product
of all the particles in the lower level:

|Φ0〉 =
∏
p

a†p,− |0〉 , (2.19)

where |0〉 is the vacuum for the particles. Nevertheless, it might be useful to consider a
generalization of this state. From the theorem of Thouless [27], we know that any Slater
determinant which is not orthogonal to |Φ0〉 can be written in the form

|Φ〉 =
∏
p

ã†p,− |0〉 , (2.20)
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where ã†p,− is a linear superposition of single-particle operators. The transformation which
connects them to the original single-particle operator is unitary, and can be expressed as:(

ãp,+
ãp,−

)
=

(
cos α2 − sin α

2
sin α

2 cos α2

)(
ap,+
ap,−

)
(2.21)

The case α = 0 represents the identity transformation, and the Slater determinant is here
naturally built adding all the particles on the lower state. When α 6= 0, instead, each
particle is represented as a superposition of the bare particles in the upper and lower
level. This kind of transformation is widely used in many body theory when defining
“quasi-particles”, as in BCS or Bogoliubov theory [22].

In order to apply the Hartree-Fock method, we need now to evaluate the Hamiltonian
in this state and minimize it using α as the variational parameter. The simplest way to
do that is to express the Hamiltonian in terms of the new operators, and then evaluating
it on the exact ground state of the theory. We can define K̃+, K̃0 and K̃− using the ãp,+
and ãp,− written above. They satisfy the angular momentum commutation relations in
analogy with K0,±. One can show they are connected to the old ones by the following
relation: K̃+

K̃0

K̃−

 =
1

2

cosα+ 1 2 sinα cosα− 1
− sinα 2 cosα − sinα

cosα− 1 2 sinα cosα+ 1

K+

K0

K−

 (2.22)

We can then rewrite the Hamiltonian in the new basis:

H̃ =
ε

2

[
2 cosαK̃0 + sinα(K̃+ + K̃−)

]
+
W

2

[
K̃2

+ + K̃2
− − {K̃+, K̃−}

]
− V +W

4

[
sin2 α

(
4K̃2

0 − {K̃+, K̃−}
)
− sin 2α

(
{K̃0, K̃+}+ {K̃0, K̃−}

)
+(1 + cos2 α)(K̃2

+ + K̃2
−)
]
.

(2.23)

Varying 〈Φ|H̃|Φ〉 with respect to α gives the HF equation for the LMG model. The
ground state for the new Hamiltonian is build as the state where all the quasi-particles
stays in the lower level, which, using the angular momentum basis, is:

|HF〉 = |N/2,−N/2〉 , (2.24)

where we already call it |HF〉, despite it is actually the HF state only when the value of
variational parameter is determined. Using (2.13) and (2.14), the spectra of the operators
involved in the Hamiltonian can be found:

K̃0 |N/2,−N/2〉 = −N
2
|N/2,−N/2〉

K̃+ |N/2,−N/2〉 =
√
N |N/2,−N/2 + 1〉

K̃− |N/2,−N/2 + 1〉 =
√
N |N/2,−N/2〉

K̃− |N/2,−N/2〉 = 0.

(2.25)
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Using v and w as in (2.17), the ground state energy and the variational condition can be
computed:

〈HF| H̃ |HF〉 = −N ε

2

(
cosα+

w

N − 1
+
v + w

2
sin2 α

)
(2.26)

∂ẼHF

∂α
= N

ε

2
sinα (1− (v + w) cosα) = 0. (2.27)

The solution of the minimization condition can be achieved analitically, and it is defined
differently depending on whether the term v + w is greater or smaller than one:

cosαHF =


1 for v + w < 1

1

v + w
for v + w > 1

(2.28)

In fig 2.3 we show the dependence of the ground state energy with α for different values of
the potentials v + w. As it can be seen on the left-hand graph, at the critical point v = 1
the value of α in the first region where the energy is minimum become unstable. For v
greater than 1, a new single particle basis must be used. This basis is now composed of
quasi-particles which are superposition of particles on the upper and lower level whose
relative amplitudes are weighted by α. When the potential w is turned on (see the
right-hand graph), a similar behavior is found, but the value of the critical point now
depends also on w. In general, we can say that v + w defines a phase transition between
the two energy solutions, or, in other terms, a the deformation of the system in the
quasi-spin space.
The ground state energy, expressed in units of ε, is:

EHF

ε
= −N

2


1 +

w

N − 1
, for v + w < 1

1 + (v + w)2

2(v + w)
+

w

N − 1
, for v + w > 1

(2.29)

The result is shown in fig. 2.4 for different numbers of particles. As it can be seen, in
the first region of the potentials for w = 0 the energy is flat. When w = v, instead, it
assumes a linear dependence.

2.4 Random Phase Approximation

In order to develop the approximation, we need to write the RPA excitation operator
for the LMG model. This problem has been already approached in [13]. The RPA operator
reads

Q†ν =
∑
mi

Xν
mia
†
mai −

∑
mi

Y ν
mia
†
iam. (2.30)

To this aim, two preliminary comments must be made:
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Figure 2.3: HF ground state energy as a function of α for different value of v and v + w for a
10-particle LMG model.

• Since the quantum number p is left unchanged by the interaction, and the system
is degenerate in p, the excitations have all the same energy and the subscript ν can
be removed from the excitation operator.

• The amplitudes associated with the 1p-1h transition are all the same, so they can
be pulled out from the sum.

Using the definitions of K±, Q† reduces to

Q† =
1√
N

(XK+ − Y K−) . (2.31)

The term 1/
√
N is a normalization constant and is added for later convenience. Next

steps can be made following what has been done in the general case. From (1.32), the
equations of motion are

〈RPA| [K−, [H,Q†ν ]] |RPA〉 = ω 〈RPA| [K−, Q†ν ] |RPA〉
〈RPA| [K+, [H,Q

†
ν ]] |RPA〉 = ω 〈RPA| [K+, Q

†
ν ] |RPA〉 .

(2.32)

To evaluate these expression we can make use of the QBA. Of course, this means we need
to consider the Hamiltonian (2.23) and the ground state (2.24). Furthermore, Q† must
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Figure 2.4: HF ground state energy as a function of v for different number of particles and w
potential

be defined in term of the transformed operator. Using the action of operators K± on HF
state as in (2.25), the commutators on RHS can be evaluated and we get:

〈HF| [K−, [H,K+]] |HF〉
N

X − 〈HF| [K−, [H,K−]] |HF〉
N

Y = ωX

〈HF| [K+, [H,K+]] |HF〉
N

X − 〈HF| [K+, [H,K−]] |HF〉
N

Y = ωY,

(2.33)

where we have dropped all the tilde for simplicity. In order to write the equations in
matrix form we can define

A =
〈HF| [K−, [H,K+]] |HF〉

N

B = −〈HF| [K−, [H,K−]] |HF〉
N

.

(2.34)

Since the matrix element on the second row of (2.33) are the complex conjugate of the
terms on the first row, we get the RPA equation in matrix form (1.54) as in the general
formulation: (

A− ω B
B∗ A∗ + ω

)(
X
Y

)
= 0. (2.35)
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The commutators in A and B can be computed, and the full calculation is reported in
Appendix C.1. Evaluating the expressions with α = αHF as in (2.28) to fulfill the HF
condition we find

A = ε


1− w, for v < 1− w
3(v + w)2 − 1

2(v + w)
− w, for v > 1− w

(2.36)

B = ε


−v, for v < 1− w

−1 + (v + w)2

2(v + w)
+ w, for v > 1− w

(2.37)

We notice that the first region solution reflects for both A and B what we already found
for a general Hamiltonian in (1.54). This is because with this choice of α, the unitary
transformation in (2.21) reduces to the identity, and the trivial HF ground state (2.19)
is retrieved. We recognize w as the v̄mjin term, while v is the v̄mnij force. A different
situation characterizes the second region, which is described by a basis which is different
from the HF by a unitary transformation, and shows non-trivial solution. Since both A
and B are manifestly real, the RPA equations reads:(

A− ω B
B A+ ω

)(
X
Y

)
= 0. (2.38)

The eigenvalue problem can now be solved. The diagonalization of the matrix lead to

ω =
√
A2 −B2 and X =

B

ω −A
Y, (2.39)

where we selected only the positive eigenvalue. The problem is completely defined if
one looks at the condition the RPA amplitudes must satisfy for the excited states to be
orthonormal

〈ν|ν〉 = 1 = 〈RPA|QQ† |RPA〉
= 〈RPA| [QQ†] |RPA〉
' 〈HF| [QQ†] |HF〉
= (X∗X − Y Y ∗) ,

(2.40)

where in the last step we used the definition of excitation operator Q† in (2.31) and
relations (2.25) for the action of K± on the HF state. The normalization condition is
thus:

|X|2 − |Y |2 = 1. (2.41)
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Figure 2.5: RPA ground state energy as a function of v for different number of particles and w
potential

2.4.1 Ground state energy

The RPA ground state energy can be obtained with the steps described in [1]. We are
not going to get through the calculation; using (2.39) and (2.41) we obtain:

ERPA = EHF + ω|Y |2

= EHF +

√
A2 −B2 −A

2
.

(2.42)

The result is shown in Fig. 2.5. As can be seen, the RPA ground state energy presents a
bump at the value of the potential where the domain of the solution change. It is clearly
an artifact of the approximation, since the exact result does not present it. This behavior
seems to be avoided using a better approximation than QBA: calculations with SCRPA
show better agreements with the analytic solution [1].

We now compare the approximation methods taken into account and the exact solution.
In Fig. 2.6 the the 4-particles and the 20-particles LMG model ground state energy is
shown for the exact solution, the Hartree-Fock approximation and the RPA.

• For w = 0, the RPA solution follows quite closely the analytic one, while the
HF solution is slightly higher in energy. In the second region, in particular, the
agreement between RPA and the exact result is excellent.



2.4. RANDOM PHASE APPROXIMATION 31

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

	0 	0.5 	1 	1.5 	2

N=4

E G
S/ε

v

w=0

HF
RPA

Exact

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

	0 	0.5 	1 	1.5 	2

N=4

E G
S/ε

v

w=v

HF
RPA

Exact

-12.5

-12

-11.5

-11

-10.5

-10

-9.5

	0 	0.5 	1 	1.5 	2

E G
S/ε

N=20

v

HF
RPA

Exact

-12.5

-12

-11.5

-11

-10.5

-10

-9.5

	0 	0.5 	1 	1.5 	2

E G
S/ε

N=20

v

HF
RPA

Exact

Figure 2.6: Ground state energy comparison for the system of 4 particles (above) and 20 particles
(below) with HF, RPA and the exact solution.

• In the w = v case, things gets even better for the RPA solution, which follows
remarkably the real one, while the HF one still remain a bit departed. It must be
noted that in the second region the RPA energy tend to the HF energy. This is due
to the fact that here

B = − ε

4w
, (2.43)
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Figure 2.7: Excitation energy comparison with RPA, TDA and exact excitation energy.

so that for high value of w, B → 0, and consequently the RPA matrix reaches the
limiting case of TDA matrix.

In all the cases considered, the RPA and HF solutions converge for large values of the
interaction v and w. Also, it is evident that the solutions of the effective theories shows
better agreeement with the exact when the number of the particles composing the system
increases, attesting the better reliability of the mean field in the thermodynamic limit.

2.4.2 Excited state

In Fig. 2.7 the first excitation energy of the system with respect to v for RPA, TDA and
the exact solution is shown. The exact result has been obtained subtracting the ground
state to the first eigenvalue, while for the RPA and TDA case the excitation energy is ω.
This plot reveal the breakdown of the RPA and TDA the HF when choosing a basis which
is not the original HF one. In order to study this behavior in more detail, we evaluated the
RPA amplitudes. They can be obtained using the result of the diagonalization procedure
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(2.39) and the normalization condition (2.41):

|Y |2 =
1(

B
ω−A

)2
− 1

|X|2 = 1 + |Y |2.

(2.44)

In Fig. 2.8 the square modulus of |X| and |Y | as function of the potential v is shown.
For v = 1 and w = 0 or v = w = 0.5 both probabilities diverge. This behavior can be
understood analytically looking at the RPA matrix. Coming from the left of v potential,
the RPA matrix looks

RPA =

(
1− w −v
v 1− w

)
(2.45)

For v approaching to 1 and w = 0, or for both v and w approaching to 0.5, the elements
on the diagonal are almost equal to the elements outside. It is easy to check that the
diagonalization of such a matrix involves 0 energy eigenvalues and eigenvectors whose
absolute value is infinite. Since RPA is build assuming small values of |Y |, this result is
clearly not acceptable.

These results reveal the incapacity of the RPA to describe the excited state of
the system in some regions of the potentials. This was already noted in the Lipkin’s
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original paper, and might represent an artifact of mean field theories with this simplified
Hamiltonian [4]. In the following, we will try to answer to this fundamental question
presenting the application of the SRPA with the aim of understanding its effectiveness
with the LMG model.

2.5 Second Random Phase Approximation

The derivation of the SRPA equations has been widely described in [16] or [15], but no
attempts have been made to develop them for the LMG model. In the SRPA framework,
we have seen that Q†ν operator contains 2p-2h terms in addition to 1p-1h terms of RPA:

Q†ν =
∑
mi

Xν
mia
†
mai −

∑
mi

Y ν
mia
†
iam

+
∑

m<n,i<j

Zνmnija
†
ma
†
najai −

∑
m<n,i<j

W ν
mnija

†
ia
†
janam.

(2.46)

The fermion anti-commutation relations allow us to write the product of four creation
and annihilation operators as the product of two 1p-1h operators. Since the amplitudes
associated with a specific state are all the same, they can be pulled out from the sum,
and using the definitions of K±, the excitation operator Q†ν can be written as

Q†ν =
1√
N

(XνK+ − YνK−) +
1√

2N(N − 1)
(ZνK+K+ −WνK−K−) , (2.47)

where the normalization factors are added for later convenience. Consider now the RPA
motion equation (1.32). We will see that, in this case, hermiticity is retained, although
(1.35) is not satisfied. With the definition of operator Q†ν as in SRPA, we now have 4
different kind of operator R. This lead to a set of 4 equations:

〈RPA| [K−, [H,Q†ν ]] |RPA〉 = ων 〈RPA| [K−, Q†ν ] |RPA〉
〈RPA| [K−K−, [H,Q†ν ]] |RPA〉 = ων 〈RPA| [K−K−, Q†ν ] |RPA〉
〈RPA| [K+, [H,Q

†
ν ]] |RPA〉 = ων 〈RPA| [K+, Q

†
ν ] |RPA〉

〈RPA| [K+K+, [H,Q
†
ν ]] |RPA〉 = ων 〈RPA| [K+K+, Q

†
ν ] |RPA〉 .

(2.48)

Here, the excitation energy conserves the subscript ν since we now have two way to
excite the system. Again, these equation can be evaluated with the approximation as in
(1.60), and that means we need to use HF Hamiltonian (2.23) and the ground state (2.24).
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Putting (2.47) in the equation of motions and evaluating RHS commutators we get
〈HF| [K−, [H,K+]] |HF〉

N
Xν −

〈HF| [K−, [H,K−]] |HF〉
N

Yν

+
〈HF| [K−, [H,K+K+]] |HF〉

N
√

2(N − 1)
Zν −

〈HF| [K−, [H,K−K−]] |HF〉
N
√

2(N − 1)
Wν = ωνXν

〈HF| [K−K−, [H,K+]] |HF〉
N
√

2(N − 1)
Xν −

〈HF| [K−K−, [H,K−]] |HF〉
N
√

2(N − 1)
Yν

+
〈HF| [K−K−, [H,K+K+]] |HF〉

2N(N − 1)
Zν −

〈HF| [K−K−, [H,K−K−]] |HF〉
2N(N − 1)

Wν = ωνZν

〈HF| [K+, [H,K+]] |HF〉
N

Xν −
〈HF| [K+, [H,K−]] |HF〉

N
Yν

+
〈HF| [K+, [H,K+K+]] |HF〉

N
√

2(N − 1)
Zν −

〈HF| [K+, [H,K−K−]] |HF〉
N
√

2(N − 1)
Wν = ωνYν

〈HF| [K+K+, [H,K+]] |HF〉
N
√

2(N − 1)
Xν −

〈HF| [K+K+, [H,K−]] |HF〉
N
√

2(N − 1)
Yν

+
〈HF| [K+K+, [H,K+K+]] |HF〉

2N(N − 1)
Zν −

〈HF| [K+K+, [H,K−K−]] |HF〉
2N(N − 1)

Wν = ωνWν .

(2.49)
Again, we have dropped all the tilde for simplicity. We notice that some matrix elements
have the same form but appear with all + and − inverted. One can show they represent
the same quantity apart from a complex conjugation. The equations can then be written
in a simpler form as:

A1,1Xν +A1,2Zν +B1,1Yν +B1,2Wν = ωνXν

A2,1Xν +A2,2Zν +B2,1Yν +B2,2Wν = ωνZν

B∗1,1Xν +B∗1,2Zν +A∗1,1Yν +A∗1,2Wν = −ωνYν
B∗2,1Xν +B∗2,2Zν +A∗2,1Yν +A∗2,2Wν = −ωνWν ,

(2.50)

where
A1,1 =

〈HF| [K−, [H,K+]] |HF〉
N

A1,2 =
〈HF| [K−, [H,K+K+]] |HF〉

N
√

2(N − 1)

A2,1 =
〈HF| [K−K−, [H,K+]] |HF〉

N
√

2(N − 1)

A2,2 =
〈HF| [K−K−, [H,K+K+]] |HF〉

2N(N − 1)
,

(2.51)
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and

B1,1 = −〈HF| [K−, [H,K−]] |HF〉
N

B1,2 = −〈HF| [K−, [H,K−K−]] |HF〉
N
√

2(N − 1)

B2,1 = −〈HF| [K−K−, [H,K−]] |HF〉
N
√

2(N − 1)

B2,2 = −〈HF| [K−K−, [H,K−K−]] |HF〉
2N(N − 1)

.

(2.52)

The matrix elements A1,1 and B1,1 are the usual RPA matrix elements, while A1,2 describe
the coupling of 1p-1h states to 2p-2h states and A2,2 gives the mixing matrix elements
among 2p-2h states themselves. We can then write (2.50) in matrix notation as in his
general formulation (1.61):

(
A B
−B∗ −A∗

)(
Xν
Yν

)
= ων

(
Xν
Yν

)
, (2.53)

where

A =

(
A1,1 A1,2

A2,1 A2,2

)
B =

(
B1,1 B1,2

B2,1 B2,2

)
,

(2.54)

and

Xν =

(
Xν

Zν

)
Yν =

(
Yν
Wν

)
.

(2.55)

We need now to obtain the explicit form of the elements of A and B matrices. As in RPA,
this can be achieved using the HF Hamiltonian (2.23) and the ground state (2.24). All
the calculation are reported in C.1. Using the correct value for the variational parameter
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α for the HF approximation, we end up with:

A1,2 =
ε√

N − 1


0, for v < 1− w√

2(v + w)2 − 2

v + w
, for v > 1− w

A2,2 =
ε

(N − 1)


2(N − 1)− 2w(N − 2), for v < 1− w
3(v + w)2(N − 2) + 4−N

v + w
− 2w(N − 2), for v > 1− w

A2,1 = A1,2

B1,2 = B2,1 = B2,2 = 0.

(2.56)

Where the A2,1 = A1,2 result guarantees the hermiticity of the equations and allows
us to use the equation of motion (1.32) instead of (1.33). The last relation is clearly a
consequence of the quasi-boson approximation.

As we have already pointed out, A and B matrices exhibit symmetries in complete
analogy with the simple RPA. Furthermore, since our matrix elements are all real, the
second RPA matrix can be reduced as:

A1,1 A1,2 B1,1 0
A1,2 A2,2 0 0
−B1,1 0 −A1,1 −A1,2

0 0 −A1,2 −A2,2



Xν

Zν
Yν
Wν

 = ων


Xν

Zν
Yν
Wν

 (2.57)

As in RPA, the problem is completely defined once the SRPA orthonormality relation for
the amplitudes is determined. It reads:

|Xν |2 − |Yν |2 + |Zν |2 − |Wν |2 = 1. (2.58)

2.5.1 Excited states

The eigenvalue problem can be solved in order to find the excitation energies. The
diagonalization of the matrix gives two results:

ω1,2 =

√√√√√√√A2
1,1 + 2A2

1,2 +A2
2,2 −B2

1,1

2
± 1

2

√√√√√√
A4

1,1 +A4
2,2 +B4

1,1 − 2B2
1,1(A

2
1,1 + 2A2

1,2

−A2
2,2) + 4A2

1,1A
2
1,2 − 2A2

1,1A
2
2,2

+ 4A2
1,2A

2
2,2 + 8A1,1A

2
1,2A2,2,

(2.59)
As can be seen, for A1,2 and A2,2 equal to zero we come back to the standard RPA
excitation energy.
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Figure 2.9: SRPA and exact excitation energy

It is worthwhile to note the excitation energies of the model in the case of small values
of v+w, namely in the first region of definition of the solutions. Here, A1,2 matrix is equal
to 0, which means the model does not take into accounts 1p-2h and 1h-2p correlations.
The excitation energies then result:

ω1 = ωRPA

ω2 = A2,2.
(2.60)

Instead, when the matrix is evaluated in the second region, namely using the a different
variational parameter than the trivial solution α = 0, 1p-2h and 1h-2p correlations are
taken into account. The trivial solution for the first region is due to LMG intrinsic
simplicity: the general SRPA expressions for the its matrix elements (1.68) show the
dependence of A1,2 by terms like vkmpq, which are missing in the LMG model.

In Fig. 2.9 the excitation energies are shown compared to the exact solution. As in
RPA, the brakedown of the theory is manifest in the second region. We conclude the
impossibility for the LMG model to be described in this region by both RPA and SRPA
theories.



Chapter 3

The generalized Lipkin model

The results of the previous chapter show the inadequacy of HF, RPA and SRPA to
describe the LMG model for high values of the potentials. Furthermore, SRPA calculations
evidences the lack of 1p-1h 2p-2h coupling, which is a consequence of the extreme simplicity
of the model.

We wonder if a more complex Hamiltonian would solve the issues we encountered
using the approximation methods. In this chapter we propose and analyze an extended
version of the LMG model which makes use of a more general interaction. In second
quantization, a general two-body force reads

V =
1

2

∑
σ1,σ2σ3σ4

∑
p,p′

〈pσ1, p′σ2|V |pσ3, p′σ4〉 a†p,σ1a
†
p′,σ2

ap′,σ4ap,σ3 . (3.1)

As in LMG model, we label with p all the particular degenerate states within a given
shell, and with σ the particular energy level. In this form, the interaction does not change
the quantum number p. We write explicitly the various terms in σ assuming two levels:

V =
V++,−−

2

(
K2

+ +K2
−
)

+
V+−,−+

2
(K+K− +K−K+ −K0− −K0+)

+ V+−,+−K0+K0−

+
V−−,+−

2
(K−K0− +K0−K+) +

V−−,−+
2

(K−K0− +K0−K+)

+
V++,−+

2
(K+K0+ +K0+K−) +

V++,+−
2

(K+K0+ +K0+K−)

+
V++,++

2
K2

0+ +
V−−,−−

2
K2

0−,

(3.2)

where we have used the quasi-spin operator defined in (2.6) and have introduced two
additional operators:

K0+ =
∑
p

a†p,+ap,+

K0− =
∑
p

a†p,−ap,−,
(3.3)

39
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which satisfy
[K0±,K+] = ±K+

[K0±,K−] = ∓K−.
(3.4)

We can write V++,−− and V+−,−+ as −V and −W , following the original LMG convention.
Since the interaction must be symmetric for the exchange of particles, V takes a more
compact form:

V = −V
2

(
K2

+ +K2
−
)
− W

2
({K+,K−} − (K0− +K0+)) +

+ V+−,+−K0+K0−

+ V−−,+− (K−K0− +K0−K+)

+ V++,−+ (K+K0+ +K0+K−)

+
V++,++

2
K2

0+ +
V−−,−−

2
K2

0−.

(3.5)

This expression is still difficult to handle because of the presence of operators K0±, which
are not diagonal in angular momentum representation. Thus, we assume the following
approximation:

V+−,+− = V++,++ = V−−,−− = −F
V−−,+− = V++,−+ = −G.

(3.6)

This leads to

V =− V

2

(
K2

+ +K2
−
)
− W

2
({K+,K−} − (K0− +K0+))

− F

2
(K0+ +K0−)2 −G (K−K0− +K0−K+ +K+K0+ +K0+K−) .

(3.7)

The term proportional to G can be rewritten exploiting the commutation relations (3.4)
to get

V =− V

2

(
K2

+ +K2
−
)
− W

2
({K+,K−} − (K0− +K0+))

− F

2
(K0+ +K0−)2 −G(K+ +K−)(K0+ +K0− − 1).

(3.8)

Since the sum of K0+ and K0− is the total number of particles, which is a constant of
the model, the total Hamiltonian can be written as:

H =εK0 −
V

2
(K2

+ +K2
−)− W

2
(K+K− +K−K+)

−G(K+ +K−)(N − 1) +
W

2
N − F

2
N2.

(3.9)

Since the number of particles is a constant of the model, we can get rid of the last two
terms. The form of our generalized LMG model is thus:

H = εK0 −
V

2
(K2

+ +K2
−)− W

2
(K+K− +K−K+)−G(K+ +K−)(N − 1). (3.10)
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Figure 3.1: First two excitation energies for the 20-particle extended LMG

The novelty with respect of the LMG model is represented by the terms proportional
to G. Despite they come from a two-body interaction, they are one-body operator: this is
due by the angular commutation relation.

3.1 Solution of the model

The goal of this procedure has been to obtain a generalization of the LMG model
which is still very simple to solve. Indeed, the angular momentum basis can be used as
the basis for our Hamiltonian. As an example, we write down the Hamiltonian for a
system composed of 3 particle, which can be compared with (2.18) :

H3

ε
=



−3
2 −

3
4w −

√
3g −

√
3
2 v 0

−
√

3g −1
2 −

7
4w −2g −

√
3
2 v

−
√
3
2 v −2g 1

2 −
7
4w −

√
3g

0 −
√
3
2 v −

√
3g 3

2 −
3
4w


, (3.11)
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where we have chosen
g =

G

ε
(N − 1). (3.12)

As in the previous case, the Hamiltonian can be diagonalized both analitically and numer-
ically. Of course, when the number of particles is too high, the analytic diagonalization is
a formidable problem. Here, the numerical solution has always been preferred.

Of course, to carry on the computation we need to specify the value of g with respect
of the other terms, v and w. To start, we decide to consider them as equal, and write

g = v, (3.13)

but we will discuss other choices later. In Fig. 3.1 the first two excitation energies of this
model are drawn with respect to v. Along the line of the LMG model, w potential has
been considered in two limit cases. The right-hand graph, therefore, shows the case where
all the potential are equal. As can be seen comparing with 2.2, the main difference with
the standard LMG is on the first excited state, which is now an increasing function of v.

3.2 Hartree-Fock approximation

The Hartree Fock approximation can be developed along the same line of the standard
LMG case. We consider again the unitary trasformation of the fermion operators as in
(2.21), and the expression of the trasformed operator K̃± and K̃0 in (2.22). Writing the
model Hamiltonian (3.10) in terms of these operators we get

H̃ =
ε

2

[
2 cosαK̃0 + sinα(K̃+ + K̃−)

]
+
W

2

[
K̃2

+ + K̃2
− − {K̃+, K̃−}

]
− V +W

4

[
sin2 α

(
4K̃2

0 − {K̃+, K̃−}
)
− sin 2α

(
{K̃0, K̃+}+ {K̃0, K̃−}

)
+(1 + cos2 α)(K̃2

+ + K̃2
−)
]
−G

(
cosα(K̃+ + K̃−)− 2 sinαK̃0

)
(N − 1).

(3.14)

This Hamiltonian differs from (2.23) by the terms proportional to G. Using the ground
state (2.24), the ground state energy and the variational condition can be calculated:

〈HF| H̃ |HF〉 = −N ε

2

(
cosα+

w

N − 1
+
v + w

2
sin2 α+ 2g sinα

)
∂ẼHF

∂α
= N

ε

2
(sinα− (v + w) sinα cosα− 2g cosα) = 0.

(3.15)

This time, the minimization condition is not trivial and must be solved numerically. In
Fig. 3.2 the dependence of the HF ground state energy with the variational parameter α
for different values of the potential is shown. Comparing with Fig. 2.3 we notice that
within this model there is no trace of discontinuity of α. Furthermore, no zero solution of
α exists: the HF basis build by bare particles is never able to describe the system and a
unitary transformation is always needed.

We are not going to evaluate the energy of the ground state, as did previously, but
we will focus on the excitation energies only, where the approximation methods failed in
reproducing the exact LMG model results.
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Figure 3.2: HF ground state energy as a function of α for different values of v, g and w.

3.3 Random phase approximation

In this section we will develop the RPA for the generalized LMG model. The derivation
of the equation is completely equivalent to the previous case. Nevertheless, the new
terms appearing in the HF Hamiltonian lead to different expressions for the RPA matrix
elements. Since this Hamiltonian differs from the previous only by the terms proportional
to g, we only need to calculate the matrix elements with these terms. The details of the
calculations can be found in Appendix C.2; here we report the results:

A1,1 = ε

(
cosα− w +

3

2
(v + w) sin2 α+ 2g sinα

)
B1,1 = ε

(
w − v + w

2
(1 + cos2 α)

)
,

(3.16)

where we now specify the subscript on both terms for later convenience in SRPA. The
newly calculated RPA matrix elements differ only for the A matrix, which shows now an
additional term proportional to g.

This has huge consequences on the RPA matrix. In Sec. 2.4 we discussed that for
RPA to be effective the amplitude Y should be small compared to X. If Y is too strong,
the replacement of the correlated ground state |RPA〉 by |HF〉 is not justified. In the
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Figure 3.3: First excitation energy for RPA approximation and exact solution. The two curves
are superimposed.

LMG model, for v = 1 and w = 0 or v = w = 0.5 both amplitudes diverge, and therefore
the approximation fails. The presence of g in the generalized LMG model makes A and B
terms different, and the brakedown for v = 1 and w = 0 or v = w = 0.5 of RPA is now
solved.

The RPA matrix elements must be evaluated using the values for the variational
parameter α obtained by the minimization condition (3.15). The excitation energy ω
resulting by the matrix diagonalization is shown in Fig. 3.3 compared with the exact
value. The accuracy of the RPA solution is now outstanding, both in the w = 0 and
w = v case.

In Fig. 3.4 we show the RPA Y amplitude. As can be seen, the squared modulus of
the Y amplitude is always very small. This result reveals the new model as a weakly
correlated system, which could also be described with good accuracy using TDA. Of
course, this is true only for the chosen set of potentials, namely g = v. We will see, in the
next chapters, that other choices could lead to more correlated systems.
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Figure 3.4: Squared modulus of Y amplitude.

3.4 Second Random Phase Approximation

In this section we will derive the SRPA for the generalized LMG model. Unlike RPA,
the presence of the terms proportional to g in the HF Hamiltonian lead to a change in
the definition of the SRPA equations. Indeed, to retain hermiticity in the SRPA matrix
we need to start from a more general equation of motion then (1.32), namely we need to
use (1.33). This leads the same set of matrix elements apart from the off-diagonal terms
in A, which are now defined as

A′1,2 =
1

2

(
〈HF|[K−, [H,K2

+]]|HF〉+ 〈HF|[K−, H],K2
+]]|HF〉

)
=

1

2

(
〈HF|[K−, [H,K2

+]]|HF〉+ 〈HF|[K2
+, [H,K−]]|HF〉

)
=

1

2

(
A1,2 +A∗2,1

)
A′2,1 =

1

2

(
〈HF|[K2

−, [H,K+]]|HF〉+ 〈HF|[K2
−, H],K+]]|HF〉

)
=

1

2

(
〈HF|[K−, [H,K2

+]]|HF〉+ 〈HF|[K+, [H,K
2
−]]|HF〉

)
=

1

2

(
A2,1 +A∗1,2

)

(3.17)
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Figure 3.5: Excitation energies for SRPA approximation and the exact solution. The two curves
are almost superimposed.

Since the matrix elements in our model are always real, this choice of the equation of
motion indeed guarantees the SRPA matrix hermiticity:

A′1,2 = A′2,1 (3.18)

Similar situation would occur in B, but, as we have already discussed for the LMG model,
due to the use of HF ground state B1,2 and B2,1 are 0. The SRPA matrix to solve is thus:

A1,1 A′1,2 B1,1 0

A′1,2 A2,2 0 0

−B1,1 0 −A1,1 −A′1,2
0 0 −A′1,2 −A2,2



Xν

Zν
Yν
Wν

 = ων


Xν

Zν
Yν
Wν

 (3.19)

The terms A1,1 and B1,1 are the RPA matrix elements and they are given in (3.16). The
calculation of A1,2, A2,1 and A2,2 are reported in Appendix C.2; the results read

A′1,2 =
ε

2
√

2(N − 1)
(sinα(N − 1)− (v + w) sinα cosα(N − 5)− 2g cosα(N − 1))

A2,2 =
ε

N − 1

(
2 cosα(N − 1)− 2w(N − 2) + 3(v + w) sin2 α(N − 2) + 4g sinα(N − 1)

)
.

(3.20)
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All the SRPA matrix elements must be evaluated using the value of α obtained by the
minimization condition in (3.15). The excitation energies given by the solution of the
eigenvalue problem are shown in (3.5) as function of v. They are compared with the exact
result, showing the remarkable accuracy of the approximation, both in the first and in
the second excited states and for w = 0 and w = v.

In Fig. 3.7 and 3.8 we present the square of the amplitudes appearing in the excitation
operator (2.47) for the first and the second excited states, respectively. We did not expect
the situation to change with respect of the RPA case, which demonstrated very small
correlations. Indeed, in both cases for the excitation energies only one amplitudes is
huge compared to the others. The amplitudes which correspond to the first excitation
are strongly dominated by X, which is consistent with idea that this state must be due
primarily by the 1p-1h excitation term. For the second excited state, the high value of Z
reveals the importance of the 2p-2h excitation process. In both case, the W term looks
always negligible.

These results confirm the fact that RPA and SRPA are effective in describing the
excitation of the new model Hamiltonian. The presence of g potential in the Hamiltonian
is indeed the key of the success of these approximation methods.

3.4.1 RPA and SRPA comparison

It is interesting to compare the RPA and SRPA result for the first excitation energy.
In principle, including correlations with 2p-2h configurations, SRPA is a more complete
theory. Nevertheless, the approximation (1.60) which must be made to calculate the
commutators here is deeply different than the QBA used in RPA. We present the result
as the percentage deviation from the exact result for the excitation energy, namely

%Error =
Exc− Exact

Exact
× 100. (3.21)

Fig. 3.6 shows the overall improvement of SRPA over RPA, especially for the w = v case.
It must be noted, though, that for very small values of the potential, RPA gives a slightly
better result. These considerations are equivalent also for other choices of the potentials.
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Figure 3.6: Percentage error for RPA and SRPA approximation compared with exact solution for
the first excited state.
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Figure 3.7: SRPA square amplitudes of the first excited state.
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Chapter 4

Particle-Vibration Coupling

In this chapter we will develop the Particle-Vibration Coupling (PVC) theory for the
LMG model. As the SRPA, this approximation represents a way of going beyond the
RPA scheme. We will not going through the many aspects of the theory, for which we
refer to [19–21].

4.1 Introduction

The spirit of PVC is to take into account the coupling between vibrations in nuclei
and single-particle excitations. This is achieved including the phonon states along with
pure particle states in the configuration space.

This approach can help in the evaluation of the spreading width of giant resonances.
As we know, the SRPA tackles the problem by enlarging the model space with the subspace
of 2p-2h states. On average, these configurations are higher in energy. Nevertheless, they
introduce correlations which deacrease the energy of the low lying states. PVC starts
from the consideration that, as we know from the RPA, the phonon states have a lower
energy then the single 1p-1h excitations. The idea of PVC in this contex is thus to expand
the RPA model space with the subspace containing 1p-1h states and phonon states. This
allows to include the couplings among 1p-1h and phonon states, which are believed to
describe with satisfactory detail the low energy spectra. Moreover, the formalism of PVC
allows to reduce the configuration space choosing the most important phonons to be
included, i.e. the low energy ones and the collective states. In this sense, the coupling
between a phonon a particle-hole are intended to describe the physical mechanism leading
to the spreading of the collective modes [19].

In PVC theory the excitation operator has the following form:

Q†ν =
∑
mi

(
Xν
mia
†
mai − Y ν

mia
†
iam

)
+
∑
mnkL

(
ZνmnkLa

†
maiQ

†
kL −W

ν
mnkLQkLa

†
iam

)
. (4.1)

As was already explained, the underlying idea of PVC is to highlight the role of the
phonon in the interaction with 1p-1h states. In this picture, the configuration space can

51
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be taken as the product space of a subspace containing the ground and 1p-1h excitations
and a subspace containing phonons, namely:

|PVC〉 ≡ |HF〉 ⊗ |RPA〉 . (4.2)

For realistic calculations we refer to [28] and [29].

4.2 The generalized Lipkin model case

As we have seen, excitations in PVC theory are build as 1p-1h or 1p-1h and a phonon.
For the LMG model, we have already remarked the fact that there exists only one possible
kind of 1p-1h excitation. Similarly, also the phonon is unique. This allows us to pull the
amplitudes out from the sum and write, for the excitation operator of the system:

Q†ν =
1√
N

(
X ′νK+ − Y ′νK− + Z ′νK+Q

†
RPA −W

′
νQRPAK−

)
, (4.3)

where Q†RPA is the usual RPA excitation operator

Q†RPA =
1√
N

(XK+ − Y K−) . (4.4)

The term 1/
√
N in the excitation operator Q†ν has been added for the normalization of

the amplitudes, which reads, as in SRPA:

|X ′|2 − |Y ′|2 + |Z ′|2 − |W ′|2 = 1. (4.5)

The derivation of the PVC equations can be done in an analogous way of RPA or SRPA.
In realistic nuclear calculations is often useful to use a more effective formulation, which
involves the diagonalization of a smaller matrix. This procedure can be found in Appendix
??. In our case, starting from the equation of motion (1.33), we write the set of 4
equations:

〈0| [K−, H,Q†ν ] |0〉 = ων 〈0| [K−, Q†ν ] |0〉
〈0| [QRPAK−, H,Q

†
ν ] |0〉 = ων 〈0| [QRPAK−, Q

†
ν ] |0〉

〈0| [K+, H,Q
†
ν ] |0〉 = ων 〈0| [K+, Q

†
ν ] |0〉

〈0| [K+Q
†
RPA, H,Q

†
ν ] |0〉 = ων 〈0| [K+Q

†
RPA, Q

†
ν ] |0〉 ,

(4.6)

where we call |0〉 the state |PVC〉 for simplicity of notation. The commutators can be
evaluated with the choice for the ground state made in (4.2). We can start with the terms
on r.h.s.: as an example, we write down the calculations for the term on the second line
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(the first one is trivial since it is the same that appears in RPA equations):

〈0| [QRPAK−, Q
†
ν ] |0〉 ≈ 〈RPA| 〈HF|[QRPAK−, Q

†
ν ]|HF〉 |RPA〉

=
1√
N
〈RPA| 〈HF|QRPAK−K+Q

†
RPA|HF〉 |RPA〉

=
1√
N
〈HF|K−K+|HF〉 〈RPA|QRPAQ

†
RPA|RPA〉

=
√
N,

(4.7)

where the last step follows for the normalization of RPA phonon. Same result is obtained
for all commutators on RHS, so that we can write our equations in matrix notation:

A1,1 A′1,2 B1,1 B′1,2
A′1,2 A2,2 B′1,2 B2,2

−B1,1 −B′1,2 −A1,1 −A′1,2
−B′1,2 −B2,2 −A′1,2 −A2,2



X ′ν
Z ′ν
Y ′ν
W ′ν

 = ων


X ′ν
Z ′ν
Y ′ν
W ′ν

 , (4.8)

where we have defined:

A1,1 =
〈0| [K−, [H,K+]] |0〉

N

A1,2 =
〈0| [K−, [H,K+Q

†
RPA]] |0〉

N

A2,1 =
〈0| [QRPAK−, [H,K+]] |0〉

N

A2,2 =
〈0| [QRPAK−, [H,K+Q

†
RPA]] |0〉

N
,

(4.9)

and
B1,1 = −〈0| [K−, [H,K−]] |0〉

N

B1,2 = −〈0| [K−, [H,QRPAK−]] |0〉
N

B2,1 = −〈0| [QRPAK−, [H,K−]] |0〉
N

B2,2 = −〈0| [QRPAK−, [H,QRPAK−]] |0〉
N

.

(4.10)

Also, we have:

A′1,2 =
1

2
(A1,2 +A2,1)

B′1,2 =
1

2
(B1,2 +B2,1) ,

(4.11)

to retain hermiticity of the matrix. The terms A1,1 and B1,1 are the same of RPA, and
have already been calculated in sec. 3.3. It is also easy to check that

B1,2 = B2,1 = B2,2 = 0, (4.12)
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so that the PVC matrix looks alike the SRPA one:
A1,1 A′1,2 B1,1 0

A′1,2 A2,2 0 0

−B1,1 0 −A1,1 −A′1,2
0 0 −A′1,2 −A2,2



X ′ν
Z ′ν
Y ′ν
W ′ν

 = ων


X ′ν
Z ′ν
Y ′ν
W ′ν

 . (4.13)

4.2.1 PVC matrix elements

In this section we will evaluate the matrix elements of the PVC matrix. We start with
the off-diagonal term A1,2, whose expectation value in the numerator is:

〈0[K−[H,K+Q
†
RPA]]0〉 ≈ 〈HF| 〈RPA|[K−[H,K+Q

†
RPA]]|RPA〉 |HF〉

= 〈HF| 〈RPA|K−HK+Q
†
RPA|RPA〉 |HF〉

= 〈HF|K−K+|HF〉 〈RPA|HQ†RPA|RPA〉

= N 〈RPA|[H,Q†RPA]|RPA〉

= N 〈HF|[H,Q†RPA]|HF〉 .

(4.14)

The steps are carried out taking care the fact that K± and QRPA acts on different
subspaces, and therefore expliciting the only non-zero results. We can then write down
the phonon by means of operator K+ and K−, and find the expectation value in HF state:

=
√
N (X 〈HF|[H,K+]|HF〉+ Y 〈HF|[K−, H]|HF〉)

=
√
N(X + Y ) 〈HF|HK+|HF〉 ,

(4.15)

where in the last step we used the property that the matrix elements are all real (the
complex conjugate is obtained changing − to +). We end up with:

A1,2 =
X + Y√

N
〈HF|HK+|HF〉

= ε
√
N(X + Y )

(
sinα

2
− g cosα− v + w

4
sin(2α)

)
,

(4.16)

where we used the explicit form the HF Hamiltonian (3.14) to evaluate the expectation
value. In this expression, only the terms proportional to K− needed to be evaluated.
With similar steps, one obtains A2,1 = 0. We proceed with the calculation of the A2,2

term, whose numerator reads:

〈0[QRPAK−[H,K+Q
†
RPA]]0〉 ≈ 〈HF| 〈RPA|[QRPAK−[H,K+Q

†
RPA]]|RPA〉 |HF〉

= 〈HF| 〈RPA| |QRPAK−HK+Q
†
RPA−

QRPAK−K+Q
†
RPAH| |RPA〉 |HF〉

= 〈HF|K−HK+|HF〉+N 〈RPA|QHQ†RPA|RPA〉

−N 〈RPA|QQ†RPAH|RPA〉 − 〈HF|K−K+H|HF〉

= 〈HF|[K−, [H,K+]|HF〉+N 〈RPA|Q, [H,Q†RPA]|RPA〉 .
(4.17)
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The second term of the last sum can be expanded writing explicitly the phonon, and
switching to the HF ground state by means of the commutator:

〈RPA|Q, [H,Q†RPA]|RPA〉 ≈ 〈HF|[Q, [H,Q†RPA]]|HF〉
= N−1

(
X2 〈HF|[K−, [H,K+]]|HF〉 −XY 〈HF|[K−, [H,K−]]|RPA〉

−Y X 〈HF|[K+, [H,K+]]|HF〉+ Y 2 〈HF|[K+, [H,K−]]|HF〉
)

= N−1(X2 + Y 2) 〈HF|[K−, [H,K+]]|HF〉+
2N−1XY 〈HF|[K+, [H,K+]]|HF〉 .

(4.18)

Coming back to the previous expression, we get

〈0[QRPAK−[H,K+Q
†
RPA]]0〉 = 2X2 〈HF|[K−, [H,K+]|HF〉 − 2XY 〈HF|[K+, [H,K+]]|HF〉

= 2NX(XA1,1 − Y B1,1),

(4.19)

where we used of the normalization relation of the RPA amplitudes and wrote the result
with the definition of the RPA matrix elements. We report the full result using RPA
expressions (3.16):

A2,2 = 2X(XA1,1 − Y B1,1)

= ε2X

(
X

(
cosα− w +

3

2
(v + w) sin2 α+ 2g sinα

)
+

Y

(
w − v + w

2
(1 + cos2 α)

))
.

(4.20)

4.2.2 Results

The eigenvalue problem in (4.13) can be solved numerically and four excitation energies
are found. First, we compare the result for the first excitation energy with the RPA
solution (see Fig. 4.1 above). With the usual choice of potential, namely g = v and w = 0
or w = v, we observe that the two results are completely identical. Further studies with
different values of the parameters shows a slightly, yet almost invisible, improvement of
the PVC solution. These results suggest that for a simple Hamiltonian like the generalized
LMG, the correlation introduced in the PVC scheme are non important.

We present the result for the excitation energy of the second state as the deviation
with the exact, compared with SRPA, in Fig. (4.1). As can be seen from the plot, the error
of PVC is about twice that of SRPA. Nevertheless, the error for both approximations is
about few percentage points. It must be emphasized that, unlike SRPA, PVC calculations
involves only one-particle operators inside the commutators. In this perspective, PVC
has the advantage of offering good results with small computational efforts.



56 CHAPTER 4. PARTICLE-VIBRATION COUPLING

-0.1

-0.05

	0

	0.05

	0.1

	0.15

	0.2

	0.25

	0 	0.2 	0.4	0.6 	0.8 	1 	1.2	1.4 	1.6	1.8 	2

%
	E
rro

r

v

w=0

RPA
PVC

-0.1

	0

	0.1

	0.2

	0.3

	0.4

	0.5

	0.6

	0.7

	0.8

	0 	0.2 	0.4 	0.6 	0.8 	1 	1.2 	1.4 	1.6 	1.8 	2
v

w=v

RPA
PVC

	0

	1

	2

	3

	4

	5

	6

	7

	8

	0 	0.2 	0.4 	0.6 	0.8 	1 	1.2 	1.4 	1.6 	1.8 	2

%
	E
rro

r

v

w=0

SRPA
PVC

-1

	0

	1

	2

	3

	4

	5

	6

	7

	0 	0.2 	0.4 	0.6 	0.8 	1 	1.2 	1.4 	1.6 	1.8 	2
v

w=v

SRPA
PVC

Figure 4.1: PVC and RPA comparison for the first excitation (above) and PVC and SRPA
comparison for the second excitation energy (below).
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4.3 Extended Particle-Vibration Coupling

In PVC approach the basis state for all configurations is the product space of HF and
RPA. As we have explained before, this choice is motivated by the observed coupling
between the resonance states with the compound nuclear states. Nevertheless, it may also
seem unphysical to distinguish the basis state of the system into two separated subspaces.

In this section, we want to brake this fundamental assumption in order to take into
accounts the couplings between 1p-1h excitations and the single 1p-1h excitations which
constitute the phonon. The excitation operator should be as in PVC (4.3):

Q†ν =
1√
N

(
X ′νK+ − Y ′νK−

)
+

1

X
√

2(N − 1)

(
Z ′νK+Q

†
RPA −W

′
νQRPAK−

)
. (4.21)

All the constant factors have been added to get the normalization of the amplitudes as in
SRPA or in PVC. Note that the X term on the denominator of PVC excitation operator
is the amplitude associated with the RPA phonon (4.5).

From a mathematical point of view, this is the natural generalization of the SRPA
excitation operator, which now includes mixed terms like K+K− or K−K+, here weighted
by the RPA amplitudes. Of course, the most general operator should introduce also new
amplitudes for every additional terms. Nonetheless, this goes beyond the scope of this
section.

Our aim is to build the equations starting from the equation of motion (1.33). This
can be done along the line already discussed in previous sections. The set of equations
read, in matrix form:


A1,1 A′1,2 B1,1 B′1,2
A′1,2 A2,2 B′1,2 B2,2

−B1,1 −B′1,2 −A1,1 −A′1,2
−B′1,2 −B2,2 −A′1,2 −A2,2



X ′ν
Z ′ν
Y ′ν
W ′ν

 = ων


X ′ν
Z ′ν
Y ′ν
W ′ν

 , (4.22)

where

A1,1 =
〈HF| [K−, [H,K+]] |HF〉

N

A1,2 =
〈HF| [K−, [H,K+Q

†
RPA]] |HF〉

X
√

2N(N − 1)

A2,1 =
〈HF| [QRPAK−, [H,K+]] |HF〉

X
√

2N(N − 1)

A2,2 =
〈HF| [QRPAK−, [H,K+Q

†
RPA]] |HF〉

2X2(N − 1)
,

(4.23)
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and
B1,1 = −〈HF| [K−, [H,K−]] |HF〉

N

B1,2 = −〈HF| [K−, [H,QRPAK−]] |HF〉
X
√

2N(N − 1)

B2,1 = −〈HF| [QRPAK−, [H,K−]] |HF〉
X
√

2N(N − 1)

B2,2 = −〈HF| [QRPAK−, [H,K−QRPA]] |HF〉
2X2(N − 1)

.

(4.24)

The evaluation of the matrix elements are reported in Appendix C.3. We find out
that B1,2, B2,1 and B2,2 are non-zero because of the presence of mixed terms like K+K−
or K−K+ due to the phonon. We report the results:

A′1,2
ε

=

√
1

8(N − 1)
(sinα(N − 1)− (v + w) sinα cosα(N − 3)− 2g cosα(N − 1))

− Y

X
√

2(N − 1)
N (− sinα(N − 1)− (v + w) sinα cosα+ 2g cosα)

+
1√

8(N − 1)
(v + w) sin(2α),

A2,2

ε
=

1

N − 1

(
2 cosα(N − 1)− 2w(N − 2) + 3(v + w) sin2 α(N − 2) + 4g sinα(N − 1)

)
+

+
Y

X

(
w − v + w

2
(1 + cos2 α)

)
,

(4.25)

and

B′1,2
ε

=
Y

2X
√

2(N − 1)
N

(
− sinα+

v + w

2
sin(2α) + 2g cosα

)
,

B2,2

ε
= −Y

X

(
w − v + w

2
(1 + cos2 α)

)
.

(4.26)

Evaluated all the results using αHF , we can solve numerically the eigenvalue problem
(4.22). The results for the excitation energy is compared with the SRPA solution as
the deviation from the exact solution in Fig. 4.2. The extended PVC results shows
better agreement with the exact result, especially for the second excited state, where the
improvement is consistent.

The comparison with PVC highlights the great improvement made within this exten-
sion. Nevertheless, it must be emphasized the fact that the amount of calculations rose
due to the presence of non-zero B1,2 B2,1 and B2,2 terms. This eigenvalue problem might
lead to formidable computational efforts, therefore discouraging real nuclei applications.
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Figure 4.2: Percentage error for extended PVC and SRPA compared with exact solution for the
first (below) and the second (above) excitation energy.
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Chapter 5

Sensitivity to the potential
parameters

In this chapter we want to offer insights on some specific features of the generalized
LMG model. Up to now, the model has been used to test the approximation theories. We
restricted our studies to specific choices of the potentials to allow the comparison among
the various models and with previous results in literature. However, it is worth to have a
glance of the new model in a more general fashion. The generalized LMG model is found
to exhibit interesting properties, some of which are in contrast with the old model, and
deserve to be presented.

5.1 Excited states

In this section the generalized LMG Hamiltonian will be studied choosing v = 0 (to
ignore the pairing effects) and letting w and g to assume different values. To do that, 3D
plot will be used to visualize the results.

In Fig. 5.1 the first two excited states of a 20-particles generalized LMG model are
drawn. As can be seen, the energy is a smooth function of both potentials and is always
increasing with g. When g → 0, the energy of both the first and the second excited state
are decreasing with w, but they do not tend to zero. The behavior of the model in this
case is interesting, and deserves to be studied in detail. Consider, for simplicity, the
3-particles generalized LMG Hamiltonian:

H3

ε
=



−3
2 −

3
4w 0 0 0

0 −1
2 −

7
4w 0 0

0 0 1
2 −

7
4w 0

0 0 0 3
2 −

3
4w


(5.1)
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Figure 5.1: First two excited states for the generalized LMG model for v = 0 (above) and v = w
(below).
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Figure 5.2: First and second excitation energy for v = g = 0.

The matrix is already diagonalized and we can read the eigenvalues directly. For
small values of w, the ground state is clearly given by the value on the first column.
When w = 1, though, the minimum energy state became the one with the eigenvalue
on the second column. Thus, this Hamiltonian exhibit level crossing. In calculating the
excitation energy, one needs to be careful on which state is assumed to be the ground.
In this case, depending on how strong is the potential the first excitation energy has a
different expression:

Eexc =


w − 1

2
, for w < 1

1

2
− w, for w > 1

(5.2)

The number of times the ground state changes is related to the dimension of the
matrix, and thus to the number of particles. In Fig. 5.2 we show this behavior for the
first two excitation energies of the 20-particle generalized LMG model. The ground state
(and so the excitation energy) here need to change 9 times as the potential increases. In
the plot, the excitation energies are saw-shaped due to the “moving” of both the ground
state and the excited state in the 20-particles Hamiltonian.

As it can be seen from the plot, there exists values for the potentials where the energy
of the first and the second excited states are equal. This degeneracy of excited states
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suggests the existence of a quantum phase transition.

5.2 Correlations

All the considerations about the effectiveness of the approximations methods in the
last chapters have been obtained sticking to the case g = v. In this section, we want to
generalize the discussion we made in Sec. 3.2 for a broader choices of potentials.

Quasi-particle ground state

The first step is to analyze the HF minimization condition (3.15). We recall for
the reader the meaning of α as the parameter which define the unitary transformation
(2.21). The values of α which minimize the HF energy now depend on both w and g.
The resulting surface is drawn in Fig. 5.3. As can be seen, apart from small values of
w and g, it is almost constant. Indeed, for high values of both potentials, α tend to
π/2 ≈ 1.57, which correspond to the limiting case when the unitary transformation of
the single-particle operators is 0 on the diagonal and 1 off-diagonal.

It is worthwhile to note the limiting case of the LMG model which is find when g → 0:
it is evident from the plot that the value of α changes discontinuously from 0 (0 < w < 1)
to a complex function of w (w > 1). Since we know that in the LMG model w appears
paired with v as v+w in the minimization condition, the dependece of α in this case must
be arccos(1/w) (see (2.28)). When g is turned on, the graph shows that the discontinuity
of α is solved. Nevertheless, α 6= 0 for all values of g and w: this means that a non-trivial
unitary transformation (2.21) is always needed to ensure to find a minimum of the HF
energy.

RPA amplitudes

We want now apply the RPA theory to the generalized LMG model to study the
behavior of the amplitudes X and Y with various values of the potentials. This is
interesting, since it gives a measure of the correlations between the 1p-1h excitations. On
top of Fig. 5.4 we show the |Y |2 for the case v = g: it is just the 3D extension of the
plot 2.8, which includes now g. As it was predicted in Sec. 3.3, when g is turned on the
divergence of |Y |2 disappears.

Nevertheless, the g = v case of the generalized LMG model demonstrated very small
correlations, as it was clear looking Fig. 3.4. A system like that can be adequately
described even by TDA theory. We wonder now if the situation changes with different
choices of the potentials. In Fig. 5.4 |Y |2 is now drawn for v = 0. In this case, correlations
appear to be very strong when g is small and w is large. This can be understood looking
at the expressions of A and B in the RPA matrix:

A1,1 =
εw

2

(
1− 3 cos2 α

)
+ ε(cosα+ 2g sinα)

B1,1 =
εw

2

(
1− cos2 α

)
,

(5.3)
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Figure 5.3: The result of the variational procedure for v = 0.

When g = 0, the variational parameter must be taken as (2.28), leading to

A1,1 =
εw

2

(
1− 3

w

)
+ ε cosα

B1,1 =
εw

2

(
1− 1

w

)
,

(5.4)

The two terms gets closer when w increases, and this lead to A ≈ B, as it was in the
LMG model when w = 0 and v = 1 or w = v = 0.5. The approximations fails only when
the potentials are very strong. Nevertheless, the issue is solved if g is dependent by w: in
this situation, the RPA matrix elements are never equal, and the approximation works
for every values of the potentials.
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Figure 5.4: |Y |2 for the case v = w (above) and v = 0 (below) as function of g and w.
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5.3 Full spectrum

In this section we want to compare the shape of the spectrum of the LMG model
with the one of its generalized version. In order to have many eigenvalues, this time we
consider 50-particle models. For simplicity, we decide to draw only the first 20 eigenvalues.
They can be found in Fig. 5.5 as a function of v. In the LMG model case, we adopted
w = v, while for the generalized LMG model we used w = g = v.

The main difference between the two plots is the presence of different states with
the same energy in the LMG model. Indeed, when the potentials are large enough, in
the LMG model the first 20 eigenvalues merge in pairs, leading to a degeneracy among
the excited states. This happens at around 0.4 < v < 0.6. Moreover, it is interesting to
note that in this same region the eigenvalues of the LMG model shrink together. This
was already noted in [5], where this feature is said to be related to a quantum phase
transition.

The generalized LMG model do not present these features. As it can be seen from
the figure, the difference in energy among the eigenvalues is almost always constant when
the potentials are small, and slowly increasing for strong interactions.
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Figure 5.5: First 20 eigenvalues for a 50-particles LMG model (above) and generalized LMG
model (below).



Conclusion

In nuclear physics, simple solvable models can be an important tool to test many-body
techniques. The goodness of a theory can be estimated by its direct comparison with
the exact results of the model. One of the most used models in literature [1] is the
Lipkin-Mechov-Glick (LMG) model [4], which is an ideal system composed by two energy
levels where the many-body Schrödinger equation for the interacting particles can be
solved without approximations.

The literature related to the application of Hartree-Fock (HF) and Random-Phase
Approximation (RPA) theories to the LMG model is extensive. It is known since the
original formulation of the model that for a specific region of the parameter space the HF
state is not able to reproduce the energy of the ground state [4]. This problem affects also
the RPA, since its equations are calculated starting from the HF state. Nonetheless, these
troubles can be solved adopting a quasi-particles Slater determinant for these specific
values of the parameters. Then, the results for the ground state energy of the HF and
the RPA are in good agreement with the exact solutions, especially when the number of
particles is large [13].

Up to now, no attempts have been made to test the approximation methods which go
beyond the RPA on the LMG model. The aim of this work has been to fill this gap using
in particular the Second RPA (SRPA) and Particle-Vibration Coupling (PVC).

Our first discussions have been devoted to the application of HF and RPA theories to
the LMG model. In these sections, we confirmed the results already present in literature.
Nevertheless, the evaluation of the first excitation energy in RPA revealed the failure of
this method to predict correct results for some values of the parameters of the potential.
The problems arise in the region where HF is unable to describe the system and a different
Slater determinant must be used. This breakdown might be due to intrinsic limitations
of the mean-field theories when they are applied on such a simple Hamiltonian.

Using the LMG model, the SRPA theory allows to get the energy of the second excited
state. Unfortunately, the application of this technique on the model revealed the same
issues we have already found in RPA. In the SRPA case, both excitations energies disagree
with the exact results where also the RPA failed. This suggests that the bad behavior of
RPA in some regions cannot be solved by extending the model space. Furthermore, we
have realized that the SRPA scheme does not improve much the results since the terms in
the equations which account for the couplings between the 1p-1h and 2p-2h subspaces are
all zero. This is due to the lack of terms in the Hamiltonian which allow to include these
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couplings, and therefore it is a consequence of the simplicity of the LMG Hamiltonian.
This inadequacy of the LMG model has led us to propose an extended version of

the model. Starting from the most general two-body interaction, we derived a model
Hamiltonian for our two-level system which now comprises two more terms that are
proportional to a part of the interaction which was before neglected. We believe that this
is the most general Hamiltonian for a two-level system which satisfies the symmetries of
the LMG Hamiltonian. In the last part of this thesis we offered insights on some specific
features of the generalized LMG model with various choices for the parameters of the
potential.

The application of the HF theory on this model evidenced the need to use a quasi-
particles Slater determinant for all the values of the parameters. Nevertheless, the RPA
solution for the first excitation energy is now remarkably close to the exact for all the
values of the parameters. Also, the application of the SRPA to the new model gives very
good solutions for both the excitation energies and in every region of the parameter space.
These results highlight the good behavior of RPA and SRPA in describing the excitations
of the new model: the presence of the new terms in the Hamiltonian is the key of their
success.

With the new model, a comparison between the RPA and the SRPA solutions has
been possible: the SRPA gives results which are on average 4 times closer to the exact
than RPA. Still, the deviation from the exact is on the order of less than one percent for
both the approximation methods. This is a consequences of the small correlations which
the model exhibits with the adopted values for the parameters.

In chapter 4, the PVC theory has been developed for the generalized LMG model.
Interestingly, the first excitation energy resulted almost identical to the one obtained
using the RPA. The PVC allows to obtain also the second excitation energy of our model.
Compared with the SRPA solution, it shows less agreement with the exact result. This
suggests that for a simple Hamiltonian like the generalized LMG, a full calculation in
SRPA is preferable than the PVC. In the last section of the chapter we tried to break the
fundamental assumption of the PVC concerning the separation of 1p-1h and phonons
subspaces. The results show the improved accuracy of the theory: the excitation energies
are much closer to the exact, even than the SRPA solutions. Nevertheless, the increase
of precision is at the expense of the calculational efforts: the presence of many non-zero
terms in the Hamiltonian of this theory compared with SRPA might discourage real
applications in nuclei.



Appendix A

Particle-hole representation

For some purposes it is convenient to redefine the zero of energy to the Fermi level,
and to take the filled fermi sea (the |HF〉 ground state) as a vacuum state. This leads the
introduction of a set of creation and annihilation operators b and b† such that, for states
under the fermi level:

bi = −a†i
b†i = −ai,

(A.1)

while for levels above the fermi sea they are unchanged:

bm = am

b†m = a†m
(A.2)

The transformation preserves the usual fermion anti-commutation relations. In particular,
for states under Fermi it can be easily proven that

{bi, b†j} = δij

{bi, bj} = {b†i , b
†
j} = 0.

(A.3)

These new particles, or quasi-particles, are still fermions, but they are now called particles
for above, and holes for below the Fermi surface. The ground state for the particles is
the “vacuum” state for the quasi-particles. To understand the meaning of the minus sign
in the transformation consider a sigle particle operator (which can be, for example, a
background potential):

H =
∑
α

εαa
†
αaα (A.4)

In quasi-particle representation, we write

H =
∑
m

εmb
†
mbm +

∑
i

εibib
†
i

=
∑
m

εmb
†
mbm −

∑
i

εib
†
ibi +

∑
i

εi
(A.5)
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Figure A.1: Graphical representation of the interaction in (A.6)

so that, counting relative to the Fermi surface, the particle states refer to additive εm,
while the hole states refer to subtractive εi, and there is a constant energy attached to
the Hamiltonian given by the filled Fermi sea.

A two body interaction which couples particles and holes will have a different form with
respect to the quasi-particles space. For example, the matrix element for the interaction
which characterize the A matrix comes from the operator:

V = vmjina
†
ma
†
janai (A.6)

In quasi-particle representation, we have:

V = vmjinb
†
mb
†
ibjbn (A.7)

In a graphic representation of the interaction, particle lines are represented as directed
lines, while hole lines are represented by downward-directed line. If we imagine a time
scale perpendicular to the line denoting the interaction, the quasi-particles which are
created by the interaction must stay on the top of the representation, while the destroyed
quasi-particles stay below the interaction. In Fig. A.1 the graphical representation of
the operator (A.7) is shown. This representation also illustrates the nature of the hole in
switching sides of a matrix element when one use transformed operators.



Appendix B

QBA and SRPA

In this Appendix we want to describe in more detail the approximations used in RPA
and SRPA theories to calculate the commutators present in the equations. We would like
to provide a clear view on which terms are lost when switching to the HF ground state in
the equations of motions.

Let us begin with the quasi-boson approximation given in (1.48). Using fermion
commutation relations, the commutator of two one-body operators reads

[a†iam, a
†
naj ] = δijδmn − aja†iδmn − a

†
namδij . (B.1)

Consequently, the expectation value in the RPA ground state is

〈RPA|[a†iam, a
†
naj ]|RPA〉 = δijδmn − 〈RPA|aja†i |RPA〉 δmn

− 〈RPA|a†nam|RPA〉 δij .
(B.2)

The approximation which is done in RPA consists in taking the expectation value in the
HF ground state. Due to the form of this state and the Pauli principle, we get

〈RPA|[a†iam, a
†
naj ]|RPA〉 ≈ 〈HF|[a

†
iam, a

†
naj ]|HF〉

= δijδmn.
(B.3)

Taking the HF expectation value instead of the RPA state is equivalent to approximate
the one-body operators to boson operators. Indeed, each fermion pair operator a†mai can
be expanded as a series of boson operators. This procedure is well described in [1]. The
approximationc we make consists in retaining the first term of the series. We define

B†mi = a†mai

Bmi = a†iam,
(B.4)

where B is taken to satisfy boson commutation relations:

[Bmi, B
†
nj ] = δmnδij

[Bmi, Bnj ] = [B†mi, B
†
nj ] = 0.

(B.5)
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The expectation value in the RPA ground state is thus:

〈RPA|[Bmi, B†nj ]|RPA〉 = δijδmn, (B.6)

which is equivalent if calculated in HF ground state. In RPA, the QBA is valid when the
coefficients X are of the same order of magnitude, that is when the excitation is collective:
in this case each single 1p-1h excitations have a small probability of being excited, and
the violation of Pauli principle which follow from the approximation can be neglected [1].

In SRPA, we have to deal with the commutators of two-body operators. Using fermion
commutation relations we get the following result:

[a†ia
†
jaman, a

†
pa
†
qakal] = a(kl)a(pq)δilδjkδmqδnp+

+ a(mn)
(
δnpδmqδikala

†
j + δmpδnqδjkala

†
i + δnpδmqaka

†
ia
†
jal

)
+ a(pq)

(
a†ia
†
ja
†
pamakalδnq + a†ia

†
ja
†
qakalanδmn

)
+ a(ij)

(
a†pa
†
qa
†
ialamanδjk + a†pa

†
qaka

†
iamanδjl

)
(B.7)

The approximation made in SRPA is to take the expectation value in the HF state. As
can be seen, all the terms vanishes except for the first one:

〈RPA|[a†ia
†
jaman, a

†
pa
†
qakal]|RPA〉 ≈ 〈HF|[a

†
ia
†
jaman, a

†
pa
†
qakal]|HF〉

= a(kl)a(pq)δilδjkδmqδnp
(B.8)

As we did before, we can write the two-body operators appearing inside the commutator
as the product of two boson operators. Nevertheless, the commutator of four boson
operators gives only terms containing at most two boson operators. It follows that this is
not the QBA approximation, since 1:

〈RPA|[BmiBnj , B†pkB
†
ql]|RPA〉 6= 〈HF|[BmiBnj , B

†
pkB

†
ql]|HF〉 . (B.9)

1To obtain QBA in SRPA one might need to extend the definition of B to higher terms of the boson
expansion. This has not be checked here.



Appendix C

Details on the calculations of the
matrix elements

C.1 LMG Hamiltonian

We start from HF Hamiltonian (2.23), which is obtained by a unitary transformation
of the operator that appear in the LMG Hamiltonian

H̃ =
ε

2

[
2 cosαK̃0 + sinα(K̃+ + K̃−)

]
+
W

2

[
K̃2

+ + K̃2
− − {K̃+, K̃−}

]
− V +W

4

[
sin2 α

(
4K̃2

0 − {K̃+, K̃−}
)
− sin 2α

(
{K̃0, K̃+}+ {K̃0, K̃−}

)
+(1 + cos2 α)(K̃2

+ + K̃2
−)
] (C.1)

In our model, the HF ground state is the state where all the particles stay in the lower
level. Using the angular momentum basis, the ground state correspond to (2.24):

|HF〉 = |N/2,−N/2〉 , (C.2)

The action of the operators involved in the Hamiltonian follows from the usual angular
momentum relations (2.13), and are written in (2.25). In the following, we will need
to evaluate these operators with states obtained by ph production. Using the angular
momentum relations, we find

K0 |N/2,−N/2 + 1〉 =

(
−N

2
+ 1

)
|N/2,−N/2 + 1〉

K+ |N/2,−N/2 + 1〉 =
√

2(N − 1) |N/2,−N/2 + 2〉

K− |N/2,−N/2 + 2〉 =
√

2(N − 1) |N/2,−N/2 + 1〉

K0 |N/2,−N/2 + 2〉 =

(
−N

2
+ 2

)
|N/2,−N/2 + 2〉

K+ |N/2,−N/2 + 2〉 =
√

3(N − 2) |N/2,−N/2 + 3〉

K− |N/2,−N/2 + 3〉 =
√

3(N − 2) |N/2,−N/2 + 2〉 .

(C.3)
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Calculation of RPA matricies

We start with the calculation of the matrix elements appearing within RPA equations.
The results of these calculations can also be found in [13].

A1,1 =
〈HF|[K−, [H,K+]]|HF〉

N
. (C.4)

Many terms of the Hamiltonian don’t contribute to the expectation value with respect to
the HF ground state. For this reason, we are left with the effective Hamiltonian

Heff = ε cosαK0 −
W

2
{K+,K−} −

V +W

4
sin2 α

(
4K2

0 − {K+,K−}
)
. (C.5)

Let’s consider separately the contributions of the operators inside the effective Hamiltonian
to the expectation value in the numerator:

〈HF| [K−, [K0,K+]] |HF〉 = 〈HF| [K−,K0K+ −K+K0] |HF〉
= 〈HF|K−K0K+ −K−K+K0 |HF〉
= N.

(C.6)

〈HF| [K−, [{K+,K−},K+]] |HF〉 = 〈HF| [K−, K+K−K+ +K−K+K+ −K+K−K+] |HF〉
= 〈HF|K2

−K
2
+ |HF〉

= 2N(N − 1).

(C.7)

〈HF| [K−, [K2
0 ,K+]] |HF〉 = 〈HF| [K−,K2

0K+ −K+K
2
0 ] |HF〉

= 〈HF|K−K2
0K+ −K−K+K

2
0 |HF〉

= N(−N + 1).

(C.8)

Using the definition of the potential v and w as in (2.17) we get the expectation value:

〈HF|[K−, [H,K+]]|HF〉 = εN

(
cosα− w +

3

2
(v + w) sin2 α

)
, (C.9)

By which we get the RPA A matrix element:

A1,1 = ε

(
cosα− w +

3

2
(v + w) sin2 α

)
. (C.10)

We consider now
B1,1 = −〈HF| [K−, [H,K−]] |HF〉

N
(C.11)

Again, we are left with the effective Hamiltonian

Heff =

(
W

2
− V +W

4
(1 + cos2 α)

)
K2

+. (C.12)
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The contribution of the operator K2
+ to the expectation value is

〈HF| [K−, [K2
+,K−]] |HF〉 = −〈HF| [K−,K−K2

+] |HF〉
= −〈HF|K2

−K
2
+ |HF〉

= −2N(N − 1).

(C.13)

Using the definition of the potential v and w as in (2.17) we get:

〈HF|[K−, [H,K−]]|HF〉 = −εN
(
w − v + w

2
(1 + cos2 α)

)
. (C.14)

By which we get the RPA B matrix element:

B1,1 = ε

(
w − v + w

2
(1 + cos2 α)

)
. (C.15)

Calculation of SRPA matricies

Calculation of A1,2

A1,2 =
〈HF| [K−, [H,K2

+]] |HF〉
N
√

2(N − 1)
(C.16)

As before, we are left with the effective Hamiltonian

Heff =
ε

2
sinαK− +

V +W

4
sin 2α{K0,K−}. (C.17)

We consider separately the contributions of operatorsK− and {K0,K−} to the expectation
value:

〈HF| [K−, [K−,K2
+]] |HF〉 = 〈HF| [K−,K−K2

+ −K2
+K−] |HF〉

= 〈HF|K2
−K

2
+ |HF〉

= 2N(N − 1).

(C.18)

〈HF| [K−, [{K0,K−},K2
+]] |HF〉 = 〈HF| [K−,K0K−K

2
+ +K−K0K

2
+] |HF〉

= 〈HF|K−K0K−K
2
+ +K2

−K0K
2
+ |HF〉

= −2N(N − 1)(N − 3).

(C.19)

Using the definition of the potential v and w as in (2.17) we get:

〈HF| [K−, [H,K2
+]] |HF〉 = εN sinα (N − 1− (v + w) cosα(N − 3)) . (C.20)

By which we get the matrix element:

A1,2 =
ε sinα√
2(N − 1)

(N − 1− (v + w) cosα(N − 3)) . (C.21)
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Calculation of A2,1

A2,1 =
〈HF| [K2

−, [H,K+]] |HF〉
N
√

2(N − 1)
(C.22)

As before, we are left with the effective Hamiltonian

Heff =
ε

2
sinαK+ +

V +W

4
sin 2α{K0,K+}. (C.23)

We consider separately the contributions of operatorsK+ and {K0,K+} to the expectation
value:

〈HF| [K2
−, [K+,K+]] |HF〉 = 0, (C.24)

and

〈HF| [K2
−, [{K0,K+},K+]] |HF〉 = 〈HF| [K2

−, [K0K+ +K+K0,K+]] |HF〉
= 〈HF|[K2

−,K0K
2
+ +K+K0K+

−K+K0K+ −K+K+K0] |HF〉
= 〈HF|K2

−K0K
2
+ +K2

−K+K0K+

−K2
−K+K0K+ −K2

−K
2
+K0 |HF〉

= 4N(N − 1)

(C.25)

Using the definition of the potential v and w as in (2.17) we get:

〈HF| [K2
−, [H,K+]] |HF〉 = εN2(v + w) cosα sinα. (C.26)

By which we get the matrix element:

A2,1 =
ε√

2(N − 1)
2(v + w) cosα sinα. (C.27)

As can be seen, in principle A2,1 6= A1,2. Nevertheless, when using αHF, the two expression
became equivalent, so that hermiticity of the SRPA equation is preserved.

Calculation of A2,2

A2,2 =
〈HF| [K2

−, [H,K
2
+]] |HF〉

2N(N − 1)
(C.28)

The effective Hamiltonian is now

Heff = ε cosαK0 −
W

2
{K+,K−} −

V +W

4
sin2 α

(
4K2

0 − {K+,K−}
)
. (C.29)



C.2. EXTENDED LMG HAMILTONIAN 79

Let’s consider again separately the various contributions to the expectation value of the
numerator:

〈HF| [K2
−, [K0,K

2
+]] |HF〉 = 〈HF| [K2

−,K0K
2
+ −K2

+K0] |HF〉
= 〈HF|K2

−K0K
2
+ −K2

−K
2
+K0 |HF〉

= 4N(N − 1).

(C.30)

〈HF| [K2
−, [{K+K−},K2

+]] |HF〉 = 〈HF| [K2
−, [K+K− +K−K+,K

2
+] |HF〉

= 〈HF| [K2
−,K+K−K

2
+ +K−K

3
+ −K2

+K−K+] |HF〉
= 〈HF|K2

−K+K−K
2
+ +K3

−K
3
+ −K2

−K
2
+K−K+ |HF〉

= 8N(N − 1)(N − 2).

(C.31)

〈HF| [K2
−, [K

2
0 ,K

2
+]] |HF〉 = 〈HF| [K2

−,K
2
0K

2
+ −K2

+K
2
0 ] |HF〉

= 〈HF|K2
−K

2
0K

2
+ −K2

−K
2
+K

2
0 |HF〉

= −4N(N − 1)(N − 2).

(C.32)

Using the definition of the potential v and w as in (2.17) we get:

〈HF|[K2
−, [H,K

2
+]]|HF〉 = ε2N

(
2 cosα(N − 1)− 2w(N − 2) + 3(v + w) sin2 α(N − 2)

)
(C.33)

By which we get the matrix element:

A2,2 =
ε

N − 1

(
2 cosα(N − 1)− 2w(N − 2) + 3(v + w) sin2 α(N − 2)

)
(C.34)

C.2 Extended LMG Hamiltonian

The generalized HF LMG Hamiltonian reads:

H̃ =
ε

2

[
2 cosαK̃0 + sinα(K̃+ + K̃−)

]
+
W

2

[
K̃2

+ + K̃2
− − {K̃+, K̃−}

]
− V +W

4

[
sin2 α

(
4K̃2

0 − {K̃+, K̃−}
)
− sin 2α

(
{K̃0, K̃+}+ {K̃0, K̃−}

)
+(1 + cos2 α)(K̃2

+ + K̃2
−)
]
−G

(
cosα(K̃+ + K̃−)− 2 sinαK̃0

)
(N − 1)

(C.35)

The Hamiltonian is equal to the old one except for the term:

H ′ = −G
(

cosα(K̃+ + K̃−)− 2 sinαK̃0

)
(N − 1). (C.36)

In order to correct the previous result of the LMG case, we only need to evaluate this
term.
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Calculation of A1,1

We need to evaluate:
H ′eff = 2G(N − 1) sinαK0. (C.37)

Using the result of the previous section, we get:

〈HF| [K−, [H ′eff,K+]] |HF〉 = ε2Ng sinα (C.38)

So that the full expectation value results:

〈HF|[K−, [H,K+]]|HF〉 = εN

(
cosα− w +

3

2
(v + w) sin2 α+ 2g sinα

)
, (C.39)

and the matrix element is:

A1,1 = ε

(
cosα− w +

3

2
(v + w) sin2 α+ 2g sinα

)
. (C.40)

Calculation of A1,2

The effective Hamiltonian here results:

H ′eff = −G cosα(N − 1)K− (C.41)

Which gives
〈HF|[K−, [H,K2

+]]|HF〉 = −ε2Ng cosα(N − 1) (C.42)

So that the full expectation value results:

〈HF| [K−, [H,K2
+]] |HF〉 = εN (sinα(N − 1)− (v + w) sinα cosα(N − 3)

−2g cosα(N − 1)) .
(C.43)

So that the full matrix element results:

A1,2 =
ε√

2(N − 1)
(sinα(N − 1)− (v + w) sinα cosα(N − 3)− 2g cosα(N − 1))

(C.44)

Calculation of A2,1

The effective Hamiltonian here results:

H ′eff = −G cosα(N − 1)K+ (C.45)

Which gives
〈HF| [K2

−, [H
′
eff,K

2
+]] |HF〉 = 0. (C.46)

So that the full matrix element is the same as before, namely:

A2,1 =
ε√

2(N − 1)
2(v + w) cosα sinα. (C.47)
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Calculation of A2,2

The effective Hamiltonian here results:

H ′eff = 2G sinα(N − 1)K0 (C.48)

We need to calculate:

〈HF| [K2
−, [H

′
eff,K

2
+]] |HF〉 = ε8Ng sinα(N − 1) (C.49)

So that the full expectation value results:

〈HF|[K2
−, [H,K

2
+]]|HF〉 = ε2N (2 cosα(N − 1)− 2w(N − 2)+

3(v + w) sin2 α(N − 2) + 4g sinα(N − 1)
) (C.50)

So that the full matrix element results:

A2,2 =
ε

N − 1

(
2 cosα(N − 1)− 2w(N − 2) + 3(v + w) sin2 α(N − 2) + 4g sinα(N − 1)

)
(C.51)

C.3 PVC matrix element calculation

Calculation of A1,2

A1,2 =
〈HF|[K−, [H,K+Q

†
RPA]]|HF〉

X
√

2N(N − 1)

=
〈HF|[K−, [H,K2

+]]|HF〉
N
√

2(N − 1)
− Y 〈HF|[K−, [H,K+K−]]|HF〉

XN
√

2(N − 1)

(C.52)

The first term has already been evaluated in (C.43). For the second term, the effective
Hamiltonian results:

Heff =
( ε

2
sinα−G cosα(N − 1)

)
K+ +

V +W

4
sin 2α{K0,K+}. (C.53)

The contributions to the expectation value of the numerator are

〈HF| [K−, [K+,K+K−]] |HF〉 = 〈HF| [K−,K2
+K− −K+K−K+] |HF〉

= −〈HF|K−K+K−K+ |HF〉
= −N2.

(C.54)

and
〈HF| [K−, [{K0,K+},K+K−]] |HF〉 = 〈HF| [K−, [K0K+ +K+K0,K+K−] |HF〉

= 〈HF|[K−,K0K
2
+K− +K+K0K+K−

−K+K−K0K+ −K+K−K+K0] |HF〉
= −〈HF|K−K+K−K0K+ +K−K+K−K+K0 |HF〉
= N2(N − 1).

(C.55)
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〈HF|[K−, [H,K+K−]]|HF〉 = εN2

(
−sinα

2
(N − 1)− v + w

2
sinα cosα+ g cosα

)
.

(C.56)
Coming back to the matrix element and inserting the definition of the potentials v, w
and g, we get:

A1,2 =

√
1

2(N − 1)
(sinα(N − 1)− (v + w) sinα cosα(N − 3)− 2g cosα(N − 1)) +

− Y

2X
√

2(N − 1)
N (− sinα(N − 1)− (v + w) sinα cosα+ 2g cosα) .

(C.57)

Calculation of A2,1

A2,1 =
〈HF|[QRPAK−, [H,K+]]|HF〉

X
√

2N(N − 1)

=
〈HF|[K2

−, [H,K+]]|HF〉
N
√

2(N − 1)
− Y 〈HF|[K+K−, [H,K+]]|HF〉

NX
√

2(N − 1)

(C.58)

The first term has already been evaluated in (C.26). For the second term, the effective
Hamiltonian is:

Heff =
( ε

2
sinα−G cosα(N − 1)

)
K− +

V +W

4
sin 2α{K0,K−}. (C.59)

The contribution to the expectation value is

〈HF|[K+K−, [H,K+]]|HF〉 = 0. (C.60)

So that we are left with

A2,1 =
ε√

2(N − 1)
(v + w) sin(2α). (C.61)

Calculation of A2,2

A2,2 =
〈HF|[QRPAK−, [H,K+Q

†
RPA]]|HF〉

2X2(N − 1)

=
1

2X2N(N − 1)

(
X2 〈HF|[K2

−, [H,K
2
+]]|HF〉

−XY 〈HF|[K2
−, [H,K+K−]]|HF〉

− Y X 〈HF|[K+K−, [H,K
2
+]]|HF〉

+Y 2 〈HF|[K+K−, [H,K+K−]]|HF〉
)

(C.62)
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The first term has already been evaluated in (C.50). Since it’s easy to demonstrate that

〈HF|[K+K−, [H,K
2
+]]|HF〉 = 0

〈HF|[K+K−, [H,K+K−]]|HF〉 = 0
(C.63)

So that we are left with

A2,2 =
〈HF|[K2

−, [H,K
2
+]]|HF〉

2N2(N − 1)
−
Y 〈HF|[K2

−, [H,K+K−]]|HF〉
2N2X(N − 1)

(C.64)

For the second term, the effective Hamiltonian is

Heff =

(
W

2
− V +W

4
(1 + cos2 α)

)
K2

+. (C.65)

The contribution to the expectation value is

〈HF| [K2
−, [K

2
+,K+K−]] |HF〉 = 〈HF| [K2

−,K
2
+K+K− −K+K−K

2
+] |HF〉

= −〈HF|K2
−K+K−K

2
+ |HF〉

= −4N(N − 1)2
(C.66)

Using the definition of the potential v and w as in (2.17) we get:

〈HF|[K2
−, [H,K+K−]]|HF〉 = −ε2N(N − 1)

(
w − v + w

2
(1 + cos2 α)

)
(C.67)

Coming back to the matrix element, we get:

A2,2 =ε
1

N − 1

(
2 cosα(N − 1)− 2w(N − 2) + 3(v + w) sin2 α(N − 2) + 4g sinα(N − 1)

)
+

+ ε
Y

X

(
w − v + w

2
(1 + cos2 α)

)
(C.68)

Calculation of B1,2

B1,2 = −〈HF|[K−, [H,QRPAK−]]|HF〉
X
√

2N(N − 1)

=
Y 〈HF|[K−, [H,K+K−]]|HF〉

NX
√

2(N − 1)

(C.69)

In this case, the effective Hamiltonian results:

Heff =
( ε

2
sinα−G cosα(N − 1)

)
K+ +

V +W

4
sin 2α{K0,K+}. (C.70)
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The contributions to the expectation value of the numerator are

〈HF| [K−, [K+,K+K−]] |HF〉 = 〈HF| [K−,K2
+K− −K+K−K+] |HF〉

= 〈HF|K−K2
+K− −K−K+K−K+ |HF〉

= −N2.

(C.71)

and

〈HF| [K−, [{K0,K+},K+K−]] |HF〉 = 〈HF| [K−, [K0K+ +K+K0,K+K−] |HF〉
= 〈HF|[K−,K0K+K+K− +K+K0K+K−

−K+K−K0K+ −K+K−K+K0] |HF〉
= 〈HF|K−K0K+K+K− +K−K+K0K+K−

−K−K+K−K0K+ −K−K+K−K+K0 |HF〉
= N2(N − 1).

(C.72)

The contribution to the expectation value with the definition of the potentials v, w and g
is

〈HF|[K−, [H,K+K−]]|HF〉 = ε
N2

2

(
− sinα+

v + w

2
sin(2α) + 2g cosα

)
(C.73)

Coming back to the matrix element, we get:

B1,2 =
εY

2X
√

2(N − 1)
N

(
− sinα+

v + w

2
sin(2α) + 2g cosα

)
. (C.74)

Calculation of B2,1

B2,1 = −〈HF|[QRPAK−, [H,K−]]|HF〉
X
√

2N(N − 1)

=
Y 〈HF|[K+K−, [H,K−]]|HF〉

NX
√

2(N − 1)

(C.75)

In this case, the effective Hamiltonian results:

Heff =
( ε

2
sinα−G cosα(N − 1)

)
K+ +

V +W

4
sin 2α{K0,K+}. (C.76)

The contributions to the expectation value of the numerator are

〈HF| [K+K−, [K+,K−]] |HF〉 = 2 〈HF| [K+K−,K0] |HF〉
= 0.

(C.77)
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and

〈HF| [K+K−, [{K0,K+},K−]] |HF〉 = 〈HF| [K+K−, [K0K+ +K+K0,K−] |HF〉
= 〈HF| [K+K−,K0[K+,K−] + [K+,K−]K0] |HF〉
= 4 〈HF| [K+K−,K

2
0 ] |HF〉

= 0.

(C.78)

We conclude that:
B2,1 = 0. (C.79)

Calculation of B2,2

B1,2 = −〈HF|[QRPAK−, [H,QRPAK−]]|HF〉
2X2(N − 1)

= − 1

2NX2(N − 1)

(
X2 〈HF|[K2

−, [H,K
2
−]]|HF〉

−XY 〈HF|[K2
−, [H,K+K−]]|HF〉

− Y X 〈HF|[K+K−, [H,K
2
−]]|HF〉

+Y 2 〈HF|[K+K−, [H,K+K−]]|HF〉
)

(C.80)

Since it’s easy to demonstrate that

〈HF|[K2
−, [H,K

2
−]]|HF〉 = 0

〈HF|[K+K−, [H,K
2
−]]|HF〉 = 0

〈HF|[K+K−, [H,K+K−]]|HF〉 = 0

(C.81)

we are left with

B2,2 =
Y

2NX(N − 1)
〈HF|[K2

−, [H,K+K−]]|HF〉 (C.82)

The matrix element has already been evaluated in (C.67). So the matrix element is

B2,2 = −ε Y
X

(
w − v + w

2
(1 + cos2 α)

)
(C.83)
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